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Whisker Dynamics Underlying Tactile Exploration
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Rodents explore the world by palpating objects with their whiskers. Whiskers interact with objects, causing stresses in whisker follicles
and spikes in sensory neurons, which are interpreted by the brain to produce tactile perception. The mechanics of the whisker thus couple
self-movement and the structure of the world to sensation. Whiskers are elastic thin rods; hence, they tend to vibrate. Whisker vibrations
could be a key ingredient of rodent somatosensation. However, the specific conditions under which vibrations contribute appreciably to
the stresses in the follicle remain unclear. We present an analytical solution for the deformation of individual whiskers in response to a
time-varying force. We tracked the deformation of mouse whiskers during a pole localization task to extract the whisker Young’s modulus
and damping coefficient. We further extracted the time course and amplitude of steady-state forces during whisker–object contact. We
use our model to calculate the relative contribution of steady-state and vibrational forces to stresses in the follicle in a variety of active
sensation tasks and during the passive whisker stimuli typically used for sensory physiology. Vibrational stresses are relatively more
prominent compared with steady-state forces for short contacts and for contacts close to the whisker tip. Vibrational stresses are large for
texture discrimination, and under some conditions, object localization tasks. Vibrational stresses are negligible for typical ramp-and-
hold stimuli. Our calculation provides a general framework, applicable to most experimental situations.

Introduction
Diverse mammals use their whiskers for navigation (Vincent,
1912; Dehnhardt et al., 2001), object localization (Hutson and
Masterton, 1986; Krupa et al., 2001; Knutsen et al., 2006; Mehta et
al., 2007; O’Connor et al., 2010a), texture discrimination (Carvell
and Simons, 1990; von Heimendahl et al., 2007), and object rec-
ognition (Brecht et al., 1997; Anjum et al., 2006). Understanding
how the mechanical properties of the whisker sculpt sensory in-
put is essential for interpreting how the brain encodes and inter-
prets these tactile signals. Rodents have an array of 35 large
mystacial vibrissae (whiskers) on their face. Rodents sweep their
whiskers back and forth, palpating objects within reach (Vincent,
1912). Collisions between objects and whiskers cause time-
varying forces on the whiskers, which excite mechanoreceptors in
the follicles of the mystacial pad (Dorfl, 1982) and trigger action
potentials in sensory neurons (Zucker and Welker, 1969; Gibson
and Welker, 1983; Szwed et al., 2003, 2006; Stüttgen et al., 2008).
Psychophysical experiments have revealed that rodents can use
the amplitude and time course of forces in the follicles for tactile
sensation (Stüttgen et al., 2006). These signals could be integrated

with self-motion cues to construct a neural representation of the
rodent’s tactile world (Solomon and Hartmann, 2006; Kleinfeld
and Deschenes, 2011).

The forces at the whisker base, which underlie tactile sensa-
tion, are shaped by forces caused by interactions between whisker
and objects and whisker mechanics. Whiskers are thin, elastic
cones (Birdwell et al., 2007). Applied force induces bending and
vibrations (Euler, 1744; Conway et al., 1964). Recent studies have
related steady-state whisker forces and tactile behavior (Birdwell
et al., 2007; Pammer et al., 2013). Whisker vibrations have been
observed under a variety of experimental conditions (Neimark et
al., 2003; Ritt et al., 2008). Whether these vibrations contribute
appreciably to the stresses in the follicle, which underlie so-
matosensation, remains unclear. Recently, vibrational responses
of truncated whiskers to instantaneous step forces have been cal-
culated (Boubenec et al., 2012), but a theory of force transduction
by the whisker during complex interactions between whisker and
object has not been derived.

To determine the influence of bending and vibrational forces
on whisker-mediated tactile exploration, we developed an ana-
lytical solution for a whisker interacting with an object for a be-
haviorally relevant range of whisker– object geometries and
temporal interaction profiles. We provide an algorithm for cal-
culating the steady-state and vibration-induced displacement
and forces. We compared calculated whisker dynamics with
high-speed whisker imaging during a pole localization task to
estimate Young’s modulus and damping coefficient. We use the
model to calculate steady-state and vibrational contributions to
bending moments at the whisker base under a variety of common
experimental conditions. Contact-induced vibrational forces are
substantial during texture discrimination (Wolfe et al., 2008) and
some radial-distance discrimination paradigms (Pammer et al.,
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2013), can be relatively small in horizontal pole localization tasks
(O’Connor et al., 2010a), and are negligible for classic ramp-and-
hold stimuli used in many sensory physiology experiments (Si-
mons, 1978). The model provides a map of conditions where
whisker vibrations are relevant to tactile exploration.

Materials and Methods
Mathematical notation and coordinate system (Fig. 1)

1. The x-axis is the line between whisker base and the point of force
application.

2. L is the whisker length.
3. c is the distance from whisker base to the force application point.
4. M(t, x) is the bending moment at position x along the whisker and

time t created by a force applied at c.
5. E is Young’s modulus of the whisker.
6. I�x� � �r�x�4/4 is the area moment of inertia at x corresponding

to radius r(x). At the whisker base, I0 � �r0
4/4 and r0 is the radius

at the base.
7. In the small-angle approximation, the applied force F � F�, the

force component orthogonal to the whisker axis.
8. � is the angle of the whisker base with respect to the x-axis.
9. �(x) � �A(x) is the linear density of the whisker where A(x) is the

cross-sectional area at x and � is the material density; �0 � �A0

and A0 � �r0
2.

10. � is the damping coefficient.

Measurement of whisker geometry and dynamics
Details of the object localization task, behavioral apparatus, high-speed
videography, whisker tracking, and force calculation have been described
elsewhere (O’Connor et al., 2010a, 2010b; Clack et al., 2012; Pammer et
al., 2013). All procedures were in accordance with protocols approved by
the Janelia Farm Research Campus Institutional Animal Care and Use
Committee. Head-fixed male mice were trimmed to a single C2 whisker
for behavioral experiments. Using this whisker, they localized a steel pole
(class ZZ gauge pin, Vermont Gage, diameter 0.5 mm) placed in one of
five positions on the anterior–posterior axis, licking for a water reward if
the pole was in one of the four posterior positions. Radial distance of the
pole ranged from 7 to 11 mm from the follicle. Backlit (940 nm IR LED)
whiskers were imaged from above at 1000 fps (90 –150 �s exposure)
using a Basler 504k camera, digitized and tracked using the Janelia Whis-
ker Tracker (Clack et al., 2012). Dual-perspective imaging was performed
by projecting two orthogonal views onto a single Basler camera via mir-
rors. Curvature measurements at 5– 6 mm from the follicle base were
used to calculate the steady-state bending moment assuming an Euler-
Bernolli quasi-static approximation for whisker bending in a single plane

(see Eq. 17) (Birdwell et al., 2007). Contact detection was performed
automatically via custom MATLAB scripts (MathWorks) using a thresh-
old based on whisker curvature and distance from whisker to pole, fol-
lowed by manual correction. In some experiments, we tracked a piece of
dust attached to the whisker (Fig. 1a, arrow). This allowed us to estimate
radial movement of the whisker into or away from the face. After behav-
ioral sessions, the C2 whiskers were plucked and photographed at 6.3�
magnification under a light macroscope. Whisker length and width were
determined using ImageJ and the NeuronJ plugin. Total length includes
the portion of the whisker embedded in the follicle. Whiskers were then
weighed on a microgram balance.

Statistics and fitting
Time-dependent forces applied by the pole during active whisking were
modeled by the top half of a Gaussian distribution F(t) � Fmax{exp[ �
(t � 2td) 2/(1.2011td) 2] � 0.5} for F(t) � 0, where 2td is the touch dura-
tion and peak force Fmax occurs at t � 0. Whisker oscillation and decay
during slip-off events were fit by a Levenberg-Marquardt algorithm with
0.95 confidence intervals provided by the MATLAB cftool function.

Numerical simulations of whisker dynamics during
tactile exploration
All numerical simulations were performed in MATLAB. Derivatives were
determined analytically before coding, expect for applied force whose
derivatives were numerically calculated using the diff function. Eigenfre-
quencies for the first 6 cylindrical modes were based on published data
(Timoshenko, 1937), whereas higher-order frequencies were approxi-
mated by ki � (i � 0.5)� for the fixed-end and ki � (i � 1/4)� for the
pinned-end. Whisker length step size was 1e-5 of the uncut total length;
time steps for vibrations, 1e-5 s; force application, 1e-6 s. The first 50
cylindrical eigenmodes for fixed-end or pinned-end boundary condi-
tions (BCs) were used to calculate the first 10 conical eigenmodes using
the Ritz method. A set of 50 � 50 matricies were constructed to minimize
total potential and kinetic energy, Equation 35, of the cylindrical whisker
modes spanning a range of possible eigenfrequncies. The approximated
conical eigenfrequecies were found via iterative search for zero crossings
of the determinant across this set of matricies. For each conical eigen-
mode, the contribution of each cylindrical eigenmode was found by ex-
pressing the conical mode as an expansion of the cylindrical modes (see
Eq. 40), solving for the unknown coefficients using the MATLAB func-
tion linsolve and normalizing the coefficient matrix. Time-dependent
forces and displacements were calculated as the sum of the contributions
of the first 10 conical eigenmodes.

Figure 1. a, Video frame with an overhead view of a whisker striking a pole during a horizontal object location task. Arrow points to a dust particle used to track radial movements. Compass
indicates anterior–posterior and medial–lateral axes. b, Top, Coordinate frames and contact forces exerted by the pole on the whisker. Bottom, Boundary conditions at the whisker base considered
in this paper. In the fixed-end case, the translation of the follicle is zero, Y (0) � 0, and the angle of the follicle base is zero, Y	(0) � 0, relative to the steady-state shape. In the pinned-end case, the
translation at the follicle is also zero, Y(0) � 0, and the bending moment at the base is zero, Y
 (0) � 0.
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Time-dependent forces at the whisker base
Rodents extract the structure of the tactile world through forces applied
to mechanosensors embedded in the follicle. Although the precise mech-
anism by which these forces excite primary sensory neurons has yet to be
fully elucidated, we provide analytical expressions for three classes of
transverse vibrational cues rodents may use. These are the deviation
angle: �e�t� � �y/�x � x�0�t�, the bending moment Me�t� � yx�0


 �t�
EI0 and the shear force as follows: Fe�t� � yx�0

� �t� EI0, where y(x, t) is the
transverse displacement of whisker depending on distance from the base,
x and time, t. All higher derivatives of vibrational motion can be ex-
pressed as linear combinations of these functions. To illustrate the po-
tential impact of vibration on mechanotransduction, we focus on the
vibrational bending moment applied to the fixed-end case. This bending
moment at the follicle is composed of the vibrational component (Eq. 55)
and steady-state component (Eq. 57) (complete description of all the
vibrational cues for both sets of BCs; see Full derivation of whisker
dynamics).

Time-dependent description of whisker dynamics
Here we present an analytical description of whisker dynamics focusing
on the main results (for detailed derivation, see Full derivation of whisker
dynamics).

The time-dependent shape of a whisker in the small-angle approxima-
tion is described by the sum of steady-state deflection and vibration
(Timoshenko, 1937; Neimark et al., 2003)

�2

�x2�EI�x�
�2y

�x2� � � ��x�
�2y

�t2 � ��x��
�y

�t
	 f �x, t�, (1)

where f(x, t) is the linear force density, �(x) is the linear density of the
whisker, and � is the damping coefficient. For a point force applied at x �
c, f(x, t) � F(t)
(x � c). To find the vibration of the whisker triggered by
its interactions with an object, such as the poles used in behavioral ex-
periments (O’Connor et al., 2010a), we first need to extract the steady-
state solution created by the time-varying force F(t) in Equation 1. We
express the solution in the form: y(x, t) � ys(x, t; c, L) � ye(x, t), similar to
Boubenec et al. (2012), where ys satisfies the following “steady-state”
equation as follows:

�2

� x2 EI0�1 �
x

L�
4 �2ys

� x2 � F�t�
� x � c�. (2)

This equation is identical to the equation that describes steady-state
bending under a point force F as follows:

d2ys

dx2 �
M�x�

EI�x�
, (3)

where area moment of inertia I(x) is I(x) � �r 4(x)/4 and where r(x) is the
whisker radius at position x. The bending moment created by the applied
force at x � c can be expressed as M(x) � �F(c � x) and for c � x � L
M(x) � 0, where L is the whisker length (Fig. 1).

The steady-state solution of Equation 3 is described by Equation 17.
Taking into account the time dependence of applied force, we arrive at:
ys�x, t; c, L� � F�t� ỹs�x; c, L�:

ys� x, t; c, L� � F�t� ỹs� x; c, L� �
D�t�

6 �3x � c � 2L

�L � x�2

	
�c 	 L� x 	 �L � c��c 	 2L�

L2�L � c� �
for x � c,

ys�x, t; c, L� � F�t� ỹs�x; c, L� � �
D�t�

6

c2

L2�L � c�2 �x � c�

for x � c, (4)

where D(t) � F(t)L 4/(EI0).

Substituting y(x, t) into Equation 1 leads us to the following solution for
ye(x, t):

�2

� x2 EI0�1 �
x

L�
4�2ye

� x2 	 ��x�
�2ye

�t2 	 ���x�
� ye

�t

� ���x�F
�t� 	 �F	�t�� ỹs�x; c, L�, (5)

where �(x) � �0(1 � x/L) 2. To solve this inhomogeneous equation, we
use the standard technique (Mathews and Walker, 1964) for finding
eigenmodes for the homogeneous equation, and then use these solutions
to find the contributions resulting from the external force. The solution
of Equation 5 can be found as an expansion on eigenmodes �k	�x� of the
conical whisker (Mathews and Walker, 1964).

ye� x, t� � �
k	

�k	�t��k	�x�, (6)

The standard technique requires orthogonality of whisker eigenmodes
�k	�x�. The orthogonality conditions are satisfied only for fixed-end (also
known as clamped end) BCs y	e�x� � x�0 � 0 or pinned-end (also known
as simply-supported end) BCs y
e�x� � x�0 � 0 shown in Figure 1.

For these two BCs, we found the eigenmodes of a conical whisker as an
expansion �k	�x� � �i Ci

k	Yi�x�, where Yi(x) are the eigenmodes of the
cylindrical whisker described in Equations 28 and 32. The coefficients Ci

are determined numerically using the Ritz method (Timoshenko, 1937;
Conway et al., 1964).

Substituting Equation 6 into Equation 5, multiplying it by �k(x), in-
tegrating over x and using the orthogonality of the eigenmodes, we arrive
at the following:

�
k 	 ��	k 	 � pk�
2�k � � F
�t� 	 �F	�t��



�
0

1

dx�k� x	��1 � x	�2 ỹs� x	; c, L�

�i, j Cj
k Ci

k Iji
�0�

, (7)

where we replace x by a dimensionless coordinate x	 � x/L, pk
2 �

p	k
2�I0E/�A0�/L

4, which is connected with the kth eigenmode frequencies,
p	k, of the conical whisker, and Iji

�0� � �0
1 dx	YiYj�1 � x	�2. For both

BCs, the eigenmode frequencies p	k were found numerically using the
Ritz method. The time-dependent solutions of Equation 7 were found
using the standard approach derived previously (Timoshenko, 1937). Let
us first rewrite Equation 7 as follows:

�
k 	 ��	k 	 �pk�
2�k � � F
�t� 	 �F	�t��Pk�c, L�, (8)

where Pk�c, L� � �0
1dx�k�x	��1 � x	�2ỹs�x	; c, L��/�i, j Cj

kCi
kIji

�0��. The
three standard solutions of the inhomogeneous Equation 8 are described
previously (Timoshenko, 1937). They depend on the relationship between
the damping coefficient �, eigenmode pk, and the duration of the applied
force t0. The total time dependence of the whisker vibration can be written in
the following form:

y�t, x� � F�t� ỹs� x; c, L� � �
k

�k� x	� Pk�c, L�Ik
L�t, t0�.

(9)

The time-dependent integrals Ik
L�t, t0� for all three cases are given by

Equations 49 –51.

Full derivation of whisker dynamics
Static whisker bending in the small-angle approximation. In the small-
angle approximation, the shape of a thin rod (i.e., a whisker) in response
to an applied force is described as follows:

d2y

dx2 �
M�x�

EI�x�
, (10)
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where y is the displacement of the whisker from the x-axis (the straight line
that connects the whisker base and the point of force application; see Fig. 1),
and E is the Young’s modulus. The area moment of inertia I(x) is I(x) �
�r4(x)/4 where r(x) is the whisker radius at position x. The bending moment
created by the applied force at x � c can be expressed as follows:

M�x� 	 M��x� � � F��c � x� 	 � F�c � x�. (11)

For c � x � L M(x) � 0, where L is the whisker length (Fig. 1).
Let us first consider a cylindrical whisker with I�x� 
 I0 � �r0

4/4,
where r0 is the radius of the whisker at the base. Substituting Equation 11
into Equation 10, we obtain in the interval 0 � x � c as follows:

d2y

dx2 � �
F�c � x�

EI0
. (12)

For c � x � L, the equation is reduced to d 2y/dx 2 � 0 and the solution

can be written as follows: y�x; c� �
dy

dx
�

x�c
�x � c�. For the cylindri-

cal whisker, this provides a complete description of the steady-state whis-
ker shape in response to a force applied at a distance c from the base
(Birdwell et al., 2007) as follows:

y� x; c� �
F

6EI0
c2 � �c � x�2��c � x� for x � c,

y� x; c� � � c3
F

6EI0
�x

c
� 1� for x � c. (13)

For a conical whisker, the radius is r�x� � r0�L � x�/L� and

I�x� � �r0
4�L � x�/L�4/4 � I0�1 � x/L�4. (14)

This allows Equation 10 to be rewritten as follows:

d2y

dx2 � �
F�c � x�

EI0�1 � x/L�4 � � D� c � L

�L � x�4 	
1

�L � x�3�.

(15)

where D � (FL 4/EI0). Integrating twice, we obtain (Birdwell et al., 2007)
as follows:

y� x; c� � � D� c � L

6�L � x�2 �
1

2�L � x�� 	 C1x 	 C2.

(16)

The shape of the conical whisker can be obtained using BCs of ys(0) � 0,
and ys(c) � 0 as follows:

ys� x; c, L� � Fỹs� x; c, L� �
D

6�3x � c � 2L

�L � x�2

	
�c 	 L� x 	 �L � c��c 	 2L�

L2�L � c� �
for x � c,

ys� x; c, L� � Fỹs � x; c, L� � �
D

6

c2

L2�L � c�2 � x � c�

for x � c. (17)

The introduced function ỹs�x; c, L� describes the static shape of the whis-
ker. In the quasi-static regimen, the time dependence is described by the
slowly varying function F(t).

Time dependence of whisker bending. The time-dependent shape of the
whisker in the small-angle approximation is given by Equation 1
(Timoshenko, 1937; Neimark et al., 2003) as follows:

�2

� x2 �EI�x�
�2y

� x2� � � ��x�
�2y

�t2 � ��x��
� y

�t
	 f� x,t�,

where f(x, t) is the linear force density, �(x) is the linear density of the
whisker, and � is the damping coefficient. For a point force applied at x �
c, f(x, t) � F(t)
(x � c).

To solve this inhomogeneous equation, we use the standard technique
(Mathews and Walker, 1964) for finding eigenmodes for the homoge-
neous equation and then use these solutions to find the contributions
resulting from the external force. The solution of Equation 1 can be
found as an expansion on eigenmodes �k	�x� of the conical whisker as
follows:

y� x, t� � �
k	

�k	�t� �k	�x�. (18)

Because an analytical expression for the eigenmodes of a conical whisker
cannot be derived, we will determine these eigenmodes as an expansion
�k	�x� � �iCi

k	Yi�x� where Yi(x) are the eigenmodes of the cylindrical
whisker. The coefficients Ci will be determined using the Ritz method
(Timoshenko, 1937; Conway et al., 1964).

Eigenmodes for cylindrical whiskers. For a cylindrical whisker, one can
rewrite Equation 1 as follows:

�4y

� x4 � �
�A0

EI0

�2y

�t2 �
�A0�

EI0

� y

�t
	

f� x, t�

EI0
, (19)

To find the eigenmodes, we neglect damping (� � 0) and look for a
solution of the form:

y� x, t� � Y�x�� A cos pt 	 B sin pt�. (20)

This gives a fourth order homogeneous equation for Y(x) as follows:

�4Y

� x4 � �
�A0p2

EI0
Y, (21)

The solution is (Timoshenko, 1937) as follows:

Y�x� � C1 sin kx 	 C2 cos kx 	 C3 sinh kx 	 C4 cosh kx,

(22)

where the coefficients C1, C2, C3, and C4 are determined by the four BCs.
In our calculations, we use the following three BCs: Translation is zero at
the base, as follows:

Y�0� � 0. (23)

At the free-end (the whisker tip), the bending moment and shear forces
vanish:

Y
�L� � 0 and Y��L� � 0. (24)

The fourth BC depends on the micromechanics of the whisker in the
follicle. These mechanics have not been constrained experimentally. We
therefore consider two candidate BCs. However, we note that the true
fourth BC may be a blend of those considered here.

BCs: fixed-end BCs. For the fixed-end case, the whisker slope is set to
zero at the base, Y	(0) � 0 . The two BCs at the base give C4 � �C2 and
C3 � �C1. The BCs at the free-end Equation 24 give:

C1�sin kL 	 sinh kL� 	 C2�cos kL 	 cosh kL� � 0,

C1�cos kL 	 cosh kL� 	 C2��sin kL 	 sinh kL� � 0.

(25)

The system can be solved if the determinant of Equation 25 is equal to
zero,

cos�kL� cosh�kL� � � 1. (26)

The consecutive roots of this equation are (Timoshenko, 1937) as fol-
lows: k1L � 1.875, k2L � 4.694, k3L � 7.855, k4L � 10.996, k5L � 14.137,
and k6L � 17.279. For large i, ki � (i � 0.5)�. Equation 25 also gives:
C1 � �i( L) where
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�i�L� � �
cos kiL 	 cosh kiL

sin kiL 	 sinh kiL
. (27)

The eigenvectors are as follows:

Yi � C2�i�L��sin kix � sinh kix� 	 cos kix � cosh kix�,

(28)

where C2 is determined by the normalization condition �0
1 dx	Yi

2�x	� � 1,
where we introduce the dimensionless variable x	�x/L. The three lowest

eigenmodes and their derivatives are shown in Figure 2a. The eigenmodes
have eigenfrequencies as follows:

pi � �EI0

�0
ki

2 � �EI0

�A0
ki

2. (29)

The frequency of the lowest mode for a cylindrical whisker with a fixed
base is as follows: p1 � �1.875/L�2�EI0/�A0 One can see that the fre-
quency is highly sensitive to whisker length.

Figure 2. Three lowest eigenmodes and their first three derivatives for cylindrical and conical whiskers. a, Fixed-end boundary conditions. b, Pinned-end boundary conditions.
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BCs: pinned-end BCs. For the pinned-end case, we set the bending
moment at the base equal to zero: Y
(0) � 0. The two BCs at the whisker
base give C4 � �C2 � 0. The free-end BCs give the following system of
equations:

� C1 sin kL 	 C3 sinh kL � 0,

� C1 cos kL 	 C3 cosh kL � 0. (30)

The system can be solved if the determinant of Equation 30 is equal to
zero. This determines the eigenvalues as follows:

tan �kL� � tanh �kL�. (31)

The consecutive roots of this equation are (Timoshenko, 1937) as
follows: k1L � 3.927, k2L � 7.069, k3L � 10.210, k4L � 13.352, k5L �
16.493 … at large i ki � (i � 1/4)�. Equation 30 also gives the relationship
between coefficients as follows: C3 � C1 sin kiL/sinh kiL. As a result, the
eigenvectors can be written as follows:

Yi � C1sin kix 	 �sin kiL / sinh kiL�sinh kix�, (32)

where C1 is determined by the normalization condition �0
1 dx	Yi

2�x	� � 1,
where we introduce the dimensionless variable x	 � x/L The three
lowest eigenmodes and their first three derivatives are shown in Fig-
ure 2b.

As in the fixed-end case, Equation 29 defines the eigenfrequencies. For
the pinned-end follicle condition, the lowest mode of the cylindrical
whisker p1 � �3.927/L�2 �EI0/�A0. This is approximately fourfold
higher than the lowest mode for the fixed-end BC.

BCs: alternative BCs. The two sets of BCs considered so far give orthog-
onal eigenmodes, �0

1 dx	Yi�x	�Yj�x	� � 
i, j. This orthogonality condi-
tion is essential to apply standard techniques for solving partial
differential equations, using an extension of Equation 18. However, the
true BCs at the follicle are unknown. Other plausible alternatives for the
fourth BC at the whisker follicle, such as vanishing shearing force
(Y�(0) � 0), result in nonorthogonal eigenmodes. Although one can
always find the eigenmodes Y�	j�x� � �kj�

4Yj�x� for any BC at the follicle,
a simple calculation shows that for the free-end BCs (Timoshenko,
1937):

�ki�
4 � �kj�

4��
0

L

YjYidx � Y
jY	i�0 � Y
iY	j�0. (33)

This means that unless Y	j � 0 or Y
i � 0 the eigenmodes are not
orthogonal and the problem is not analytically tractable.

Eigenmodes for conical whiskers. To find the eigenmodes of the conical
whisker, we ignore damping (� � 0), set F � 0 in Equation 1 and sub-
stitute a time-dependent solution in the form of Equation 20. This gives
a differential equation for the eigenmodes as follows:

�2

� x2� I0E�1 � x/L�4
�2�

� x2 � � p2�0�1 � x/L�2�, (34)

where the conical shape is defined by I�x� � I0�1 � x/L�4 and ��x� �
�0�1 � x/L�2. At the whisker base, I0 � �r0

4/4 and �0 � ��r0
2,

where r0 is the radius. We will search for the eigenmodes using the
Ritz method. The eigenmodes are the result of minimizing the total
elastic energies connected with whisker vibration described by the
probe eigenvectors Yp (Timoshenko, 1937):

�
0

L� I�x� E�d2�p

dx2 � 2

� p2��x��p
2�dx � 0. (35)

The probe eigenvectors will be presented as an expansion:

�p�x� � �
i

CiYi �x� (36)

over eigenvectors Yi�x� of the cylindrical whisker. The minimization con-
dition for the conical whisker is as follows:

�

�Ci
�

0

L� �1 � x/L�4�d2�p

dx2 � 2

�
p2�0

I0E
�1 � x/L�2�p

2�dx � 0.

(37)

This system of linear equations uniquely determines the coefficients Ci

and consequently the eigenfrequencies and eigenmodes for the conical
whisker. The accuracy of the method depends on the number of eigen-
modes included in the expansion Yp.

Introducing the dimensionless variable x	�x/L one can rewrite Equa-
tion 37 as follows:

�

�Ci
�

0

1� �1 � x	�4�d2Yp

dx2 � 2

� p	2�1 � x	�2Yp
2�dx	 � 0.

(38)

where p	2 � p2�0L4/�I0E� � 4p2�L4/�r0
2E�. Consequently, the eigen-

mode frequency can be expressed as p2 � p	2�I0E/�A0�/L
4 and

p �
p	

L2 �I0E

�A0
�

p	

2

r0

L2 �E

�
. (39)

Substituting Equation 36 into the system of Equations 38, we obtain the
system of equations that determined coefficients Ci:

�
i

Ci� Iji
�2� � p	2Iji

�0�� � 0 (40)

where i, j � 1, . . . �, and Iji
�0� � �0

1 dx	YiYj�1 � x	�2 and Iji
�2� �

�0
1 dx	Y
jY
i�1 � x	�4. The determinant of Equation 40 should be equal to

zero, and this condition gives us eigenfrequencies p	2 and eigenvectors.
We first calculate the eigenmodes of the conical whisker with the fixed-

end BC. Using the first 60 cylindrical eigenvectors, and substituting Yi

from Equation 28 into Equation 40, we find the first 6 conical eigenfre-
quencies corresponding to p	/2 � 4.359, 10.571, 19.229, 30.342, 43.920,
and 60.005, in good agreement with the known p	/2 � 4.359, 10.573,
19.225, 30.339, 43.921, and 59.956 (Timoshenko, 1937, p. 470). The three
lowest eigenmodes for the conical whisker and their derivatives are
shown in Figure 2a.

We next calculate the eigenmodes of the conical whisker with pinned-
end BCs. Substituting Yi from Equation 32 into Equation 40, we find the
first 6 conical eigenfrequencies corresponding to p	/2 of 2.877, 11.211,
20.792, 33.056, 47.903, and 65.538. The three lowest eigenmodes for the
conical whisker and their derivatives are shown in Figure 2b.

For both BCs, vibrational displacement at the tip of the whisker is
much greater for the conical compared with the cylindrical whisker.
Conversely, the displacement near the follicle is smaller in the conical
compared with the cylindrical whisker.

As we mentioned above, using the expansion of Equation 18 to de-
scribe the time-dependent whisker vibration requires orthogonality of
the eigenvectors �k�x�. We show that our Ritz method solutions that
belong to different eigenmodes k and k	 are indeed orthogonal in a sep-
arate subsection below. The orthogonality can be expressed as the follow-
ing condition:

�
i, j

Cj
k	 Ci

k Iji
�0� � 
k,k	 �

i, j

Cj
k Ci

k Iji
�0�. (41)

This in turn results as follows:

�
i, j

Cj
k	 Ci

k Iji
�2� � 
k,k	 � p	k�

2 �
i, j

Cj
k Ci

k Iji
�0�, (42)

Whisker vibration in response to a time-dependent force. From here on, we
consider only conical whiskers, the biologically plausible case. To find the
vibration of the whisker triggered by its interactions with an object, such
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as the poles used in behavioral experiments (O’Connor et al., 2010a), we
first need to extract the steady-state solution created by the time-varying
force F(t) in Equation 1. To do this, we express the solution in the form:
y�x, t� � ys�x, t; c, L� 	 ye�x, t�, where ys satisfies the “steady-state”
Equation 2 as follows:

�2

� x2 EI0�1 �
x

L�
4 �2ys

� x2 � F�t�
� x � c�.

The solution of this equation obviously is reduced to the steady-state solu-
tion: ys�x, t; c, L� � F�t� ỹs�x; c, L�. Substituting y(x, t) into Equation 1 leads
us to the following inhomogeneous solution for ye�x, t� (Eq. 5) as follows:

�2

� x2 EI0�1 �
x

L�
4 �2ye

� x2 	 ��x�
�2ye

�t2 	 ���x�
� ye

�t

� � ��x�F
�t� 	 �F	�t�� ỹs� x; c, L�,

where ��x� � �0�1 � x/L�2

The solution of Equation 5 can be found as an expansion described by
Equation 18 with eigenfunction of the cylindric whisker: �k	�x� � �iCi

k	Yi�x�,
which coefficients Ci

k	 are found from Equation 40 for each eigenmode
p	2. Substituting Equation 18 into Equation 5, multiplying it by �k�x�
and integrating over x, we arrive at Equation 7:

�
k 	 ��	k 	 � pk�
2�k � � F
�t� 	 �F	�t��



�
0

1

dx�k� x	��1 � x	�2ỹs� x	; c, L�

�i, jCj
kCi

kIji
�0�

,

where we replaced x by a dimensionless coordinate x	 � x/L. The
weighted orthogonality conditions �0

1�1 � x	�2�k�k	dx	 � 
k,k	 de-
fined by Equation 41 allow us to rewrite integrals in the left side of
Equation 5 as follows: �0

1dx	�k�x	��0�1 � x	�2�k	�	k	�t��k	�x	� and
�0
1 dx	�k�x	��0�1 � x	�2�k	�
k	�t��k	�x	� as �0�i, jCj

kCi
kIji

�0��	
k

and

�0�i, jCj
kCi

kIji
�0��


k
correspondingly. Calculation of the first term of Equa-

tion 5 requires more attention:

1

L4 �
0

1

dx	�k� x	�
�2

� x	2 �EI� x	�
�2�k	�k	�t��k	� x	�

� x	2 �
�

1

L4 �k� x	�
�

� x	 �EI� x	�
�2�k	�k	�t��k	� x	�

� x	2 ��
0

1

�
1

L4 �	k� x	��EI� x	�
�2�k	�k	�t��k	� x	�

� x	2 ��
0

1

	
EI0

L4 �
k	

�k	�t� �
0

1

dx	�
k� x	��1 � x	�4�
k	� x	� (43)

For the orthogonal basics Yk(x) considered above, the first two terms
vanish. The last one can be rewritten using Equation 42 as follows:

EI0

c4 �k�t� �
i, j

Cj
k	 Ci

k Iji
�2� � 
k,k	

EI0

c4 �k�t�� p	k�
2 �

i, j

Cj
kCi

kIji
�0�,

(44)

where EI0�p	k�
2/L4�0 � pk

2. Dividing the left and right sides of Equation
5 by �0�i, jCj

kCi
kIji

�0� we arrive at Equation 7.
The time-dependent solutions of Equation 7 could be found using the

standard approach derived previously (Timoshenko, 1937). As above, we
rewrite Equation 7 as Equation 8.

�
k 	 ��	k 	 � pk�
2�k � � F
�t� 	 �F	�t��Pk�c, L�,

where Pk�c, L� � �0
1 dx�k�x	��1 � x	�2ỹs�x	; c, L��/�i, jCj

kCi
kIji

�0��. In
the underdamped case, when pk � �/2 � d the k-th eigenmode of
Equation 45 can be described as follows:

�k�t� � �
Pk�c, L�

pk
d �

0

t

ed�t	�t�F
�t	� 	 2dF	�t	��

 sin pk
d�t � t	�dt	, (45)

where pk
d � �pk

2 � d2 In the intermediate case when pk
2 � d2,

�k�t� � � Pk�c, L��
0

t

F
�t	� 	 2dF	�t	��e�pk�t�t	��t � t	�dt	.

(46)

Finally, in the overdamped case, pk
2 � d2, the response of the k-th eigen-

mode has the following form:

�k�t� � �
Pk�c, L�

2�d2 � pk
2 �

0

t

dt	F
�t	� 	 2dF	�t	��

 er1�t�t	� � er2�t�t	��, (47)

where r1 � � d 	 �d2 � pk
2, r2 � � d � �d2 � pk

2, r1 � r2 �

2�d2 � pk
2.

All these time-dependent responses can be written as follows:

�k�t� � � Pk�c, L�Ii
L�t, t0�, (48)

where t0 is the pulse duration and

Ik
L�t, t0� �

1

pk
d�

0

t

ed�t	�t�F
�t	� 	 2dF	�t	��sin pk
d�t � t	�dt	

(49)

if pk � d,

Ik
L�t, t0� � �

0

t

F
�t	� 	 2dF	�t	��e�pk�t�t	� �t � t	�dt	, (50)

if pk � d and

Ik
L�t, t0� �

1

2�d2 � pk
2

 �
0

t

dt	F
�t	� 	 2dF	�t	��er1�t�t	�

� er2�t�t	��. (51)

if pk � d.
The total time dependence is described as follows:

y�t, x� � F�t� ỹs�x; c, L� � �
k

�k�x	�Pk�c, L�Ik
L�t, t0�, (52)

where x	 � x/L
Effect of whisker trimming on the dynamics of whisker vibrations. Whiskers
are not infinitely sharp cones but rather truncated at the tip (Quist et al.,
2011; Boubenec et al., 2012). To obtain the eigenmodes and eigenfrequencies
of the conical truncated whisker, we can use the same approach that was used
above for the nontruncated whisker. The probe eigenvectors, which we will
use in the Ritz method, can be presented in the form of Equation 36, where
eigenvectors Yi(x) of the cylindrical whisker satisfy the free-end BCs at the
truncated end of the whisker. For further convenience, we will keep the L
notation for the total length of the truncated whisker. Using this notation, we
arrive at a slightly modified Ritz Equation 38, where the factor (1 � x	) in the
integral is replaced by �1 � �x	� where � � L/Lin is the ratio of the lengths
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of the truncated whisker to its extrapolated ideal shape �� � 1� As a result,
the same replacement should be done in the Iji

�0� and Iji
�2� integrals of Equation

40, which determines the coefficients Ci in eigenvectors defined in Equation
36 and dimensionless eigenmodes p	. The eigenmodes of the truncated whis-
ker, p, are connected with p	 be the same Equation 39 as for a nontruncated
whisker.

The time-dependent vibration of a truncated whisker is described by
an expression very similar to Equation 52 as follows:

y�t, x� � F�t� ỹS� x; c, L in� � �
k

�k
tr�x	�Ptr

k �c, L�Ik
L,tr�t, t0�.

(53)

Here, �k
tr�x/L� is the k-eigenvector of the truncated conical whisker and

the time-dependent functions, Ik
L,tr�t, t0� are determined by the same

Equations 49 –51 with eigenfrequencies pk calculated for the truncated
whisker. Finally, Ptr

k �c, L� in Equation 53 is defined as follows:

Ptr
k �c, L� �

�
0

1

dx	�k
tr� x	��1 � �x	�2ỹs� x	L; c, L in�

�i, jCj
k,trCi

k,trIji
�0�

,

(54)

where L is the length of truncated whisker, coefficients Cj,i
k,tr describe eigenvectors

of the truncated whisker and Iji
�0� � �01dx	Yj�x	�Yi�x	��1 � �x	�2.

Time-dependent forces in the follicle. (1) In the case of the fixed-end BCs,
the bending moment and shear force are not equal to zero. Taking the
explicit form of the eigenfunction from Equation 52, we can write:

Me�t� � EI0F�t�
�2ỹs� x; c, L�

�2x
�

x�0

�
EI0

L2 �
k

�
k� x	��x	�0Pk�c, L�Ik
L�t, t0�. (55)

and

Fe�t� � EI0F�t�
�3ỹs� x; c, L�

�3x
�

x�0

�
EI0

L3 �
k

��k� x	��x	�0Pk�c, L�Ik
L�t, t0�. (56)

Thus, the moment and shear at the follicle during force application are
related by:

�2ỹs� x; c, L�

�2x
�

x�0
� �

c

EI0
,

�3ỹs� x; c, L�

�3x
�

x�0
�

1 � 4c/L

EI0
.

(57)

(2) In the case of the pinned-end BCs, the azimuthal angle and shearing
force are not fixed to zero. The shearing force is described by Equation 56
with a properly selected eigenfunction �k. The angular dependence is
described as follows:

�e�t� �
� y

� x
�

x�0
� F�t�

� ỹs� x; c, L�

� x
�

x�0

�
1

L �
k

�	k� x	��x	�0Pk�c, L�Ik
L�t, t0�, (58)

where:

� ỹs� x; c, L�

� x
�

x�0
�

1

3

Lc2

�L � c� EI0
. (59)

Other vibrational forces. Quasi-static analysis has suggested that axial
forces pushing the whisker into the face could contribute to tactile per-
ception ( Stüttgen et al., 2008; Solomon and Hartmann, 2011; Pammer et
al., 2013). However, corresponding axial vibrational displacements and
forces are expected to be negligible. Axial frequencies of whiskers are
much higher than transverse frequencies. The difference is controlled by
the factor r/L, where r is the whisker radius and L is its length (Timosh-
enko, 1937, their Eq. 5.4, p. 36; their Eq. 5.102, p. 421). This gives a factor
of 160 for our whiskers, corresponding to vibration frequencies �100
kHz. It is unlikely that mechanoreceptors are sensitive to frequencies in
this band. In addition, the associated displacements are four orders of
magnitude smaller compared with transverse vibrations because the dis-
placement is inversely proportional to the square of eigenmode fre-
quency (Timoshenko, 1937, their Eq. c, p. 73). Thus, radial
displacements from vibration are expected to be on the order of 100 nm.
Whereas steady-state axial forces likely play important roles in tactile
sensation, axial vibrations can be neglected as tactile cues.

Orthogonality conditions for conical whisker eigenmodes. Let us consider
two eigenvectors satisfying Equation 40 for two eigenmodes p	k and p	k	

�
i

Ci
kIji

�2� � � p	k�
2 Iji

�0�� � 0, �
i

Ci
k	Iji

�2� � � p	k	�
2Iji

�0�� � 0.

(60)

Multiplying the first equation by the vector Cj
k	 and the second by Cj

k we
arrive at the following:

�
i, j

Cj
k	 Ci

k Iji
�2� � � p	k�

2 �
i, j

Cj
k	Ci

kIji
�0�,

�
i, j

Cj
k Ci

k	 Iji
�2� � � p	k	�

2 �
i, j

Cj
kCi

k	Iji
�0�. (61)

Extracting one from the other we obtain the identity as follows:

� p	k�
2 � � p	k	�

2��
i, j

Cj
k	Ci

kIji
�0� � 0, (62)

which shows that �i, jCj
k	Ci

kIji
�0� � 
k,k	�i, jCj

kCi
kIji

�0�. Consequently, using
Equation 61, we arrive at the following:

�
i, j

Cj
k	Ci

kIji
�2� � 
k,k	� p	k�

2 �
i, j

Cj
kCi

kIji
�0�, (63)

The orthogonality conditions described by Equations 62 and 63 allow us
to extend a time-dependent method developed above for a whisker with
fixed radius.

Results
To construct an accurate and biologically relevant model of the
time-dependent motion of the whisker, we measured the param-
eters that control these dynamics, including Young’s modulus E,
damping coefficient, �, whisker length L, and whisker radius at
the base r0. We also measured the time-varying force applied by
objects on whiskers during behavior, F(t).

Steady-state forces underlying tactile exploration
Animals were trained in an active, horizontal pole localization
task (O’Connor et al., 2010a; Pammer et al., 2013). In each trial,
mice were presented with a pole at one of several positions, a
subset of which were rewarded. A total of 12,417 whisker–pole
interactions were recorded using high-speed video microscopy
(at 1000 fps; Fig. 3a). We measured curvature changes of the
whisker at a point of known stiffness to extract the steady-state
force applied to the whisker. These measurements allowed us to
calculate the steady-state bending moment at the base of the
whisker (Birdwell et al., 2007; Clack et al., 2012; Pammer et al.,
2013) (Fig. 3b, Eq. 10),
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d2y

dx2 �
M�x�

EI�x�

where x is the distance along the whisker, y is the displacement of
the whisker, M(x) is the bending moment applied by the object to
a point along the whisker, E is the Young’s modulus of the whis-
ker, and I(x) is the area moment of inertia at a point along the
whisker.

Whisker geometry was determined by measuring five C2 whis-
kers, harvested immediately after behavioral experiments. The whis-
kers were truncated linear cones with a mean � SD length of L �
18.26 � 10�3 � 0.44 � 10�3 m, base radius r0 � 37.3 � 10�6 �
1.0�10�6 m, and tip radius of 2.8�10�6 �2.0�10�6 m (Fig. 3c).
For simplicity, all mouse whisker simulations used L � 18 � 10�3

m, r0 � 37 � 10�6, and whisker density � � 1.0 � 102 kg/m3, with
the whisker truncated at 0.95 of the extrapolated length.

During active tactile exploration, the peak force for 5–95%
range of contacts was 1.8 – 44.4 �N (mean 19.6 �N, median 16.1
�N; Fig. 3d). The 5–95% range for contact duration was 5–113
ms (mean 30.9 ms, median 16 ms; Fig. 3e). Peak contact force was
positively correlated with contact duration (r 2 � 0.368, Fig. 3f).
For our simulations, we used touches with amplitudes consistent
with the small-angle approximation. These ranged from F � 0.5
to 20 �N, thus comprising a large fraction of behaviorally rele-
vant contacts (Fig. 3d). Time-dependent forces applied by the
pole during active whisking were modeled by the top half of a
Gaussian (Fig. 3b).

To quantify the accuracy of using a single horizontal imaging
plane, which provides a top-down projection of the whisker con-
tour, to calculate steady-state forces, we performed dual-

perspective imaging of whisker pole interactions (four additional
mice). In addition to the top-down projection, a second orthog-
onal view from the front of the mouse looking backward, angled
tangent to the whisker pad (20° off the anteroposterior axis; Fig.
4a,b), provided the elevation of the whisker � (Knutsen et al.,
2008). Upon contact, whisker elevation remained within �14°
from the horizontal plane for �99% of time points (Fig. 4c). This
distribution of � shortened the apparent whisker path length to
pole, c, in the top view by �3% for these contact time points (Fig.
4d,e). Intrinsic whisker curvature caused droop out of the whisk-
ing plane and further shortening of apparent c of �1% for pole
positions c � 9 mm.

Tracking dust particles on the whisker (Fig. 1a, arrow) allowed us
to determine whether whiskers are pushed into the face by axial
forces that build up when the whisker bends. The radial location of
the follicle moved �0.6 mm as mice moved their cheek while inves-
tigating the pole and up to �0.2 mm during single contacts. How-
ever, there was no correlation between increasing whisker curvature,
which corresponds to increasing axial force, and the radial location
of the dust particle (data not shown). This suggests that the axial
position of the whisker is not changed by applied axial forces. Thus,
we neglected possible axial compliance in our BCs.

Estimation of damping and Young’s modulus
The damping coefficient and first eigenfrequency of the C2 whis-
ker were estimated by observing the decay of whisker curvature
change after rare events where the whisker slipped past the pole.
The pole was placed 10 mm from the follicle base and curvature
measured 6 mm from follicle base (Fig. 5a). These slips provide a
large, sharp impulse to the whisker after which the whisker vi-

Figure 3. a, Time-series of a tracked whisker before, during, and after a typical pole touch. Gray represents noncontact periods; black, contact periods; black dots on the left, estimated follicle
base. b, Force calculated from the change in whisker curvature. Time points for traces during contact displayed in a are indicated as solid circles. c, Whisker diameter is a linear function of distance
from the follicle. Each line is a fit of a single C2 whisker. d, Histogram of peak forces for all contacts across all behavioral sessions. e, Histogram of contact durations. f, Relationship between peak
contact force and contact duration. Each dot represents a single contact.
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brates freely. We describe these vibrations using the oscillatory
damped function: A sin�pt 	 ��exp( � dt), where A is the
amplitude of the oscillation and � is their phase at t � 0. Eight
slip-offs were fit, each giving an estimate of the oscillation fre-
quency and damping of the whisker (Fig. 5b,c). Damping and
eigenfrequency estimates were independent of force magnitude,
the point of force application, and the point of whisker curvature
measurement. The mean damping value, fitted to the decay of the
exponent, was d � 215 � 45 s�1, and the mean angular frequency

of vibration was p � 938 � 27 rad/s (149 � 4 Hz). Because
Equation 39 relates the vibration frequency to Young’s modulus
E, using this whisker’s measured parameters, L � 17.14 mm, r0 �
37.15 �m, and � � 1.0 g/cm 3, we can estimate E for this whisker
to be 3.03 GPa assuming fixed-end or 2.97 GPa assuming pinned-
end BCs. These numbers are near the center of the range of values
reported for rat whiskers 3.34 � 1.48 GPa (Quist et al., 2011). We
set damping to be d � 215 s�1 and Young’s modulus to be 3.00
GPa for all whisker simulations.

Figure 4. a, Schematic showing dual perspective imaging. b, Two views of a whisker interacting with the pole during performance of object localization. Black represents contact between
whisker and pole; gray, no contact. Compasses indicate anatomical axes in the imaging plane. c, Whisker elevation versus azimuthal angle for all contact time points (4 mice, 1 session per mouse).
� indicates whisker position relative to the mediolateral axis; positive is anterior. The vertical stripes correspond to different object locations (Materials and Methods). d, Distribution of apparent/true
whisker path length versus azimuthal angle for all contact time points. e, Distribution of projection error for all contact time points.

Figure 5. a, Single tracked whisker over time, immediately before and after a slip-off (time between snapshots, 1 ms). b, Post-slip vibration for the example in a. c, Best fit and 0.95 confidence
intervals for 8 whisker slips.
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Time-dependent displacement of whiskers during
pole localization
We computed the movement of the whisker through time for the
fixed-end and pinned-end BCs, modeled for a typical contact in
the pole localization task as a point force (peak 20 �N) applied 9
mm from follicle base (0.5 normalized whisker length; Figs. 3b
and Fig. 6a). The force induced a whisker deflection that can be
decomposed into a steady-state component (Fig. 6b) and a vibra-
tional component (Fig. 6c; Eq. 52). Between the face and the pole,
the vibrational component is small in amplitude (�10%) relative
to steady-state for both the fixed-end and pinned-end BCs. Near
the tip, the vibration magnitude of the free end increased
substantially.

Time-dependent forces during active and passive tasks
We modeled steady-state and vibrational forces on the follicle to
determine the potential role of whisker vibrations in a variety of
tactile exploration tasks. First, we considered the bending mo-
ment generated during radial distance discrimination. Here, the
radial position of a pole varied, and the azimuthal angle at touch
remained constant. In the quasi-static approximation, radial dis-
tance can be extracted from the time-dependent changes in
steady-state bending moment (Birdwell et al., 2007) or the ratio
of bending moment and axial forces (Solomon and Hartmann,
2011; Pammer et al., 2013). We tested whether vibrations could
also provide a radial distance cue. We modeled a 12 ms duration
pole contact applied at four radial distances (Fig. 7a) and calcu-
lated the steady-state and vibrational bending moment at the
whisker base (Fig. 7b, fixed-end BC). At positions �9 mm from

the follicle, vibrational forces were negligible. When the force was
applied near the tip, vibrational bending moment amplitude was
comparable with the steady-state moment (Fig. 7c). We next ex-
amined how contact duration influences the relative magnitude
of vibration. We held the pole position fixed at 12 mm from the
base and varied the duration of contact (Fig. 8a). Long duration
contacts had little relative vibrational bending moment, whereas
for the shortest contact, vibrational bending moment exceeded
the peak steady-state (Fig. 8b). Shorter contact durations also
produced greater relative excitation of higher-order eigenmodes.
Thus, the ratio of vibration magnitude relative to steady-state
forces could provide a coarse ruler for radial distance. In horizon-
tal pole localization tasks, vibration is unlikely to play a role pro-
vided radial distance c � 0.75 L.

In texture discrimination tasks, whiskers are swept across a
variety of surfaces, commonly different grades of sandpaper. Pri-
mary sensory neurons are excited by transient stick-slip events
caused by whisker interactions with the surface (Wolfe et al.,
2008; Jadhav et al., 2009). We simulated the influence of vibration
on the forces induced by idealized stick-slip events. Because tex-
ture discrimination tasks have mainly been performed by rats, we
use published data for rat C2 whiskers, Lin � 37 mm, L � 0.95 Lin,
r0 � 70 �m, and � � 1.14 g/cm 3, where Lin is the length of the
infinitely sharp extrapolated whisker (Hartmann et al., 2003;
Neimark et al., 2003; Wolfe et al., 2008; Jadhav et al., 2009).
Damping during texture exploration has not been reported, so we
assumed d � 215 s�1 and Young’s modulus at 3.00 GPa as for the
mouse whisker. Force was applied at 32 mm from the follicle, as
in Wolfe et al. (2008) (Fig. 9a). The stick force was built up as a

Figure 6. Time-dependent displacement of a conical whisker during and after typical pole interactions (as in Fig. 3b). a, Time course of the applied force. b, Top, Displacement of the whisker over
time considering only steady-state forces. Y-displacement represents distance from the undeflected whisker position. Bottom, Whisker shape over time (1 ms time steps). c, Displacement of the
whisker with (left) fixed-end boundary conditions and (right) pinned-end boundary conditions. Top, Sum of the steady-state and vibrational components over time. Middle, Vibrational component
only. Bottom, Vibrational component of the whisker shape over time.
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half-sin function lasting 8 ms, followed by a slip of variable speed
shaped as a half-sin function, spanning the range of published slip
data (Ritt et al., 2008; Jadhav et al., 2009). After the slip, the
whisker was caught in a second identical stick event (Fig. 9b). For
all slip durations, but particularly for the highest velocity events,

vibrational bending moment dramatically exceeded the steady-
state moment (Fig. 9c). A second stick event immediately after the
initial slip had little effect on the magnitude of the vibrational
transient compared with free ringing. Thus, vibration-induced
force transients are likely a key driver of primary sensory neurons
during texture discrimination tasks.

Figure 7. Bending moment at the whisker base in a typical radial distance discrimination
task (C2 mouse whisker, Pammer et al., 2013). a, Contact points along the whisker. b, Steady-
state (dotted) and vibrational (solid) components of bending moment resulting from whisker–
pole contacts 6, 9, 12, and 15 mm from the follicle. To maintain the small-angle approximation,
peak applied force was 10, 10, 2.5, and 0.5 �N, respectively. c, Peak positive and negative
vibrational bending moment relative to peak steady-state bending moment as a function of
contact position. Solid circles represent example traces in b.

Figure 8. Effect of contact duration on bending moment at the whisker base. a, Contact
point 12 mm from the follicle, peak force of 2.5 �N and contact duration lasting 2.5, 5, 10, or 20
ms. b, Peak positive and negative vibrational bending moment relative to peak steady-state
bending moment. Solid circles represent example traces in a.
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A commonly used paradigm for investigating neural coding in
the whisker system involves passive ramp-and-hold stimuli. We
simulated the resulting deflections using the rat whisker param-
eters noted above, except that the whisker was trimmed at 13 mm
from the follicle and the force was applied 10 mm from the follicle
(Fig. 10a) as in Simons (1978) and numerous other studies.
Ramp-and-hole forces were modeled half-sin functions causing
whisker displacement of 12 degrees over a range of velocities (Fig.
10b). In all cases, whisker vibrations were negligible (Fig. 10c,d).

Discussion
Whisker-based somatosensation begins with stresses in the folli-
cle, which trigger spikes within sensory neurons (Dorfl, 1982).
Here we analyze how interactions between whiskers and objects
are transduced by whisker mechanics into stresses in the follicle.

We use an analytical approach, which applies to a large range of
whisker geometries and force profiles and can be easily integrated
into models of the whisker pad and motor plant (Hill et al., 2008;
Simony et al., 2010). Our calculations provide insight into the
possible algorithms underlying tactile perception.

Accuracy of the mechanical model
Our model of whiskers deformed by time-varying point forces
relies on several simplifying assumptions. First, we used the
Timoshenko beam theory for thin beams, which ignores shear
terms. Rodent whiskers have a slenderness ratio of ��100, a reg-
imen where shear terms are known to be irrelevant (Han et al.,
1999).

Second, we assume a constant path length from follicle to
point of force application. The vast majority of whisker–pole
interactions during behavior (O’Connor et al., 2010a) caused
relatively small angular deflection of � at contact (�15 degrees;

Figure 9. Bending moment at the whisker base for stick-slip events (modeled after slip events in
a texture discrimination task (Jadhav et al., 2009, their supplemental Fig. 1). Mechanical parameters
usedfortheratwhiskerarefromBirdwelletal.(2007).a,Schematicofratwhiskerandpositionofforce
application (32 mm from base). b, Whisker deflection calculated at 16 mm from follicle base (Wolfe et
al., 2008) for various slip durations (0.25, 0.5, 1, 2, and 4 ms) with a second identical stick and slip
immediately after the first. c, Steady-state (dotted) and vibrational (solid) components of bending
moment resulting from a force (peak force of 5 �N) applied near the tip.

Figure 10. Bending moment at the whisker base for ramp-and-hold deflections. Model for
the rat whisker as in Figure 9. a, Schematic of rat C2 whisker truncated at 13 mm, with force
applied at 10 mm from follicle. b, Displacement distance of the whisker at 10 mm from follicle
for 12 degree deflections at 250, 500, 1000, 2500, and 5000 degrees/s, corresponding to 48, 24,
12, 4.8, and 2.4 ms duration. c, Steady-state (dotted) and vibrational (solid) bending moment at
the follicle. d, Higher magnification of c.
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Figs. 3 and 6). For these small-angle contacts, actual path length c
is �2% greater than the straight line distance between follicle and
pole.

Third, we treat the whisker in two dimensions. We also ignore
friction because the applied forces are assumed to be normal to
the longitudinal axis of the whisker (Birdwell et al., 2007). Full
treatment of vibrations in three dimensions, including torsional
movement (Knutsen et al., 2008), intrinsic whisker curvature
(Quist and Hartmann, 2012), and friction would require a nu-
merical approach.

Fourth, we use approximate BCs at the follicle. The follicle
holding the whisker has unknown and potentially variable com-
pliance during whisking (Melaragno and Montagna, 1953; Hart-
mann et al., 2003; Hill et al., 2008; Haidarliu et al., 2011). We
considered two sets of BCs representing extremes of rotational
rigidity. These BCs uniquely produce orthogonal conical eigen-
modes. In the fixed-end condition, the follicle compliance van-
ishes. The angle of the whisker relative to the follicle is thus fixed,
whereas bending moment and shear force vary. In the pinned-
end condition, the compliance is infinite. The bending moment is
zero, whereas follicle angle and shear force vary. Because the
parameters relevant to object localization (Pammer et al., 2013),
including bending moment, can be calculated for the fixed end
BC, we focused our analysis on this case. Where direct compari-
son between BCs is possible, such as the magnitude of vibrational
shear at the base, the two cases produce qualitatively similar re-
sults (data not shown). BCs with finite compliance (i.e., models
with torsional springs) lead to nonorthogonal eigenmodes
(Timoshenko, 1937) and require numerical treatment.

Fifth, for our model to be self-consistent, a vibrational node
must be imposed at the point of force application. Summing the
first 10 conical eigenmodes produces a vibrational node within
�0.02 L of the contact point (Fig. 6). Addition of higher-order
modes causes further convergence of this node with point of force
application.

Parameter estimation
Our predictions depend on experimentally determined mechan-
ical parameters. Several factors caused uncertainty in the path
length c and thus the local bending stiffness. Because of droop
and whisker elevation change, use of a single top-down projec-
tion to infer c caused a total underestimate of �4% for 99% of
observed contact time points (Fig. 4). The fur on the face ob-
scures the whisker insertion to the follicle. We compensated for
these factors by assuming the whisker continued into the fur an
additional 1–1.75 mm depending on fur length.

Damping of whisker vibrations (Fig. 5) could arise from dis-
sipation within the whisker, the follicle, the whisker– object in-
terface, friction, and coupling to tissue surrounding the follicle
(Kelly, 2011; Boubenec et al., 2012). We modeled damping using
a single parameter linearly applied to each vibrational mode.
Changes in path length c during strong or distal contacts where
the small-angle approximation does not hold could cause de-
structive interference of the range of eigenmodes excited during a
single contact and frictional dissipation, reducing vibration.

Young’s modulus was assumed constant along the whisker.
The estimates of the damping coefficient, vibration frequency,
and steady-state displacement all depend on this value. Although
the tip of rat whiskers has a higher Young’s modulus than the base
(Quist et al., 2011), seven-eighths of the whisker mass is within
the proximal half of the whisker, reducing the potential impact of
the increased stiffness at the whisker tip on the vibrational forces
at the whisker base. Errors associated with parameter estimation,
detailed above, appear sufficiently constrained to allow us to
compare various experimental conditions (Figs. 7–11).

Contributions of vibrations to whisker-dependent behaviors
Could contact-induced whisker vibration be used as a cue for
object localization along the length of the whisker? With the pole
within �0.65 L of the whisker length from the follicle, steady-
state forces dominate for contact durations associated with object

Figure 11. Relative magnitude of vibrational to steady-state bending moment for a range of contact durations and positions along a (left) rat and (right) mouse C2 whisker. Overlaid schematic
of the range in which behavioral tasks and stimulus paradigms fall in this manifold. Estimates of texture discrimination time course and position based on rat C2 and D2 whisker interactions with
surfaces found previously (Carvell and Simons, 1990; Ritt et al., 2008; Wolfe et al., 2008; Jadhav et al., 2009). Freely moving rats in Carvell and Simons (1990) swept whiskers across grooved surfaces
with a spacing of 2.3–3.2 mm and a mean whisker velocity of 182–290 mm/s. Schematic assumes a single stick and slip on each groove. Contact distance based on example traces. Rat whiskers
during freely moving texture exploration in Ritt et al. (2008) exhibited large-amplitude micromotions with a rise time of 0 – 4 ms. Both Wolfe et al. (2008) and Jadhav et al. (2009) had rats explore
a sandpaper textures placed 5 mm from the whisker tip. Slip responses were typically 2 ms in duration, whereas some sticks lasted �20 ms. Passive ramp-and-hold parameters are based on the
setup for rat C2 in Simons (1978). Similar parameters have been used in numerous further studies (including Gibson and Welker, 1983; Wilent and Contreras, 2004). Horizontal localization
parameters based on measurements for mouse D2 and C2 in O’Connor et al. (2010a) and mouse C2 in this work (Fig. 3). Radial distance object localization parameters based on mouse C2 data in
Pammer et al. (2013).
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localization (Figs. 3 and 11). Extraction of the relatively small
vibrational forces, overlaying the larger steady-state forces, would
require specialized mechanoreceptors particularly well tuned for
their frequency components (Gottschaldt and Vahle-Hinz,
1981).

Because vibration magnitude is strongly dependent on c (Figs.
8 and 11), the relative magnitude of vibration to steady-state
provides a potential cue to distinguish radial distance. Psycho-
physical experiments could be used to ascertain whether mice use
vibrations to judge radial object distance. Because vibrations, but
not steady-state force, depends on whisker properties beyond the
point of contact, whisker trimming can manipulate vibrations
without affecting steady-state forces.

The increase in vibrational relative to steady-state force with
object distance may potentially explain aspects of trigeminal gan-
glion firing. These neurons only reduce firing by 2–3� between
pole contacts at 0.3 and 0.9 c (Szwed et al., 2006), even though
bending stiffness, and thus steady-state forces, decrease by two
orders of magnitude. Vibrational forces may compensate for re-
duced steady-state forces to activate trigeminal neurons during
distal contacts.

Rodents also use their whiskers to explore surface textures
(Carvell and Simons, 1990). Whiskers are oriented to maximize
the number of whiskers that touch a surface while minimizing
touch forces, so that whiskers interact with the surface mainly at
their tips (Mitchinson et al., 2007). Under these conditions,
spikes are driven by so-called stick-slip events, when a whisker is
transiently trapped and released from a surface feature (Arabza-
deh et al., 2005; Wolfe et al., 2008). These events cause transient
whisker ringing (Jadhav et al., 2009), similar to slip events in
object localization (Fig. 5).

For stick-slip events, forces at the follicle caused by vibrations
exceed the amplitudes of the steady-state forces caused by whis-
ker bending (Figs. 9 and 11). Stick-slip events efficiently excite
higher-order, high-frequency modes (Fig. 9), with frequencies
much higher than the base resonant frequency of the whisker
(Neimark et al., 2003; Andermann et al., 2004). Our data support
the idea that texture discrimination is based on kinetic signatures
(Arabzadeh et al., 2005) of multiple transient events, triggered by
whiskers sweeping over surfaces, amplified by whisker vibrations.
Vibrational forces can be influenced by the animal’s selection of
the duration and position of contact during exploration. Mini-
mal impingement (Mitchinson et al., 2007) would lead to whisker
contact near the tip, maximizing vibrational information.

Vibrissal resonance has been proposed as mechanism to
enhance detection and discrimination of tactile input (Nei-
mark et al., 2003; Andermann et al., 2004). Our work supports
a role for vibration in specific behavioral tasks, but the strong
vibrational dependence on contact position and duration sug-
gests that the particular parameters of a given contact will
overpower effects of a vibrissa’s specific resonant frequency in
shaping tactile sensation.

Could precise spike timing in vibration patterns generate a
kinetic signature of a whisker– object interaction during contacts
that lack stick-slip events, such as those during pole localization
(Figs. 7 and 8)? Mice can determine radial distance with a single
touch of an individual whisker (Pammer et al., 2013). The tem-
poral structure of peak vibrational forces varies with contact du-
ration and distance because of increased recruitment of higher-
order eigenmodes for more brief or more distal contacts. These
forces are generally significant only when the touches are brief
(�10 ms), thus allowing the firing of only 1 or 2 spikes by a
trigeminal afferent during a single contact (Shipley, 1974).

This limitation in spikes per contact limits the amount of
information about the vibrational pattern that can be encoded
by spike trains.

However, the timing precision of evoked spikes is high within
primary sensory neurons as well as intermediate locations be-
tween follicle and cortex (Simons, 1978; Arabzadeh et al., 2005;
Montemurro et al., 2007). Ideal observers of spike trains can use
this precise timing to decode stimulus features (Arabzadeh et al.,
2006), but it remains unclear whether the animal has the capabil-
ity of using precise timing differences to influence perception and
drive behavior. The study of whisker vibration in the context of
active sensing provides fertile ground for future investigations on
the ability or inability of cortex to use precise spike timing infor-
mation to construct sensory perceptions.
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