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Abstract 33 

A common way to assess the function of sensory neurons is to measure the 34 

number of spikes produced by individual neurons while systematically varying a given 35 

dimension of the stimulus. Such measured tuning curves can then be used to quantify 36 

the accuracy of the neural representation of the stimulus dimension under study, which 37 

can in turn be related to behavioral performance. However, tuning curves often change 38 

shape when other dimensions of the stimulus are varied, reflecting the simultaneous 39 

sensitivity of neurons to multiple stimulus features. Here we illustrate how one-40 

dimensional information analyses are misleading in this context, and propose a 41 

framework derived from Fisher Information that allows the quantification of 42 

information carried by neurons in multi-dimensional stimulus spaces. We use this 43 

method to probe the representation of sound localization in auditory neurons of 44 

chinchillas and guinea pigs of both sexes, and show how heterogeneous tuning 45 

properties contribute to a representation of sound source position that is robust to 46 

changes in sound level.  47 

 48 

Significance statement 49 

 Sensory neurons’ responses are typically modulated simultaneously by 50 

numerous stimulus properties, which can result in an overestimation of neural acuity 51 

with existing one-dimensional neural information transmission measures. To overcome 52 

this limitation, we develop new, compact expressions of Fisher Information derived 53 

measures that bound the robust encoding of separate stimulus dimensions in the 54 

context of multidimensional stimuli. We apply this method to the problem of the 55 

representation of sound source location in the face of changes in sound source level by 56 

neurons of the auditory midbrain.  57 

 58 

  59 
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Introduction 60 

Sensory stimuli consist of multiple features, and thus occupy multidimensional 61 

spaces: an approaching predator has size, shape and color; an aversive odorant has 62 

intensity and gradient; an acoustic communication signal has spectral, temporal and 63 

spatial properties. Despite such variations, perception is remarkably invariant: that is, 64 

sensitivity to stimuli along a single stimulus dimension is robust to fluctuations in other 65 

dimensions. For example, animals can recognize the shape of an approaching predator 66 

at varied distances, in overcast or bright sun, or identify the origin of a communication 67 

signal whether loud or soft.  68 

In many instances, populations of neurons have been identified whose responses 69 

are modulated by changes of a given stimulus dimension, and thus are said to represent 70 

that dimension. However, responses of sensory neurons are typically modulated by 71 

several stimulus features simultaneously, such as in vision (Lagae et al., 1993; Fiscella et 72 

al., 2015) or olfaction (Anderson et al., 2003; Stopfer et al., 2003). In hearing, there is a 73 

vast literature on this topic concerned with the encoding of sound frequency (Kim et al., 74 

1990), vowel spectral shape (Sachs and Young, 1979; Blackburn and Sachs, 1990; May et 75 

al., 1998), sound source azimuth (Aitkin et al., 1984, 1985; Aitkin and Martin, 1987; 76 

Rajan et al., 1990; Brugge et al., 1996; Irvine et al., 1996; Day and Delgutte, 2015), and 77 

spatial cues (Semple and Kitzes, 1987, 1993; Irvine and Gago, 1990; Rice et al., 1995).  78 

Sensitivity to multiple stimulus features means that single sensory neurons are 79 

not robust to changes in secondary dimensions of the stimulus, and complicates the 80 

question of which stimulus dimension a neuron or a population of neurons “represents”. 81 

Although this issue has been recognized across sensory systems, theoretical tools that 82 

robustly address the problem of neural coding of multidimensional stimuli are lacking. 83 

This article provides such tools to systematically analyze multidimensional receptive 84 

fields, e.g. to quantify how much information can be recovered about a single stimulus 85 

dimension in the face of changes in secondary dimensions. We use the sound 86 

localization system of the mammalian midbrain as a case study, however the techniques 87 

can be applied more widely and generally to any sensory system. 88 

Localizing sound sources relies on processing acoustical cues that vary 89 

systematically with source location. In general, low-frequency sources are localized via 90 

interaural time differences (ITD), while high-frequency sources are localized via 91 

interaural level differences (ILD) ((Rayleigh, 1907); see (Koka et al., 2011) and (Greene 92 
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et al., 2014) for measurement of cues in the species considered in the present paper). 93 

Sensitivity to ILD relies on comparison of sound level at the two ears, which is also of 94 

course directly affected by the level of the sound source (ABL, Fig. 1c). Any given 95 

binaural level combination is therefore the result of the source being at a particular 96 

location and a particular intensity. 97 

Despite this potential source of ambiguity, human and animal sound source 98 

localization behavior is remarkably insensitive to the level of the source signal: sounds 99 

are accurately localized provided they are loud enough to be heard. This is true of 100 

humans’ absolute localization (Macpherson and Middlebrooks, 2000; Su and Recanzone, 101 

2001; Vliegen and Van Opstal, 2004; Sabin et al., 2005), but also in cats (Gai et al., 2013), 102 

or macaque monkeys (Recanzone and Beckerman, 2004). 103 

Altogether, available studies suggest that an ABL-independent neural 104 

representation of location (or ILD) should be available at some level of the auditory 105 

pathway. In the present article we seek to find this representation by estimating the 106 

information available about ILD in auditory neurons whose response in general also 107 

varies with ABL (Semple and Kitzes, 1987; Irvine and Gago, 1990; Park et al., 2004; Tsai 108 

et al., 2010; Day and Delgutte, 2015).  109 

  110 
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Materials and Methods 111 

 112 

Experimental Design and Statistical Analysis 113 

Data were obtained from 8 adult long-tailed chinchillas (males, 500-700g, 114 

Chinchilla lanigera), and 6 adult guinea pigs (2 females, 450-1,170g, Cavia porcellus). 115 

Details of the statistical analyses for the experiments can be found in the rest of this 116 

Materials and Methods section, as well as in the descriptions of Figures 2, 3 and 5. 117 

 118 

One-dimensional Fisher Information and the Cramér-Rao bound 119 

The Cramer-Rao bound (CRB) is a bound on the performance of unbiased 120 

estimators (or decoder) of a stimulus dimension  (for background on estimation, see 121 

the two chapters (Jansen and Claeskens, 2011; Reid, 2011)). We assume that the 122 

response of the neuron is a random variable conditional on the value of the stimulus, 123 

such that it can be described by  where X is the one-dimensional stimulus, and R the 124 

rate.  Of course, the mean value of  depends on x, and is generally referred to 125 

as the tuning curve, noted . Letting be an estimator of  given the observed rate:  126 

is a random variable (it is a function of the spike rate, itself a random variable). An 127 

estimator  therefore has an expected value, and an unbiased estimator is one such that 128 

. This assumption expresses the fact that the estimator does not make any 129 

systematic errors, i.e. systematically under- or over-estimate the value of the stimulus. 130 

In this context, the CRB states that the best achievable precision of such an 131 

estimator is such that: 132 

 

That is, the variance of the estimator can be no smaller than the inverse of the 133 

Fisher Information (FI), noted . The information is the second moment of the score 134 

function: 135 

ℒ  

where the log-likelihood function is derived from the rate distribution conditional on the 136 

value of the stimulus : 137 

ℒ  
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Provided that  is the spike count  of the neuron, and that it can be modeled as 138 

Poisson distributed (the variance of the spike count is equal to the spike count itself), 139 

the FI has a simple expression (Seung and Sompolinsky, 1993) that only depends on the 140 

tuning curve: 141 

 

where  is the derivative of the mean count with respect to the stimulus 142 

dimension . Note that the denominator of this expression is the variance of the spike 143 

count at  (equal to the mean count in a Poisson model). 144 

If, rather, we assume that the spike rate of the neuron is normally distributed, 145 

with a constant variance across x values then: 146 

 

where  is the variance of the spike rate reflecting neural noise.  147 

If the variance is considered to change with the stimulus, it positively contributes 148 

to the information, and the FI reads (Dayan and Abbott, 2001):  149 

 

In this manuscript, we are only interested in how changes in the mean response 150 

(i.e., ) influence the information in the context of multiple stimulus dimensions. In 151 

order to simplify later developments, we will assume that we can estimate FI by 152 

omitting the second term (still using the stimulus-dependent values of the variance). 153 

The validity of this assumption can be quantified precisely, especially in the reasonable 154 

case where each neuron’s response exhibits a constant Fano factor F, defined as: 155 

 

 In this case, the FI can be written as: 156 

 

Thus our assumption leads to an error proportional to the inverse squared spike 157 

count, and can therefore be considered valid provided they are large enough. 158 

  159 

FI in multiple dimensions 160 
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 Fisher Information from the marginalized rate distribution 161 

 In the one-dimensional case, FI emerges from a comparison of the spike rate 162 

distributions at neighboring stimulus parameter values. When dealing with multiple 163 

tuning curves, there is not a single rate distribution  available to the experimenter 164 

for a given stimulus parameter value, but rather all distributions corresponding to 165 

different values of the second dimension y:  (represented on Fig. 3i, colored 166 

distributions). In order to compute the FI when decoding , we need to consider the rate 167 

distribution conditional on X, , which is a compound distribution obtained by 168 

marginalizing Y out of . Note that  describes neural noise: its variance 169 

corresponds to the variability of the neural response with fixed stimulus parameters, on 170 

the other hand  describes neural variability: it also describes apparent response 171 

variability due to the uncertainty about . 172 

 In order to compute the marginal distribution , it is useful to assume that the 173 

random variables X and Y are independent. In the example developed in the main text, it 174 

is clear that ILD and ABL are a priori independent, because the loudness and spatial 175 

position of a sound should not be strongly correlated. If more information about the 176 

non-independence of X and Y is available, it can be useful to change the parametrization 177 

of the stimulus space into independent dimensions (e.g. by independent component 178 

analysis, (Comon, 1994)). 179 

 It should be noted that, when we are considering the  obtained by 180 

marginalizing Y out, the estimation problem exactly reduces to the one-dimensional case 181 

in which one is estimating the value of X from the conditional distribution . 182 

Therefore, the CRB still holds when FI is evaluated using this likelihood derived from the 183 

marginalized conditional rate distribution. We compute the FI about X as the FI obtained 184 

by numerically evaluating the second moment of the score function, from a conditional 185 

rate distribution where  has been marginalized out.  186 

 

At this point, no specific assumption as to the precise nature of the conditional 187 

rate distribution was made ( ), it is thus for now impossible to 188 

provide a more compact expression. 189 

A notable difficulty is that even if we assumed that the neural noise ( ) had a 190 

specific nature (e.g. is Poisson or normal), the nature of the variability distribution  191 
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would still not in general be the same as the neural noise. It in fact depends in a complex 192 

way on the marginal distribution of Y. In the next section we investigate methods to 193 

provide a more compact expression of the FI about X under reasonable conditions on 194 

the distributions of  and Y. 195 

 196 

Local Marginal Fisher Information 197 

Let R be the random variable describing firing of rate, and X and Y two random 198 

variables describing the values of the stimulus. We will assume that neural noise is 199 

normally distributed with a constant variance across X, such that: 200 

 

To put it simply, the discharge rate of the neuron is assumed to depend on the 201 

values of the stimulus parameters (X and Y) through the response map r which we 202 

measure experimentally (the multidimensional analog of the tuning curve). The 203 

discharge rate is variable because of neural noise, and therefore there is some stimulus-204 

independent variance to the distribution of rates conditional on the stimulus values: . 205 

The motivation for this development presented here is to reduce the rate 206 

distribution to the one-dimensional case in which mean rate only depends on the value 207 

of one stimulus parameter, i.e. evaluating the random variable . We will do so by 208 

marginalizing out the contribution of Y. We will look at  as an instance of a compound 209 

distribution (or mixture), in which the mean of a random variable ( ) depends on 210 

another random variable (Y, see (Seidel, 2011)). Conveniently, when  and  are 211 

normally distributed, so is . This result allows us to find a good expression of the FI 212 

about X locally in y. 213 

First, we postulate that the uncertainty about Y is modeled with a normal 214 

distribution. That is: 215 

 

Now, we can see the conditional rate distribution  as compounding  and 216 

Y. First, let us recall a basic result of compounded distributions. If A and B are random 217 

variables such that 218 

 

 

 Then the marginal distribution of B (the compounded distribution) is also normal 219 

with mean and variance: 220 
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Second, we assume that  is small enough with respect to variations of the 221 

response map, we can linearize the values of the mean rate  about  and write: 222 

 

We are now ready to express  as the distribution resulting from compounding  223 

 

 

when U and X are independent. Applying the above result to our case we obtain: 224 

 

 As above, by marginalizing out the contribution of Y we have reduced our 225 

problem to the one-dimensional case. Therefore, we can still compute the FI using the 226 

normal with constant variance estimate of FI, and the CRB holds.  227 

 This expression is intuitive: assuming that Y is distributed around   a good 228 

approximation of the rate distribution conditional on  is a distribution of mean 229 

, whose variance is the neural noise  to which is added a term proportional to 230 

(1) the uncertainty about Y:  and (2) the magnitude of variations in mean rate when y 231 

is varied: ( . 232 

 233 

Having found an expression for the distribution of the conditional rate 234 

distribution , we can now compute the FI with a closed form expression because  235 

is a normal distribution. In the end, we define the local marginal Fisher Information as 236 

the FI associated with estimating X from : 237 

 

This expression is again rather intuitive: the marginal information is analogous to 238 

that obtained by computing FI with the tuning curve , with an added positive 239 

term in the denominator accounting for the additional variability due to y. 240 

In the case where tuning curves are perfectly robust to changes in , then  241 

and the local marginal FI expression reduces to the one-dimensional FI. On 242 

the other hand, two effects can reduce the amount of local marginal FI by making the 243 

denominator larger. First, if tuning curves are more “separated” at different values 244 
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(the  term), and second if we assume that Y values can span a larger range (the 245 

 term).  246 

To reach this simple expression we have assumed that neural noise is normal 247 

with a stimulus-independent variance, that the values of Y are normally distributed 248 

around a mean value, and that the variations of the response map in y are linear. This 249 

expression should be understood as a description of local (in stimulus space) 250 

information, in which case those assumptions are more likely to be met.  251 

  252 

 Extension to N dimensions 253 

Hereto we have treated the case of two stimulus dimensions, but note that the 254 

foregoing developments are readily extended to N dimensions. We assume that we are 255 

trying to decode one dimensions out of N, so we let  be a vector of N-1 dimensions, 256 

where each dimension is independent (and independent on X) and distributed according 257 

to normal distributions of different standard deviations . We can again linearize the 258 

rate locally around and think of  as the compounded distribution: 259 

 

 

 Where the  variables are independent on each other and on . Applying N-1 260 

times the compounding result stated above, we obtain 261 

 

and in the end 262 

 

 263 

Fisher Information Matrices 264 

The problem of decoding from multidimensional neural response maps is 265 

mathematically similar to that of decoding from one-dimensional tuning curves. In fact, 266 

it also admits a CRB analogous to that in one dimension, except it is expressed with 267 

Fisher Information Matrices (FIMs, (Cover and Thomas, 2012)). We will present this 268 
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concept in two dimensions, but it extends in N dimensions. Consider an estimator T of 269 

two parameters  and , then all unbiased estimators T of  are such that 270 

 

Where the order is taken to mean that the matrix is positive 271 

semidefinite, and  is the FIM, defined using the log-likelihoodℒ272 

, where R is the random variable describing a neuron’s rate.  273 

ℒ ℒ
 

The exact expression of the FIM again depends on the nature of the neural noise 274 

distribution (i.e. how is R distributed). If we again assume that neuronal firing is 275 

normally distributed with constant variance , the log-likelihood reads: 276 

ℒ  

With minor manipulations, the FIM can be shown to have elements: 277 

 

where the subscript  refers to entries in the matrix, corresponding to the dimensions 278 

of the stimulus. More explicitly, if the response map varies with two dimensions : 279 

 

where  is the gradient of the response map: . Note that the FIM assuming 280 

spike counts follow a Poisson distribution of mean  is very similar: . 281 

The FIM matrix, as the outer product of the gradient, has unit rank and thus only 282 

one non-zero eigenvalue equal to its trace: 283 

 

with the corresponding principal vector along the gradient .  284 

 285 

Local Marginal FI in arbitrary directions 286 
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To obtain the marginal information for an arbitrary stimulus direction, we use 287 

the definition of local marginal FI introduced above, and consider arbitrary rotations of 288 

the coordinate system. Let us compute the local marginal information in the 289 

 direction by rotating the axes by an angle  (i.e., clockwise by an 290 

angle  such that the direction of the gradient is along the  axis). The gradient of the 291 

rate map in this new coordinate system is equal to  given that  is the rotation 292 

matrix: 293 

 

 The local marginal information around a given stimulus value can be written: 294 

 

 We can then use trigonometry relations (see next section) to show that the local 295 

marginal information in any direction can also be written in a more compact way: 296 

 

 Where is the angle between the direction of best information 297 

(as provided by the FIM) and the x axis. 298 

 We can now compare the behavior of this expression with the FIM derived 299 

values. We observe that when computing the local marginal information in the direction 300 

of the gradient (i.e. when ), it reduces to . Furthermore, if we 301 

compute the local marginal information in a direction orthogonal to that of the gradient, 302 

we get . Therefore, it is the case that the eigendirection of the FIM 303 

provides the direction of maximal information, and that locally the information in a 304 

direction orthogonal to the gradient is equal to zero. 305 

  306 

 Derivation of the local marginal information in arbitrary directions 307 

 This section provides a detailed derivation of the local marginal information in 308 

arbitrary directions presented in the previous section, which is not essential to the 309 

comprehension of the paper. We use the trigonometry relation below to reduce the 310 

linear combination of sines and cosines in the expression of the local marginal 311 

information: 312 
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Where . In our case, let  is the angle between the 313 

direction of best information and the x-axis (i.e., the direction of the gradient). The 314 

numerator of the expression of the local marginal information is equal to: 315 

 

 Where the term  is in fact equal to the magnitude of the gradient .  316 

Using the same trigonometry relation, we can reduce the denominator, even 317 

though it takes a bit more work:  318 

 

Where  319 

 

We can then use the relation  320 

 

 To show that, 321 

 

In the end, the denominator reduces in both cases to  322 

 

 323 

Numerical methods 324 

 Fitting the one-dimensional tuning curves 325 

 When dealing with the one-dimensional ILD tuning curves (e.g. in Figure 1) we 326 

fitted the ILD tuning curves at each ABL using a gradient descent algorithm to fit a 327 

sigmoidal function of the form: 328 
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where ILD is the varied parameter,  the baseline firing rate,  the maximal firing rate, 329 

 a measure of the steepness of the sigmoid, and  is the ILD of half maximum of 330 

the sigmoidal function (inflection point). The analytic expression of the rate is then used 331 

to evaluate the slope, and thus the Fisher Information. 332 

The goodness of fit was evaluated using the r-squared measure, with the usual 333 

sum of squares approach: 334 

 

where  is the sum of squared differences between the data and the model, and 335 

 the sum of squared differences of the data (i.e. proportional to the variance of the 336 

data across ILDs). 337 

 338 

 Estimation of local response map gradients 339 

 The computation of Fisher information relies on a robust estimation of the 340 

gradient of the response map. Throughout this article, the gradients were estimated 341 

using a bootstrapping method. Response maps were resampled 100 times according to 342 

different trials, and the gradient estimated at each point. All gradients used for FI 343 

computation are computed by taking the median of the bootstrapped distributions of 344 

each component. 345 

 346 

Electrophysiological recordings 347 

 Ethics statement 348 

All experimental procedures complied with guidelines set forth by the National 349 

Institutes of Health and were approved under a protocol submitted to the University of 350 

Colorado Anschutz Medical Campus Animal Care and Use Committee. 351 

Brief description of the procedure 352 

All procedures for electrophysiological recordings used by the lab have been 353 

described elsewhere (Jones et al., 2015; Brown and Tollin, 2016), and are only briefly 354 

outlined here. 355 

Data were obtained from adult chinchillas and guinea pigs anesthetized with 356 

intramuscular and intraperitoneal (respectively) injections of Ketamine hydrochloride 357 

(22.5 mg/kg, 80 mg/kg, respectively) and Xylazine hydrochloride (5 mg/kg, 8 mg/kg, 358 
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respectively).  Body temperature was maintained at 37°C by use of a heating pad and 359 

thermal probe, and all vital signs were monitored over the duration of the experiment. 360 

All recordings occurred in a double-walled sound-attenuating chamber. The head 361 

was immobilized using a stereotactic apparatus, and a midline incision was made to 362 

expose the skull. The pinnae were reflected laterally to expose the bony ear canals. 363 

Custom insert earpieces were inserted in the ear canals and sealed with acoustical foam 364 

and cyanoacrylate. Microphone probe tubes for stimulus calibration were inserted to 365 

within ~2mm of each tympanum (chinchillas: probes were inserted via small holes 366 

drilled in each bulla ventral to the external canal; guinea pigs: probes were routed 367 

through custom insert earpieces). Finally, a craniotomy was made on the dorsal aspect 368 

of the skull exposing the cortex overlying the inferior colliculus (IC) and a tungsten 369 

microelectrode (2-3 MΩ) lowered into the central nucleus of the IC (ICC). All stimuli 370 

were presented at a nominal 100kHz sample rate by Tucker-Davis Technologies System 371 

3 hardware. Each earphone was calibrated for tones between 0.1 and 30 kHz in 0.1 kHz 372 

intervals using probe microphones (Type 4182, Bruel and Kjaer). Calibration data were 373 

then used to compute 256-tap digital filters (2.5-ms long finite impulse responses) 374 

providing a virtually flat acoustic response (±2 dB at frequencies ≤16 kHz). Auditory 375 

neurons were located and isolated by presenting sweeps of 50 ms tone pips increasing 376 

in frequency (0.1-16 kHz) at ~40 dB SPL to the ear contralateral to the electrode (in 377 

general, contralateral sound presentation is excitatory). Auditory-driven responses 378 

were typically encountered~4-6 mm ventrally from the surface of the cortex. In addition 379 

to referencing stereotyped electrode coordinates, the success of the penetration in the 380 

ICC was assessed using electrophysiological signatures: ICC neurons exhibit strong, non-381 

adapting responses to auditory stimuli, and are typically organized with a clear dorso-382 

ventral tonotopy (such that low-CF neurons are encountered dorsally, and high-CF 383 

neurons ventrally, (Merzenich and Reid, 1974)). Neural signals were amplified, filtered, 384 

digitized and recorded using TDT hardware prior to offline analysis. The characteristic 385 

frequency (CF) of an isolated neuron was estimated by presenting 100 ms tones at 0-90 386 

dB SPL across a ~2 octave range of frequencies, forming a response area curve 387 

(Ramachandran et al., 1999).  388 

Subsequently, ILD sensitivity of an isolated neuron was assessed by varying the 389 

sound intensity of 100-ms CF tones presented to both ears. For each unit, an ILD “map” 390 

was obtained where the sound level of the tones presented to the ipsilateral and 391 
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contralateral ears were varied. In general, contralateral and ipsilateral levels were 392 

varied from ~10dB below the threshold of the unit (elicited via contralateral-only 393 

stimulation), up to 70-90 dB SPL in 5 dB steps. Every level combination was presented 394 

50 times. It should be noted that because the sampling of sound levels differed across 395 

the measured neurons, when we compare spatially averaged information across 396 

neurons (e.g. on Fig 5f-i) we restrict the range of ipsilateral and contralateral level to a 397 

common range over which we have data for all the neurons of each species (40-90 dB 398 

for chinchilla, 40-70 dB for guinea pig, see Fig 5c,d).  399 

  400 
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Results 401 

Neural information about ILD in the auditory brainstem 402 

Neurons sensitive to differences in sound level presented to both ears (ILD) are 403 

present in the auditory brainstem as well as in other downstream sites (Semple and 404 

Kitzes, 1987; Irvine and Gago, 1990; Davis et al., 1999; Tollin, 2003; Jones et al., 2015). 405 

One such site is the central nucleus of the inferior colliculus (ICC), a nearly obligatory 406 

synapse in the ascending auditory system at the level of the midbrain. An example ILD 407 

tuning curve for an ICC neuron is given in Fig. 2a (in which the ABL has been kept 408 

constant at 60 dB SPL). This neuron responds strongly when the sound level at the 409 

contralateral ear (driving its excitatory inputs) is greater than the level at the ipsilateral 410 

ear (driving its inhibitory inputs), but responds much less when the ipsilateral ear 411 

intensity is strong enough. The firing rate of another example neuron on Fig. 2b 412 

obtained under the same conditions is also modulated by ILD, yet its tuning curve is 413 

steeper.  414 

A common approach to compare the tuning of each of the example neurons in Fig. 415 

2 is to assess the information carried by those neurons about ILD, for example using 416 

Fisher Information (FI, (Seung and Sompolinsky, 1993; Butts and Goldman, 2006)). FI 417 

provides a measure of the reliability of the representation of a stimulus parameter by 418 

the response rate of a neuron. It was used in early auditory studies investigating the 419 

lower bounds on the performance of pure-tone frequency discrimination (Siebert, 420 

1970), or binaural discrimination of ITDs (Colburn, 1973). As a result, there now exists a 421 

large body of research using FI in the context of binaural cue encoding by auditory 422 

neurons: for ITD (Dabak and Johnson, 1992; Harper and McAlpine, 2004; Gordon et al., 423 

2008), and ILD (Johnson et al., 1990; Jones et al., 2015; Brown and Tollin, 2016). Other 424 

aspects of hearing have been analyzed using receiver operating characteristic (ROC) 425 

curves – a paradigm closely related to FI, for example in the context of ITD 426 

discrimination (Shackleton et al., 2003), tone detection in noise (Young and Barta, 1986; 427 

Relkin and Pelli, 1987), or intensity discrimination (Viemeister, 1988; Winslow and 428 

Sachs, 1988) 429 

Consider the response of a neuron presented with a given stimulus: it follows a 430 

probability distribution (rate distributions on vertical axis of Fig 2c, d) whose width 431 

reflects neural noise. FI quantifies how easy it is to distinguish spike rates drawn from 432 

response distributions at neighboring stimulus values (colored dots and distributions on 433 
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Fig 2c, d). If the tuning curve is steep (Fig 2c, right panel), the overlap between rate 434 

distributions at neighboring values is small, and thus information (FI) is high. Similarly, 435 

FI increases if neural noise decreases, i.e. rate distributions conditional on the stimulus 436 

parameter are narrower (Fig 2d). Both effects are captured by the classical expression of 437 

the FI (Seung and Sompolinsky, 1993) (see Materials and Methods). Computed for the 438 

tuning curves in Fig 2a,b (dashed lines), FI is clearly higher for the neuron in Fig. 2b at 439 

positive ILDs. That is, close to the steepest point in the tuning curve of the neuron in Fig. 440 

2b, smaller changes in ILD (around ~20 dB ILD) can be distinguished based on its firing 441 

rate than that of the neuron on Fig 2a. This is because the tuning curve is much steeper 442 

and neural noise is lower (despite lower absolute firing rate modulation across ILDs). In 443 

this sense, the response of the neuron in Fig 2b could be said to carry more information 444 

about ILD than that of Fig 2a. 445 

However, in most instances, the stimulus dimension being studied (here, the ILD) 446 

is not the only stimulus property that modulates the response of a sensory neuron, 447 

which should be reflected in the information it carries. In the next sections, we develop a 448 

framework to quantify the amount of information that the response of a neuron (or 449 

population of neurons) carries about a given stimulus dimension across variations in 450 

other stimulus dimensions. 451 

 452 

The problem with one-dimensional sensitivity analyses 453 

Single neuron ILD tuning curves such as those shown in Fig. 2 often depend on 454 

ABL, as previously observed at many stages in the auditory pathway:  the brainstem 455 

(lateral superior olive, LSO (Benevento and Coleman, 1970; Park et al., 2004; Tollin et 456 

al., 2008; Tsai et al., 2010)), the midbrain (ICC (Geisler et al., 1969; Benevento and 457 

Coleman, 1970; Stillman, 1972; Semple and Kitzes, 1987; Irvine and Gago, 1990; Park et 458 

al., 2004; Mokri et al., 2015)), and auditory cortex (Semple and Kitzes, 1993; Brugge et 459 

al., 1996; Middlebrooks et al., 1998; Reale et al., 2003; Zhou and Wang, 2012; Kyweriga 460 

et al., 2014; Lui et al., 2015). While the response of the neuron in Fig. 2a changes very 461 

little with changes in ABL (Fig. 3a), the tuning curve of the neuron on Fig. 2b 462 

dramatically shifts with ABL (Fig. 3e). Thus, while the neuron of Fig 2b is ILD-sensitive 463 

and has relatively high FI at each ABL (Fig. 3h), its firing rate cannot unambiguously be 464 

mapped to ILD at all ABLs; a firing rate of 20 Hz maps to -10 dB ILD at low ABL (47.5 dB 465 

SPL, red dot on Fig. 3e) but +20 dB ILD at high ABL (65 dB SPL, orange dot on Fig 3e). In 466 
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contrast, despite shallower modulation at each ABL, the neuron depicted in Fig. 3a-d, 467 

has a much more robust tuning across ABLs (Fig 3e-g), such that its firing rate maps to 468 

ILD similarly at all ABLs. That is, despite having smaller FI at each ABL value (Fig. 3d), 469 

this neuron represents ILD more faithfully than the neuron in Fig 3e-h.  470 

Neurons such as the one in Fig 3a-d are thought to be sensitive to ILD because 471 

they are binaural: excited by stimulating the contralateral ear and inhibited by 472 

stimulating the ipsilateral ear (Tollin, 2003). By color-coding spike rate against the value 473 

of the ipsilateral and contralateral level (Fig. 3b, f, darker colors are higher firing rates), 474 

it becomes apparent that the neuron in Fig. 3e, f is in fact a monaural neuron; its firing 475 

rate is only modulated by the sound level at the contralateral, excitatory ear. Rather, this 476 

neuron only appeared to have a binaurally modulated response because when keeping 477 

ABL constant and varying ILD, the intensity at the contralateral ear changes (thus 478 

changing the excitatory drive of the neuron, see (Semple and Kitzes, 1987; Irvine and 479 

Gago, 1990)). In contrast, the firing rate of the neuron in Fig. 3a-d is modulated by 480 

ipsilateral level even when contralateral level is held constant (e.g. on Fig. 3b). While 481 

binaural physiologists have long recognized the specific pitfall highlighted here (Semple 482 

and Kitzes, 1987; Irvine and Gago, 1990), we use the case of ILD versus ABL to illustrate 483 

that blind measurement of responses along one dimension (ILD in the neuron in Fig. 484 

3e,f) can lead to erroneous conclusions about the origin of response modulation and the 485 

information that it carries.   486 

 487 

Information in one stimulus dimension can be quantified using FI 488 

The tuning properties of a sensory neuron to a given stimulus dimension x (ILD 489 

in our example), in the presence of a secondary dimension y (ABL in our example) can 490 

be fully captured with a set of tuning curves (blue curves on Fig. 3i). The key insight in 491 

this analysis is that added uncertainty due to secondary dimensions will appear to the 492 

external observer as an increase in response variability (see Appendix of (Tsai et al., 493 

2010)). Consider a single sensory neuron: when its rate changes, it is impossible to 494 

know if it was caused by a change in the first stimulus dimension (x, abscissa), or the 495 

second (y, the secondary dimension). To account for this uncertainty, all tuning curves 496 

must be analyzed collectively; the distribution of firing rates of a neuron at any given x 497 

value is obtained by compounding the distributions across different y values (bold 498 

colored lines on Fig. 3i). The additional uncertainty about  thus results in an apparent 499 
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increase in neural noise; i.e. a wider rate distribution corresponding to increased 500 

response variability. The magnitude of this effect depends on the spread of tuning curves 501 

across y: the more tuning curves vary with y, the wider the compound distribution 502 

becomes (right panel of Figure 3i).  503 

The obtained compound rate distributions can be used to derive a FI-like 504 

quantity, which we term the local marginal FI (mFI; see Materials and Methods), 505 

representing the amount of information available to decode x in a context where nothing 506 

is known about y. We applied this analysis to the responses of the two neurons 507 

presented in Fig. 3, computing the compound rate distributions as a function of ILD (Fig. 508 

3j, insets), and the corresponding mFI values (Fig 3j). This analysis reveals that mFI for 509 

the ILD is in fact much larger for the binaural neuron (Figs. 3j, dashed line) than the 510 

monaural neuron (Fig 3j, plain line), reflecting the fact that the ILD sensitivity of the 511 

binaural neuron is robust to changes in ABL, while that of the monaural neuron is not.  512 

The application of the present analysis of course not constrained to determining 513 

the binaurality of an auditory neuron. Rather, the information measure we propose, mFI, 514 

overcomes the general problem of erroneous overestimation of information in a single 515 

stimulus dimension by allowing correct quantification of information about the 516 

dimension of interest across changes in secondary dimensions.  517 

 518 

The stimulus direction of best information can be computed using FI matrices 519 

While mFI enables us to quantify information within a given stimulus dimension 520 

across changes in a secondary dimension, we may instead be interested in 521 

characterizing which direction of stimulus space is best represented by a neuron. Note 522 

that this direction can in general be any linear combination of the physical dimensions 523 

that were experimentally varied. The complete treatment of this problem requires the 524 

introduction of FI matrices (FIMs), which describe the best achievable covariance matrix 525 

of estimators of the dimensions of a response map (the multidimensional equivalent of a 526 

tuning curve, see Materials and Methods). For a single neuron, the FIM for two stimulus 527 

dimensions x and y can be easily derived from the map ; letting  be the gradient 528 

vector of the response map, the FIM is a matrix expressed as  (when 529 

neural noise is normally distributed, see Material and Methods). 530 

Intuitively, it is impossible to unambiguously decode two stimulus dimensions 531 

from the response of only one neuron: there are two unknowns for only one equation; 532 
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each rate value maps to a continuum of possible stimulus values (as illustrated on Figure 533 

3e). Equivalently, the single neuron FIM is singular: it only has one non-zero principal 534 

value. The combination of stimulus dimensions that is best encoded by the neuron is 535 

along the response map gradient, (the FIM principal vector, , green arrow on Fig. 4a); 536 

the corresponding information magnitude equals the gradient magnitude divided by the 537 

variance of the spike rate (the FIM principal value). The orthogonal direction is 0 538 

because locally the response map is flat (gray direction on Fig 4a); consequently, 539 

estimators of the orthogonal dimensions will necessarily be biased (or suffer infinite 540 

variance (Stoica and Marzetta, 2001)). The insights of the two-dimensional FIM are a 541 

natural extension of the one-dimensional FI; the information magnitude equals the 542 

magnitude of the derivative of the response map (i.e. the norm of the gradient in two-543 

dimensions) divided by the variance; the stimulus dimension of best information follows 544 

the gradient, i.e. the stimulus direction along which the tuning surface is steepest. FI 545 

matrices thus make it possible to quantify the stimulus dimension direction and 546 

magnitude of information from any sensory neuron’s response map. 547 

To illustrate the use of FIMs, Figs. 4b and 4c represent the information vectors for 548 

the putative “monaural” and “binaural” neurons of Figs 2-3 (arrows), overlaid on the 549 

information magnitude (color-coded). As expected, the information vector magnitude is 550 

maximal in regions where the rate varies maximally (i.e., where the gradient is highest), 551 

and the best information direction follows along the direction where the tuning surface 552 

is steepest (see Fig. 3b, f). Consistent with the intuition that the regions of higher slope 553 

in the response map yield higher information; the putative binaural neuron (Fig. 4b) 554 

carries information in the direction of ILD for a large range of stimuli, particularly at 555 

negative ILDs (below the first diagonal on Figure 4b). On the other hand, the putative 556 

monaural neuron (Fig. 4c) carries the most information in the contralateral level 557 

direction at levels near the contralateral threshold (across a wide band of ipsilateral 558 

levels). While the responses of both neurons are clearly modulated by ILD, and could 559 

thus be considered “ILD coders” on the basis of a single ILD tuning curve measured at 560 

fixed ABL (Fig. 2), this analysis reveals the stark difference in directionality of 561 

information carried by each neuron and is made apparent by this analysis. 562 

 563 

FI in arbitrary directions of stimulus space 564 
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 So far we have quantified information globally along a given dimension using 565 

mFI, and then the directions of best information using FIMs. We now describe how to 566 

evaluate information locally in arbitrary stimulus directions. For each stimulus 567 

parameter combination, we compute a local measure of mFI, which quantifies encoding 568 

of a given dimension locally invariant on the secondary dimension. We assume that the 569 

secondary dimension  values are normally distributed around a given point, then 570 

linearize the rate map at that point (see Materials and Methods). As a result, we obtain 571 

an expression of the mFI that is local in stimulus parameters, and can be computed in 572 

arbitrary directions; we illustrate its behavior as a function of stimulus direction in Fig. 573 

4d (blue lines on both a polar and Cartesian panels), where we are assuming that ILD is 574 

the direction of maximal information. The local mFI expression resembles that of one-575 

dimensional FI, and depends on both components of the gradient (for numerical details 576 

see Materials and Methods). Furthermore, this local mFI is equal to the magnitude of the 577 

FIM vector obtained when computing information in the direction of maximal 578 

information, and to 0 in the direction orthogonal to it. A -scale parameter controls the 579 

range over which the secondary dimension is assumed to be distributed, therefore when 580 

it is increased, the reduction of information for directions away from the dimension of 581 

maximal information is steeper (Figure 4d, polar and Cartesian panels). Indeed, the rate 582 

distribution at any given  (the primary dimension) is wider as the secondary stimulus 583 

parameter is allowed to span a wider range. 584 

We computed the marginal information in the example neurons, in the four 585 

dimensions of interest, and as a function of each ipsilateral and contralateral level (Fig. 586 

4e, g, color-coded panels). As expected, information for the putative monaural neuron 587 

was maximal about contralateral level at low contralateral levels (Fig. 4g). On the other 588 

hand, the putative ILD-sensitive binaural neuron contains information predominantly 589 

about ILD, for a wider domain of contralateral and ipsilateral values (Fig. 4e, upper left 590 

panel). Notably, the information about contralateral level in the binaural neuron, or ILD 591 

in the monaural neuron, does not completely vanish: there is some residual information 592 

about both dimensions. When averaging local mFI over all stimulus parameter values 593 

(Figure 4f and h, blue curves), each neuron is found to have a direction of maximal mFI, 594 

with information rapidly decreasing to almost zero in its orthogonal direction. This 595 

direction coincides with the highest valued principal direction of the averaged FIM 596 

(green lines).  597 
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We have shown that the information carried by single neurons can be 598 

characterized using the FIM framework, which relies on evaluating the gradient of the 599 

response maps. This FIM-derived information can also be linked back to the local 600 

marginal FI intuition as developed in Figures 2-3, providing a complete picture of the 601 

information carried by the neuron about all stimulus dimensions, across all stimulus 602 

values. 603 

 604 

Quantifying multidimensional information in populations of neurons 605 

Last, we seek to characterize how multiple stimulus dimensions are represented 606 

by populations of sensory neurons. By definition, FI for a population of conditionally 607 

independent neurons is the sum of the FIs for each neuron because log likelihoods sum 608 

(Seung and Sompolinsky, 1993; Cover and Thomas, 2012); population FIM (pFIM) is 609 

thus obtained by summing the FIM for each neuron. As a result of summing, the pFIM is 610 

no longer singular provided that there are more neurons than stimulus dimensions, and 611 

there is sufficient heterogeneity in their responses. In contrast to the single-neuron case, 612 

it is generally possible to decode all dimensions of the stimulus space from a population 613 

response.  614 

Consider the population of two neurons depicted in Fig. 5a (box, arrows: 615 

direction of best information; solid lines: marginal information), in which both neurons 616 

carry information about the same dimension of the stimulus space. The population FIM 617 

is therefore twice that of each individual neuron, collectively summing in the direction 618 

of best information, yet remaining null in the orthogonal stimulus direction. On the 619 

other hand, if each neuron in the population carries information about different 620 

dimensions of the stimulus space (Fig 5b), the FIM has two nonzero principal values 621 

(black arrows, right panel). Therefore, the principal vectors are no longer collinear, 622 

enabling representation of both stimulus dimensions simultaneously by the population. 623 

Correspondingly, the mFI (computed as the sum of the mFI of each neuron) is now 624 

nonzero in all directions (Fig. 5b), and the singular points of the mFI curve are well 625 

predicted by the pFIM. These observations suggest that tuning heterogeneity plays a key 626 

role in the context of simultaneous encoding of multiple dimensions. Note the property 627 

that the population FI equals the sum of individual FIs requires neuronal responses to 628 

be conditionally independent (given a stimulus value).  629 
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Thus far, we have shown two dramatic examples of auditory brainstem neurons: 630 

a binaural neuron for which most information is about the ILD, and a monaural neuron, 631 

for which most information is about the contralateral level. The question remains, 632 

however, whether all neurons fall into either category. To tackle this issue we computed 633 

FIMs and mFI carried by single neurons obtained in the ICC of two mammalian species: 634 

the chinchilla (n=28, Fig 5c) and guinea pig (n=21, Fig 5d). In these experiments, we 635 

generally targeted neurons in the deep, high-frequency regions of the ICC that tend to 636 

respond most strongly to sound in the contralateral hemifield (Day and Delgutte, 2013, 637 

2015), and thus are modulated by ILD. Interestingly, we do not observe any obvious 638 

clustering of neurons into distinct categories. Rather, in both species neurons tended to 639 

carry the most information in a direction between contralateral level and ILD (Fig. 5e, 640 

top panel), while neurons carried little information in other directions (ipsilateral level 641 

and ABL, Fig. 5e, bottom panel). Nonetheless, roughly the same numbers of neurons 642 

were preferentially ILD coders and contralateral level coders (Figure 5d). For 643 

visualization purposes we divided recordings into two groups: preferentially sensitive 644 

to ILD (binaural, Figure 5f), or contralateral level (monaural, Figure 5g). We observe 645 

that the direction of best information is very prominent for each neuron, and its 646 

orthogonal dimension has little to no information associated with it. In other words, all 647 

neurons in the population carry information preferentially about one stimulus 648 

dimension, and those dimensions tend to be in the ILD/contralateral level quadrant.  649 

We compute both the population FIM and population mFI by summing across 650 

neurons, and averaging across space. In Figure 5h-i, we represent the population mFI 651 

and pFIM-derived information vectors for either population of ICC neurons (green or 652 

blue solid lines). As expected, the highest eigenvalue of the population FIM indicates the 653 

direction of maximal m FI (Figure 5g), while the lowest indicates the direction of poorer 654 

mFI. Collectively, the populations of ICC neurons carry information in all dimensions of 655 

the stimulus space, with a strong emphasis evenly distributed between ILD and 656 

contralateral level. Very little marginal information is carried about ABL or ipsilateral 657 

level, which reflects the fact that our population consists of clearly monaural (carrying 658 

information about contralateral level), or clearly binaural neurons (carrying information 659 

about ILD).  660 

The IC is a bilateral structure, receiving inputs from symmetric neural pathways 661 

on each side. We represent the information carried by the ICC population on the other 662 
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side of the midbrain (dashed lines on Fig. 5h, i), and the summed contribution of both 663 

ICs (black line on Fig. 5h, i). The contribution of a symmetrical ICC population is a clear 664 

increase in marginal information about ILD. Strikingly, the information remains very 665 

anisotropic, with little to no information being carried about the ABL, and the bulk of the 666 

information being carried about ILD. The observation that there is a large amount of FI 667 

in the ILD direction suggests that the heterogeneity in responses of ICC neurons (which 668 

includes monaural neurons), as well as symmetrical ICC populations allow for a robust 669 

representation of ILD in the presence of fluctuations of ABL. 670 

 671 

Higher dimensional stimulus spaces and tuning heterogeneity 672 

 Of course, stimulus spaces are neither one- nor two-dimensional, but rather have 673 

many more physical dimensions. As an example, sound stimuli have frequency content 674 

in addition to level and source position, and ICC neurons respond to sounds within a 675 

given frequency band. In fact, although we have only treated an example of two-676 

dimensional stimulus space, the key insights presented in this article readily generalize 677 

to higher-dimensional spaces.  678 

This information carried by single neurons is maximal in one direction, and 679 

quickly decreases to vanish in the orthogonal direction (Fig 6a). As a result, more 680 

heterogeneous populations of neurons will exhibit more uniformity in population 681 

information across stimulus dimensions (Fig 6b-d). In N-dimensional stimulus spaces 682 

the response map becomes an N-dimensional surface, and the local marginal FI can be 683 

computed using its gradient (provided that the response variance is constant; see 684 

Materials and Methods). Any neuron still locally carries maximal information in the 685 

direction of the gradient, which quickly decreases as a function of the difference in 686 

directions (in 3 dimensions; Fig 6e, top). With one neuron, marginal information is thus 687 

zero about any direction in the orthogonal plane (Fig 6e, bottom, plane); with two, only 688 

one direction has zero information (Figure 6f, black line). When the best information 689 

directions of at least three neurons span the full space (Fig 3g), information is nonzero 690 

in all stimulus directions. A sufficiently large population with uniformly distributed best 691 

information directions (Fig 6h, black arrows) represents all directions equally well (such 692 

that the population marginal information is spherical, Fig 6h). 693 

 694 

Discussion 695 
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 Neural tuning in a multidimensional context 696 

In this study we have emphasized the limitations of single stimulus dimension 697 

tuning curve analyses, and provided a framework to quantify information within more 698 

ecological multidimensional stimulus spaces. The main message of this article is that 699 

inferring the function of sensory neurons (or populations thereof) generally requires the 700 

simultaneous manipulation of multiple stimulus dimensions. Then, using local marginal 701 

FI and FI matrices, it becomes possible to accurately quantify information within a single 702 

dimension, or to estimate the dimension(s) of highest information. Toward rigorous 703 

characterization of sensory coding, identifying stimulus dimensions that do not 704 

modulate neural responses can be just as important as identifying ones that do. In that 705 

respect, the present study demonstrates that it is important to distinguish sensitivity and 706 

coding when it comes to analyzing single neuron responses (Brette, 2010). A 707 

counterintuitive insight is that assigning a specific dimension of the stimulus that a 708 

neural population “cares about” is more complex than merely establishing that the 709 

responses of neurons are modulated by that dimension.  710 

The realization that neural coding must be considered in the context of multiple 711 

dimensional spaces suggests that neural tuning should be measured by varying all 712 

dimensions of the stimulus that affect the response of the neurons under study. 713 

Assuming that each stimulus dimension is discretized in K stimulus values, then it takes 714 

stimulus values to sample an N-dimensional stimulus space. This causes an 715 

exponential increase in the number of stimulus values that are to be considered in order 716 

to assess the function of a single neuron, and therefore may appear experimentally 717 

infeasible. However, recent developments of electrophysiological techniques with high 718 

throughput (multi-channel electrodes, calcium imaging, etc.), can mitigate that effect by 719 

increasing the number of simultaneously recorded neurons. Indeed, it is now possible to 720 

sample large stimulus spaces because many neurons are recorded for each stimulus 721 

presentation, and although such multi-unit recordings do not reduce the dimensionality 722 

of the stimulus space, they do reduce the “cost” of recording per cell.  723 

Practical issues encountered when sampling high-dimensional stimulus spaces 724 

aside, we have shown in this article that conventional sampling of single-dimensional 725 

subspaces can lead to false conclusions concerning the informational content of the 726 

neural population; this fact should be of concern to investigators interested in 727 

understanding neural information coding. 728 
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 729 

 Marginalization 730 

Several previous studies have considered the problem of decoding a primary 731 

stimulus dimension from the responses of neurons that vary with secondary dimensions 732 

that are assumed to be irrelevant. We refer to this problem as the marginal decoding 733 

problem. In the context of the encoding of ILD and ABL, (Day and Delgutte, 2015) 734 

discuss maximum likelihood estimation of ILD from a population of ICC neurons. The 735 

authors show that one can recover ILD at a fixed ABL, but also regardless of variations in 736 

ABL with little added complexity. It should be noted the proposed model assumes that 737 

ABL is known to the decoder, which therefore requires an additional estimation step to 738 

recover ABL and does not directly address the marginalization decoding problem. 739 

 In a direct attempt to solve the marginal decoding problem in the context of 740 

probabilistic population codes (Ma et al., 2006), (Beck et al., 2011) provide an exact 741 

implementation of optimal marginalization in a biologically plausible context with 742 

nonlinear interactions (divisive normalization). More recently, (Kim et al., 2016) 743 

showed that a simpler mechanism only using linear interactions to represent the 744 

marginalized likelihood could approximate that operation with good success. These 745 

approaches are based on maximizing a form of marginalized likelihood function 746 

reminiscent to that introduced in this article to derive the local marginal FI. As such, it is 747 

likely (although it remains to be proven) that the information measure that we derive 748 

here provides the bounds on decoding performance of the model they propose. In 749 

addition, consistent with our study, the authors stress importance of heterogeneity in 750 

tuning properties across neurons and stimuli to solve the marginal decoding problem.   751 

 752 

Neural and behavioral sensory thresholds 753 

 It has long been known that the response of a single sensory neuron can in some 754 

instances predict the performance limits of the complete organism; i.e., the information 755 

it carries is enough to perform as well as the complete organism. In addition, 756 

information scales with the number of neurons in a population and thus the information 757 

available at the level of populations of neurons greatly exceeds that necessary to explain 758 

behavioral performance (although in the presence of noise correlations population 759 

information may saturate, see (Pitkow et al., 2015)). This counterintuitive observation 760 

was made in many modalities (see (Parker and Newsome, 1998) for review), e.g. in the 761 
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macaque visual system (MT (Britten et al., 1992, 1996)), but also in the context of the 762 

encoding of ILD (Tollin et al., 2008; Tsai et al., 2010), or ITD (Skottun et al., 2001; 763 

Shackleton et al., 2003) by brainstem and midbrain neurons. A significant effort has thus 764 

been dedicated to explain this discrepancy: either the brain does not optimally use all 765 

information available (Gu et al., 2014; Pitkow et al., 2015), or noise correlations between 766 

neurons limit the information increase of neural populations (Moreno-Bote et al., 2014).  767 

Here we argue that a limiting factor is the fact that sensory systems operate to 768 

process multidimensional stimuli. Consider a behavioral experiment probing 769 

discrimination abilities along a single dimension, while secondary dimensions are kept 770 

constant. One typically gathers neural recordings for the same stimulus combinations, 771 

and compares neural and behavioral thresholds. This comparison carries the implicit 772 

assumption that the values of the secondary stimulus dimensions are known to the 773 

subject, which is not the case of all experiments, especially when the secondary 774 

dimension values are roved (e.g. in psychophysics experiments). Because neural 775 

responses are not in general invariant to changes in secondary dimensions, 776 

discriminating values of the primary dimension requires either marginalization of the 777 

secondary dimensions (in which case information is measured by FI computed from the 778 

marginalized rates), or joint estimation of all dimensions (in which case information is 779 

measured by FIMs). Either way, characterizing the information requires the measure of 780 

neural responses in which secondary dimensions are also varied, and the use of the 781 

more complete information measures we introduced here. Because the information 782 

available can only decrease when secondary dimensions are allowed to vary (because of 783 

the negative effect of covariation of each dimension’s estimates), we argue that this 784 

effect may cause the apparent discrepancy between behavioral and neural thresholds.  785 

 786 

Assumptions and limitations of the Fisher Information approach  787 

Our development relies on estimation theory and the FI framework with a 788 

number of assumptions that may limit its applicability. Notably, we only considered rate 789 

coding in this manuscript, while there also is information in the temporal patterns of 790 

spikes of auditory neurons (see, e.g. (Chase and Young, 2006; Narayan et al., 2007)). In 791 

addition, FI is criticized for not always agreeing with other measures of neural 792 

information based on information theory (such as stimulus-specific or mutual 793 

information, see e.g. (Yarrow et al., 2012)), especially in small populations of neurons 794 
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(less than ~100 units). Our argument should, at minimum, be understood as qualitative: 795 

variations of responses with secondary stimulus dimensions impact the estimation of 796 

relevant aspects of the stimulus. In addition, the argument we make with FI is valid for 797 

larger population sizes, for which all information measures agree. Therefore, taking into 798 

consideration those secondary dimensions should also reduce the amount of 799 

information as computed with other measures because it increases the neural noise 800 

from the point of view of an observer. Finally, we have assumed for simplicity that 801 

neural noise is normal with stimulus dependent variance, yet we have intentionally 802 

neglected the contributing of this stimulus-dependence to the information (see 803 

Methods). This simplification enables us to provide simple expressions relating the 804 

variations of the response map with information loss in a multidimensional context.  805 

The covariation of the rate amongst neurons in the same sensory population can 806 

impact information content both negatively (Moreno-Bote et al., 2014) and positively 807 

(Hu et al., 2014; Franke et al., 2016; Zylberberg et al., 2016). Here we have omitted 808 

consideration of the effect of the correlations, due to the specifics of the system under 809 

study (in which noise correlations are very small and do not seem to contribute to the 810 

encoding of ILD (Seshagiri and Delgutte, 2007; Belliveau et al., 2014)). However, our 811 

framework, because it is based on FI, should lend itself to the inclusion of noise 812 

correlations in future developments. Further work could therefore extend our 813 

developments to information-theoretic measures, and relax assumptions we have made 814 

about the distribution of neural noise. 815 

  816 
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Figure captions 817 

 818 

Figure 1. Information about a single stimulus dimension. a Sound localization in 819 

azimuth: color map with respect to the ear ipsilateral (blue) and contralateral (red) to a 820 

sound source. b Acoustical measurements of the ILD cue to sound location in the 821 

horizontal plane in a chinchilla. Data from (Benichoux et al., 2016) c Color-coded sound 822 

source azimuth as a function of level at each ear (ipsilateral and contralateral). A sound 823 

at the same source location but different intensity will result in a different combination 824 

of ipsilateral and contralateral levels. 825 

 826 

Figure 2. Tuning curves and Fisher Information. a Example tuning to ILD of a neuron 827 

in the chinchilla ICC at constant ABL = 60dB. Shaded area is mean +/- SEM. Solid curve is 828 

a sigmoidal fit to the tuning curve (r2=0.96). Dashed curve is the one-dimensional FI 829 

computed from the tuning curve. b Same as a for a different ILD-sensitive ICC neuron. c 830 

Tuning curve (blue), and distribution of rates (green and yellow) for two stimulus 831 

values. When the distance between the distributions increases (as a result of increased 832 

tuning curve steepness), the distributions are more significantly separated. d Similarly 833 

to c, if the rate distributions get narrower, the distributions are also more significantly 834 

separated. As a result of c and d, the FI is proportional to the slope and inversely 835 

proportional to the rate variance. 836 

 837 

Figure 3. Fisher Information in multiple dimensions. a Tuning curves (shaded area), 838 

of the neuron presented in Figure 2a as measured at different ABL values (color) 839 

alongside sigmoidal fits to the tuning curves (all r2≥0.9). b Response map of the neuron, 840 

color coded rate as a function of ipsilateral and contralateral level. Right: gray shade 841 

represents spike rate in Hz (darker gray is higher spike rate). c Standard deviation of the 842 

rate at each ILD, measured across ABLs. d Fisher Information measured independently 843 

at each ABL value. e-h same as a-d for the neuron in Figure 2b. i Blue curves: tuning 844 

curves to x at different y values. Shaded area on y-axis represents spike rate 845 

distributions. In multiple dimensions, there are now several tuning curves that 846 

contribute to the rate distribution at one x value. As a result, the actual distribution of 847 

spike rates widens. When the separation of tuning curves at different y values increases, 848 

the rate distribution increasingly widens and therefore the information decreases. j 849 
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Fisher Information computed by taking into account the uncertainty about ABL (i.e. by 850 

marginalization) for the neuron of a-d (dashed curve) and e-h (plain line). Inset: color-851 

coded distribution of rates as a function of ILD, where the influence of ILD has been 852 

marginalized. 853 

 854 

Figure 4. Directional information in single neurons. a Intuition of the FIM. Locally 855 

around , the response map is approximated as a plane (gray plane). The gradient 856 

(green arrow) points in the direction where the rate varies the most, and magnitude of 857 

maximum information follows along the gradient (blue arrow). The gray arrow points in 858 

the direction where the response map does not vary, and therefore information 859 

vanishes. b Magnitude of best information (color-coded) overlaid with direction of 860 

maximal information (arrows, length is proportional to the magnitude of information), 861 

for the neuron of Fig 2a. c Same as b for the neuron in Fig 2b. d Directions of dimensions 862 

of interest in the ipsilateral-contralateral level space (clockwise): ILD, contralateral 863 

level, ABL, ipsilateral level. Blue curve is a depiction of local marginal FI assuming that 864 

the maximal information vector (from the FIM) is along the ILD dimension (blue arrow). 865 

e Each panel is the local marginal information about specific dimensions of the stimulus 866 

over the space color-coded over the same range as b. f Local marginal FI averaged over 867 

space (center polar plot, blue curve), with the direction of maximal information (green 868 

line). g-h Same as e-f except for the neuron in c. 869 

 870 

Figure 5. Information across the population. a Directionality of the population 871 

tuning. A population (boxed) comprises two neurons with the same tuning 872 

(homogeneous): represented are the FIM vector (colored arrow) and local marginal FI 873 

(colored solid line) as a function of direction. The population mFI reflects information in 874 

a single direction (black line). b Same as a for a population with heterogeneous tuning: 875 

neurons have different direction and magnitude (boxed). The population has 876 

information in all directions, and the principal directions of the FIM (black arrows) span 877 

the full stimulus space. c Response maps of 28 auditory driven neurons recorded in the 878 

chinchilla ICC. d same as c for 21 guinea pig ICC neurons. e Top: Magnitude and 879 

direction of best information obtained from the local marginal FI metric (averaged 880 

across space). Each point is a different neuron, green are guinea pig and blue chinchilla.  881 

Bottom: histogram of best direction for all neurons in each species. f Local marginal FI as 882 
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a function of stimulus space direction for all neurons bearing ILD information, and g 883 

contralateral level information. Colors indicate the species. h Averaged local marginal FI 884 

for all chinchilla (N=28) ICC neurons (plain blue line) and model symmetrical ICC 885 

(dashed blue curve). Arrows represent the principal vectors of the pFIM. Black curve: 886 

averaged local marginal FI for the bilateral ICC. i Same as h for guinea pig ICC neurons 887 

(N=21; colored curve), as well as principal directions and magnitudes of the population 888 

FIM. 889 

 890 

Figure 6. Higher dimensional FI. a Top: A neuron with best information along the x-891 

axis (blue arrow), and its local marginal FI (blue line, arbitrary units). Bottom: the 892 

population consisting of one neuron has the same marginal information (gray line). b A 893 

second neuron with best information along the y-axis (green arrow; and its marginal 894 

information profile, green line) is added to the population. The population now has 895 

information in all (two) stimulus directions, yet reduced in directions bisecting the 896 

maximal information of each neuron. c Same as b with one additional neuron (red arrow 897 

and line). d With a large number of neurons (black arrows) in the population, the 898 

information is equal in all directions, as a result the mFI profile is a circle. e In 3D 899 

stimulus spaces, a neuron has information in the z direction (blue arrow). The 900 

population mFI is equal and its marginal information profile resembles that of the 2D 901 

case (blue surface, top and gray surface, bottom). It is nonzero in all directions except 902 

that orthogonal to the direction of best information (x-y, black plane). f Adding a second 903 

neuron (green arrow and line) to the population reduces the dimensionality of the space 904 

with zero information to one (bottom, black line). g A third neuron ensures that 905 

information is nonzero in all directions h Similar to the one dimensional case, a large 906 

population of heterogeneously tuned neurons (black arrows, top) has an equal amount 907 

of information in all directions (gray sphere). 908 

  909 
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