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 31 

Abstract 32 

Grid cells in rodent medial entorhinal cortex are thought to play a critical role for spatial navigation. 33 

When the animal is freely moving in an open arena the firing fields of each grid cell tend to form a 34 

hexagonal lattice spanning the environment. For movements along a linear track the cells seem to 35 

respond differently. They show multiple firing fields that are not periodically arranged and whose 36 

shape and position change when the running direction is reversed. In addition, peak firing rates vary 37 

widely from field to field. Measured along one running direction only, firing fields are, however, 38 

compatible with a slice through a two-dimensional hexagonal pattern. It is an open question, whether 39 

this is also true if left-ward and right-ward runs are jointly considered. By analyzing data from fifteen 40 

male Long-Evans rats, we show that a single hexagonal firing pattern explains the linear-track data if 41 

translational shifts of the pattern are allowed at the movement turning points. A rotation or scaling of 42 

the grid is not required. The agreement is further improved if the peak firing rates of the underlying 43 

2D grid fields can vary from field to field, as suggested by recent studies. These findings have direct 44 

consequences for experiments using linear tracks in virtual reality. 45 

Significance Statement 46 

Various types of neurons support spatial navigation. Their response properties are often studied in 47 

reduced settings and might change when the animal can freely explore its environment. Grid cells in 48 

rodents, for example, exhibit seemingly irregular firing fields when animal movement is restricted to 49 

a linear track but highly regular patterns in two-dimensional arenas. We show that a cell's linear-track 50 

responses for both, left-wards and right-wards running directions can be explained as cuts through a 51 

single hexagonal pattern if translational remapping is allowed at movement turning points; neither 52 

rotations nor scale transformations are needed. These results provide a basis to quantify grid-cell 53 
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activity in 1D virtual-reality and could help to detect and categorize grid cells without experiments in 54 

2D environments. 55 

 56 

Introduction  57 

When a rodent explores an open arena, grid cells in its medial entorhinal cortex discharge in spatial 58 

firing patterns that resemble hexagonal lattices (Hafting et al., 2005). The spatial scales of these 59 

lattices approximate a geometric series so that discrete grid-cell modules arise (Stensola et al., 2012). 60 

The grid patterns of cells within the same module are aligned and differ only by a global phase offset. 61 

When the animal moves along a linear track, grid cells seem to respond differently. Their spike 62 

activity is still spatially modulated but no longer periodic. In addition, the peak firing rates of a given 63 

grid cell differ strongly from field to field (Brun et al., 2008; Derdikman et al., 2009; Gupta et al., 64 

2014; Lipton et al., 2007). Firing fields recorded along one running direction are, however, 65 

compatible with a slice through a two-dimensional hexagonal lattice (Yoon et al., 2016). This 66 

suggests that the animal interprets the one-dimensional linear track as part of a two-dimensional 67 

environment, and supports the view that grid cells provide a universal metric for spatial navigation. 68 

This view is challenged by the observation that grid fields measured along a linear track vary between 69 

left-to-right and right-to-left runs (Brun et al., 2008; Derdikman et al., 2009; Gupta et al., 2014; 70 

Lipton et al., 2007; Pérez-Escobar et al., 2016), suggesting that the one-dimensional activity patterns 71 

of a grid cell cannot correspond to a single slice through the same fixed two-dimensional lattice. 72 

Instead, translations, rotations, or even scale transformations might be needed to explain the 73 

experimental data. As the study of Yoon et al. (2016) was restricted to runs in one direction, it could 74 

not address this important aspect.  75 

To analyze how direction-dependent 1D activity patterns are embedded in 2D lattices, we 76 

investigated four different scenarios. First, grid-cell responses could, in principle, correspond to slices 77 

through the same one lattice (OL) for both running directions (Fig. 1A). Given the experimental 78 
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evidence, see for example Brun et al. (2008), this is an unlikely scenario. Nevertheless, it provides a 79 

helpful null hypothesis. Next, we considered two scenarios motivated by remapping experiments in 80 

2D environments. Larger changes (moving the animal to a new room) can cause a translation and 81 

rotation, while smaller changes to the environment, such as changing the enclosure but not the room 82 

(Fyhn et al., 2007) or nonmetric context changes (Marozzi et al., 2015) typically lead to a purely 83 

translational shift of the grid pattern within the enclosure. Taking such remapping experiments into 84 

account, we hypothesized that when considering two opposite running directions, the underlying 2D 85 

patterns could be identical except of a translational shift (S) or an additional rotation (S+R), as shown 86 

in Figure 1B and Figure 1C. Note that rotations by multiples of 60° are equivalent to pure shifts (S). 87 

Finally, the two hexagonal lattices might also be scaled differently (S+R+Sc), as depicted in Figure 88 

1D.  89 

Here, we show that a joint hexagonal firing pattern explains the linear-track data for both running 90 

directions as soon as a translational shift is allowed (S). Importantly, added rotations (S+R) or 91 

additional scalings (S+R+Sc) of the grid are not needed. The agreement between measured data and 92 

model framework improves further if the firing rates of the underlying 2D grid field can vary from 93 

field to field, as suggested recently (Diehl et al., 2017; Dunn et al., 2017; Ismakov et al., 2017).  94 

These findings reveal that the hexagonal firing-field structure of grid cells can persist even in quasi 95 

one-dimensional environments. This does not imply that the same is true in enclosures with strong 96 

asymmetries, as evident from the seemingly irregular arrangement of grid fields in trapezoidal arenas 97 

(Krupic et al., 2015). Our results do, however, provide a basis to quantify and interpret the grid-cell 98 

activity of animals running on linear tracks in virtual reality (Domnisoru et al., 2013; Schmidt-Hieber 99 

and Häusser, 2013) and could help to detect and categorize grid cells without experiments in two-100 

dimensional arenas. 101 

 102 
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Materials and Methods 103 

Data 104 

We analyzed spike-train data from Brun et al. (2008). These authors recorded grid cells from fifteen 105 

male Long-Evans rats on a linear track that was 18 m long and extended over three successive rooms. 106 

The track passed through two doorways located 9.5 m and 12 m from the track's west end; the starting 107 

position was located at the east end. To avoid artifacts associated with the doors, we focused our 108 

analysis on data from within the largest room. Therefore and to avoid contamination by sharp-wave-109 

related firing, spikes that were recorded less than 40 cm from the west and east wall of this room were 110 

excluded from further analysis, resulting in the same effective track length of 8.7 m for all recording 111 

sessions. 112 

 113 

Grid cell selection 114 

Although all recorded cells were classified as grid cells in 2D, not all showed spontaneous activity 115 

and sufficiently spatially-modulated firing along the linear track. We therefore excluded cells if they 116 

did not spike at all for more than 70 cm in a row or if the mean-to-max firing-rate ratio was above 0.2 117 

in the analyzed room. From the data on 143 cells provided to us, 67 cells were left.  118 

 119 

Firing rate 120 

We divided the track into bins of 1 cm. Similar to Brun et al. 2008, we calculated rate maps using 121 

spatial smoothing with a Gaussian kernel. The rate at each position is 122 

 

with the mean firing rate  for bin  and a Gaussian kernel  with a smoothing factor of 3.5 cm.  123 

is the number of spikes,  is the position of the th spike,  is the spatial smoothing factor, is the 124 

length of session, and is the position of the rat at time . 125 
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 126 

Error measurement 127 

To determine the quality of the fit we use the mean-squared error between the firing rate along the 128 

linear track and the fit, normalized by the firing-rate:  129 

error =   130 

Consequently, the error for each recording is the sum of the error for left-to-right and right-to-left 131 

runs divided by 2. 132 

      133 

Slices 134 

To test the hypothesis that firing rates along a linear track can be interpreted as one-dimensional 135 

slices through a two-dimensional hexagonal lattice, we assumed periodic von Mises tuning curves 136 

(Herz et al., 2017) in 2D. The 1D-slices can then be parametrized with the following parameters: 137 

- : period of the hexagonal lattice 138 

- : width of the firing fields of the lattice 139 

- : peak firing-rate for the grid 140 

- : starting point 141 

- : angle of the grid rotation, confined (without loss of generality) to the interval [0°, 30°] 142 

, ,  describe the position of the stripes in the lattice. The parameters , , determine the 143 

hexagonal lattice. So, the firing-rate in a point in the hexagonal lattice is given by 144 

 

 145 
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Apart from the lattice transformations considered here – purely translational shifts (S), added 146 

rotations (S+R), as well as additional scaling transformations (S+R+Sc) – one could in principle also 147 

study pure R or Sc operations and R+Sc combinations. For those mappings, however, one has to 148 

specify an "anchor point", i.e., the fixed point of the R and/or Sc operation. As this involves an 149 

arbitrary choice, we do not systematically study such scenarios. 150 

 151 

Fitting procedure 152 

To minimize the error between the slice model and the measured firing rates we first used an 153 

extensive search procedure at an intermediate parameter resolution (brute force search). Grid-field 154 

spacing and field size could vary between 80% of the smallest values and 120% of the largest values 155 

reported by Brun et al. 2008. No restriction was applied to the rotation angles; because of the six-fold 156 

and mirror symmetries of the hexagonal grid, only angles between 0° and 30° had to be considered. 157 

The search intervals were divided into 10 – 50 bins depending on their size and the number of 158 

different parameters explored in one run. 159 

 160 

This procedure resulted in sets of approximate parameters for the preliminary error minima. We then 161 

took the parameters for the 15 smallest errors with a pairwise different lattice period μ. These sets 162 

were used as initial conditions for Powell's method (scipy package) to find local minima. To avoid 163 

solutions where one running direction would be fitted perfectly and the other only poorly, the errors 164 

of both running directions were not allowed to differ more than three times the standard deviation of 165 

the errors between left and right runs in the model S+R+Sc. To find a robust minimum we first varied 166 

the parameters of the local minima slightly and used them again as initial conditions for Powell's 167 

method. This procedure was repeated 500 times. To further improve the search process, we then 168 

picked the eight fits with the smallest error and used them as initial conditions for another run of 169 

Powell's method. This procedure was repeated 100 times. The slice with the smallest error is called 170 
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best fit. To study the robustness of the fitting procedure we doubled the number of parameters in the 171 

first step for three cells used as test cases and repeated the second step of the minimization process as 172 

described before. The results were stable. 173 

 174 

Random rotations 175 

We tested the influence of rotations by rotating the best fits of each recording 1000 times randomly. 176 

The resulting mean errors are given in the results. 177 

 178 

Experimental design and statistical analysis 179 

We reanalyzed data originally recorded by Brun et al. (2008) and refer the reader to that publication 180 

for details on the experimental design. All our analyses were performed in Python (RRID: 181 

SCR_008394). Specific statistical tests used are stated throughout the text. The Wilcoxon rank-sum 182 

test as well as the linear regression were taken from Python scipy.stats (RRID: SCR_008058) and the 183 

Rayleigh-test and the circular-circular correlation from Matlab circstats (RRID: SCR_001622). To 184 

show that the shifts do not have a preferred length we used the Wilcoxon rank-sum test for samples 185 

drawn from a uniform distribution and the distribution of the length of the shifts. We repeated the test 186 

1000 times with different samples and give the mean p-value in the text. 187 

 188 

Shift along the track for the model Shift  189 

We analyzed the offsets in the slices of right-to-left and left-to-right runs for simultaneously recorded 190 

cells from the same module. The offsets were optimized as described above (see fitting procedure); 191 

spacing as well as the rotation had to be the same for all cells from the same module. 192 

 193 

Bootstrapping 194 
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We bootstrapped the firing rates of each direction of a cell by using sampling with replacement. We 195 

randomly drew a single run. The selection process was repeated until there were as many runs as in 196 

the original session. We then calculated the firing-rates and the error between the original and the 197 

bootstrapped firing-rates. 198 

 199 

Results 200 

When rodents move along a linear track in one direction, their grid-cell activity profiles are consistent 201 

with slices through two-dimensional hexagonal firing patterns (Yoon et al., 2016). This study did, 202 

however, not address the key question how the 2D lattices for movements in opposite directions are 203 

related to each other. The lattices could be identical or differ in some or all grid parameters, as shown 204 

by the four scenarios sketched in Figure 1, with important consequences for the principles underlying 205 

grid-cell coding.  206 

To distinguish between these alternatives, we reanalyzed grid cell data recorded by Brun et al. 2008 207 

(Materials and Methods: Data and Grid cell selection) and tested for the four scenarios shown in 208 

Figure 1. For each model, we searched for slices through 2D hexagonal lattices that optimally fit the 209 

measured 1D firing fields on the linear track. The fit quality was assessed by the normalized mean-210 

squared error between the fit and the measured data (Materials and Methods: Error measurement), as 211 

illustrated in Figure 2. To find optimal lattices, we first applied an exhaustive search procedure at an 212 

intermediate parameter resolution, followed by an iterative scheme based on Powell's method 213 

(Materials and Methods: Fitting procedure).  214 

 215 

A single hexagonal lattice cannot explain the linear-track data 216 

The mean error of S+R+Sc models averaged over all grid cells and animals is 0.24 (Figure 3A). This 217 

value serves as a reference for the goodness of fit for the other three scenarios and can largely be 218 

explained by measurement noise and potential deviations from a prefect grid (see below). The mean 219 
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errors for the other three scenarios S+R, S, and OL are 0.28, 0.33, and 0.49. The large drop in fit 220 

quality from S to OL suggests that the OL model does not capture the one-dimensional firing-field 221 

data. The somewhat higher errors of the S+R and S models compared to the S+R+Sc model 222 

presumably can be attributed to distorted grid patterns or measurement noise that differs for both 223 

running directions. The significance of these errors is evaluated in the next section. 224 

To understand the model differences cell-by-cell, we performed a regression analysis (Fig. 3B). This 225 

is applied to the errors of the best fits in the scenarios S+R+Sc/S+R, S+R/S and S/OL. The large slope 226 

of 0.96 and small intercept of 0.05 (r-value=0.87, p-value=6.36e-22, stderr=0.07) in the relation 227 

between the S+R+Sc and S+R model (Fig. 3B, left panel) implies that for each cell the fit quality 228 

deteriorates only marginally when the grid scales are identical for left-to-right and right-to-left runs. 229 

Similarly, if the rotational degree of freedom is removed when switching from the S+R to S model 230 

(Fig. 3B, second panel), the slope is still large (0.97) and the intercept still small (0.06) (r-value=0.91, 231 

p-value=3.64e-26, stderr=0.06). Once grid translations are no longer allowed (Fig. 3B, third panel), 232 

the slope approaches a small value (0.24) with large intercept (0.41) (r-value=0.22, p-value=0.17, 233 

stderr=0.13). As shown in Figure 3C, there is no systematic relation between the fit quality and the 234 

relative lattice rotation for right-to-left versus left-to-right runs. However, there are numerous low-235 

error solutions in the S+R scenario so that a restriction to shifts results only in a small increase of the 236 

mean error (0.33 instead of 0.28). This increase is not the result of a small impact of rotations on the 237 

fit quality. In fact, random rotations of the best fits lead to a large mean error (1.34, see Materials and 238 

Methods: Random rotations). Furthermore, the shifts for the S model are random in direction (Rayligh 239 

test: p-value=0.20, n=67) and length (Wilcoxon rank-sum test: p-value=0.17, n=67 (see Material and 240 

Methods)) and not animal-specific (Fig. 3D). The same applies to the shift along the track even for 241 

cells from the same module that were simultaneously recorded (Fig. 3E). The distribution of the 242 

angles between the shifts of one session does not differ from the angular distribution of the surrogate 243 

data (Circular-circular distribution: p= 0.02; see Material and Methods: Shift along the track; 244 
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statistical analysis). Thus, the difference in the mean error for the S and the OL model cannot be 245 

explained by a uniform field shift of all grid fields of one animal. We expect uniform shifts within a 246 

single module (Yoon et al., 2013) but do not have a sufficient amount of data to test this hypothesis.  247 

 248 

Translational remapping alone is sufficient to explain grid cell activity 249 

In general, the more model parameters are optimized the lower the model error. Thus, the small error 250 

of the S+R+Sc model could be due to the large number of 12 parameters compared to the S+R and S 251 

models with 10 and 9 parameters, respectively. The decrease in the error reflects either an 252 

improvement in the description of the underlying data structure or overfitting of noise.  253 

To address this issue, we generated surrogate data with partially identical grid parameters for both 254 

running directions. We constructed three datasets by combining firing patterns from specific left-to-255 

right and right-to-left runs from different animals. The first dataset consists of randomly chosen firing 256 

patterns for each direction so that their optimal grid parameters are independent. We refer to this 257 

dataset as DS+R+Sc (Fig. 4A). The second and third datasets consist of combinations of firing patterns 258 

that share the same scale parameters, or the same scale and orientation parameters for the grids of 259 

both running directions, respectively. We denote these datasets as DS+R (Fig. 4B) and DS (Fig. 4C). 260 

S+R+Sc models optimized for each of the three datasets DS+R+Sc, DS+R and DS have approximately the 261 

same quality as for the original data with mean errors of about 0.24 for all three datasets. The error 262 

distributions are also not statistically different (Wilcoxon rank-sum test: p-value(DS+R+Sc)=0.95,  p-263 

value(DS+R)=0.87, p-value(DS)=0.93 , n=67).   264 

S+R models optimized for the DS+R dataset have nearly the same mean error (0.29) as for the original 265 

data (0.28) and the corresponding error distributions (Fig. 4B) are not statistically different (Wilcoxon 266 

rank-sum test: p-value=0.70, n=67). Thus, we observe a similar performance difference between the 267 

S+R+Sc and the S+R models for the DS+R dataset compared to the original data. For the DS+R dataset 268 

this difference cannot be attributed to different scale parameters of the grids for both running 269 

directions but rather suggests overfitting.  270 
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Likewise, the errors of S models optimized for the DS dataset have the same mean (0.33) as for the 271 

original data (0.33) (Fig. 4C) and the corresponding error distributions are not statistically different 272 

(Wilcoxon rank-sum test: p-value=0.76, n=60). Again, we observe a similar performance difference 273 

between S+R+Sc and S models for the DS dataset and the original data. For the DS dataset this 274 

difference cannot be attributed to different parameters of the grids for both running directions but 275 

again points to overfitting. These results indicate that the S model is sufficient to describe the 276 

structure of the firing rate patterns given that the noise on the surrogate data and the original data is 277 

the same. 278 

To show that hexagonal lattices indeed capture the structure of the firing rate patterns for runs in 279 

opposite directions we compared the performance of S+R models for the DS+R+Sc dataset and the 280 

original data. A difference in the mean errors indicates that the scale parameters of the hexagonal 281 

lattices for both running directions depend on each other. We measured a mean error of 0.35 for the 282 

DS+R+Sc dataset (and 0.28 for the original dataset). Furthermore, the error distributions of the original 283 

data and the DS+R+Sc dataset are significantly different (Wilcoxon rank-sum test: p-value=3.91e-06, 284 

n=67), as illustrated in Figure 4A. 285 

Similarly, a difference in the mean errors of S models for the DS+R dataset and the original data 286 

indicates that the rotation parameters of the hexagonal lattices of both running directions depend on 287 

each other. Here, we assume that the S+R model is sufficient to describe the structure of the original 288 

data (as shown above) so that the scale parameters of grids for both running directions are the same 289 

for the original data and the DS+R dataset. We measured a mean error of 0.47 for the DS+R dataset (and 290 

0.33 for the original dataset) and the error distributions of the original data and the DS+R dataset are 291 

significantly different (Wilcoxon rank-sum test: p-value=2.10e-08, n=67), as illustrated in Figure 4B. 292 

Overall, these findings imply that the parameters of grids for left-to-right and right-to-left runs have a 293 

specific relationship that is sufficiently captured by the S model when compared to the S+R and  294 

S+R+Sc model.  295 
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 296 

Data suggest only small deviations from perfect grids 297 

To estimate the impact of measurement noise on the results, we bootstrapped the firing rates (see 298 

Material and Methods: Bootstrapping) 100 times in each running direction and calculated the errors 299 

as before. For the S+R+Sc model, the average error between the bootstrapped samples and the 300 

original firing rate profiles is 0.12, with a standard deviation of 0.08. As the mean error of the 301 

S+R+Sc-model is 0.24 (Fig. 3A) approximately half of this value can be explained by measurement 302 

noise. 303 

Recent work has shown that the firing-rate maxima of grid cells in two-dimensional environments 304 

vary from field to field (Diehl et al. 2017; Dunn et al., 2017; Ismakov et al. 2017). To take this 305 

structural variability of the data into account, we fitted the measured data as before and subsequently 306 

optimized the size of the local peak-firing rates by minimizing the mean-squared error for each firing 307 

field (Fig. 5B). This approach was chosen to avoid overfitting that results from optimizing all 308 

parameters simultaneously. All models improved their performance compared to the original 309 

scenarios (S+R+Sc: mean error: 0.19, improvement: 0.05 or 21%, Wilcoxon rank-sum test: p-310 

value=1.81e-03, n=67; S+R: mean error: 0.21, improvement: 0.07 or 25%, Wilcoxon rank-sum test: 311 

p-value=3.12e-08, n=67; S: mean error: 0.24, improvement: 0.09 or 27%, Wilcoxon rank-sum test: p-312 

value=2.63e-08, n=67). The model S benefits most from the variability of the peak firing rates in 2D 313 

in absolute and relative terms.  314 

The improvement of the performance of the model S cannot be explained by overfitting. To show this 315 

we estimated the effect of overfitting using bootstrapped firing rates. Optimizing the size of the 316 

local peak-firing rates for the bootstrapped data leads to a mean error improvement of 0.04 compared 317 

to the true error for the sampling distribution (mean error 0.24). As the performance of the S models 318 

with and without varying peak heights differs by 0.08, it is highly unlikely to be due to by overfitting 319 

alone (p-value=2.07e-3). Grid cells exhibit strikingly periodic firing patterns in rectangular or circular 320 
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arenas that seem to break down in polarized environments (Krupic et al., 2015). We hypothesize that 321 

the residual errors of the S models might be ascribed to such displacements of the firing-rate peaks. In 322 

fact, a displacement of only 15 cm explains the residual mean error of 0.12 (average field size: 86 323 

cm).  324 

 325 

Discussion 326 
 327 
Grid cells have been hypothesized to provide a universal metric for space (Hafting et al., 2005), based 328 

on their highly regular firing fields in open arenas. This raises the question whether the seemingly 329 

irregular arrangement of grid fields along linear tracks is compatible with a hexagonal lattice 330 

structure. 331 

Indeed, as shown by Yoon et al., (2016) the firing fields from runs in one direction are compatible 332 

with slices through two-dimensional hexagonal firing fields. This study did, however, not address the 333 

relation between firing fields of left-to-right versus right-to-left runs. To relate the lattices  underlying 334 

both running directions we analyzed four models that decreased stepwise in complexity. We started 335 

with a scenario including shifts, rotations and scale transformations and went to one where a single 336 

lattice directly governs grid-cell firing in the two opposite movement directions. Only in this last 337 

scenario, the firing activity could be interpreted as a slice through a single fixed lattice. Our analysis 338 

shows, however, that this is not the case. Instead, the lattice needs to be shifted when the animal turns 339 

around for the next lap – but rotations or scale transformations of the grid are not required. Similar 340 

conclusions hold for an extended scenario that takes the field-to-field variability of 2D firing-rate 341 

maxima (Diehl et al. 2017; Dunn et al., 2017; Ismakov et al. 2017) into account. Together, these 342 

findings imply that there is significant remapping at the movement turning points and that this 343 

remapping respects the geometric properties that define a single grid-cell module (same orientation, 344 

same spatial scale, but variable spatial phases).  345 
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A purely translational shift seems to be plausible because the animals run through a cue-rich, familiar 346 

environment. Scale transformations are only expected if the environment is familiar to the animal in 347 

one direction and novel in the other direction (Barry et al., 2012) and rotations are only expected for 348 

larger changes of the environment (Fyhn et al., 2007). Nonmetric cues could be perceived differently 349 

while running in different directions, and that could lead to a translational realignment of the grid 350 

pattern (Marozzi et al., 2016). Note in this context that grid-cell responses on circular 1D tracks 351 

(Yoganarasimha et al., 2011; Newman et al., 2014) seem to be consistent with circular slices through 352 

2D lattices, while remapped responses on a circular track may result from shifts in the phase of the 353 

circular slice (Neunuebel et al., 2013).  354 

When the animal turns around at the ends of the track, the two-dimensional lattices of each grid cell 355 

may rotate by 180° due to the input of head-direction cells. Such a rotation can also be described by a 356 

pure shift within the S-scenario. At the population level, the relation between the shifts of different 357 

grid cells depends on whether the grids rotate or stay the same. Imagine, for example, two cells with 358 

the same spacing and partly overlapping firing fields. Under a 180°-degree rotation, the temporal 359 

order of their activation is identical in the two running directions – and reversed if there is no rotation. 360 

This observation shows how to detect 180°-degree rotations on linear tracks. As the available data set 361 

contained only a handful simultaneously recorded cell pairs from the same module, we could not 362 

investigate this issue which remains an open question for future studies. 363 

The investigated data set (Brun et al., 2008) does not contain grid-cell data from open arenas so that 364 

we could not compare the grid parameters estimated from linear-track data with those from 365 

movements in open arenas. An alternative dataset from Pérez-Escobar et al. (2016) provides data 366 

recorded on a linear-track and in 2D environments but the linear track is too short to unambiguously 367 

reveal an underlying hexagonal pattern. Note also that the number of simultaneously recorded cells in 368 

Brun et al. 2008 is rather low so that phenomena at the population level could not be studied. 369 

Irrespective of these limitations, our results provide a basis to quantify and interpret the grid-cell 370 
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activity of animals running on linear tracks in virtual reality (Domnisoru et al., 2013; Schmidt-Hieber 371 

and Häusser, 2013). Once validated with data recorded from animals moving on linear tracks and in 372 

open arenas, this approach will help to detect and to characterize grid cells in one-dimensional virtual 373 

reality without the need of additional recordings in real two-dimensional environments. 374 
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Legends 444 
 445 

Figure 1: Four scenarios: (A) One Lattice (OL): A joint hexagonal firing pattern underlies grid-cell 446 

activity on both left-to-right runs (orange firing fields) and right-to-left runs (blue firing fields) along 447 

a linear track, which is shown as a grey horizontal bar in all subpanels. (B) Shift (S): Compared to 448 

(A), the joint hexagonal firing patterns may be shifted differently for both running directions. Notice 449 

that within this scenario a rotation of the lattice by multiples of 60 degrees can be described by a pure 450 

shift. (C) Shift+Rotation (S+R): Apart from  translational shifts (S) rotations are now allowed, too. 451 

(D) Shift+Rotation+Scale (S+R+Sc): In addition to shifts (S) and rotations (R), the scales (Sc) of the 452 

underlying hexagonal grids may vary between the two running directions. 453 

 454 
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Figure 2: Three examples of best fits of the firing rate along a linear track: left/right panels show the 455 

measured firing rates along the track (black lines) and the firing rates predicted from cuts through 456 

two-dimensional hexagonal patterns (blue/orange) for left-to-right/right-to-left runs. 457 

 458 

Figure 3: (A) Error distributions for the best fits in the four model scenarios: Shift+Rotation+Scale, 459 

Shift+Rotation, Shift and One Lattice. The light gray dotted lines denote the mean of each 460 

distribution. (B) Cell-by-cell analysis. Each dot in the scatter plots represents the best fits for one grid 461 

cell and the two scenarios indicated by the axis labels. Red lines indicate linear regressions with 462 

confidence intervals in light red. (C) Rotation angles of the two-dimensional grid for left and right 463 

runs (Shift+Rotation). The color indicates the fit error. (D) The two offsets (filled circles) in a pair of 464 

parallel slices (model Shift), within a rhomboidal unit cell of the unit lattice. Cells from the same 465 

animal have the same color. (E) Offsets in a pair of parallel slices (model Shift) relative to the left end 466 

of the track, which is shown as gray arrow. Simultaneously recorded cells from the same module have 467 

the same color.  468 

 469 

Figure 4: Error distribution for surrogate data for the scenarios Shift+Rotation and Shift. Each light 470 

gray dotted line indicates the mean of the error distribution. (A) Creation of surrogate data DS+R+Sc  for 471 

the model Shift+Rotation by combining left-to-right and right-to-left runs from different animals and 472 

fitting these for the models Shift+Rotation+Scale and Shift+Rotation. (B) Creation of surrogate data 473 

DS+R  for the model Shift were fitted for Shift+Rotation and Shift. Error distributions of the original 474 

(gray) and surrogate (green) data. (C) Creation of surrogate data DS  by combining left-to-right and 475 

right-to-left runs with similar grid spacings and rotations from different animals and fitting these for 476 

the models Shift. 477 

 478 
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Figure 5: (A) Visualization of the cases Shift and Shift+Rotation if peak firing rates differ for each 479 

firing field. (B) Visualization of the approach. The normalized firing rate for the left-to-right runs is 480 

shown in black and the best fit in blue. The vertical lines define single bins that extend from one 481 

minimum of the fit to the next one. The arrows indicate whether the peak firing rate of the particular 482 

firing field should be higher, lower or remain constant. (C) Error distribution for the cases 483 

Shift+Rotation+Scale, Shift+Rotation and Shift. The light gray dotted lines indicate the mean error of 484 

each error distribution. 485 












