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Abstract 33 

Phase locking of auditory-nerve-fiber (ANF) responses to the fine structure of acoustic stimuli 34 

is a hallmark of the auditory system’s temporal precision and is important for many aspects of 35 

hearing. Period histograms from phase-locked ANF responses to low-frequency tones exhibit 36 

spike-rate and temporal asymmetries but otherwise retain an approximately sinusoidal shape 37 

as stimulus level increases, even beyond the level at which the mean spike rate saturates. 38 

This is intriguing because apical cochlear mechanical vibrations show little compression and 39 

mechanoelectrical transduction in the receptor cells is thought to obey a static sigmoidal 40 

nonlinearity, which might be expected to produce peak clipping at moderate and high stimulus 41 

levels. Here we analyze phase-locked responses of ANFs from cats of both sexes. We show 42 

that the lack of peak clipping is due neither to ANF refractoriness nor to spike-rate adaptation 43 

on time scales longer than the stimulus period. We demonstrate that the relationship between 44 

instantaneous pressure and instantaneous rate is well described by an exponential function 45 

whose slope decreases with increasing stimulus level. Relatively stereotyped harmonic 46 

distortions in the input to the exponential can account for the temporal asymmetry of the 47 

period histograms, including peak splitting. We show that the model accounts for published 48 

membrane-potential waveforms when assuming a power-of-3, but not a power-of-1, 49 

relationship to exocytosis. Finally, we demonstrate the relationship between the exponential 50 

transfer functions and the sigmoidal pseudotransducer functions obtained in the literature by 51 

plotting the maxima and minima of the voltage responses against the maxima and minima of 52 

the stimuli. 53 

 54 

Significance Statement 55 

Phase locking of auditory-nerve-fiber responses to the temporal fine structure of acoustic 56 

stimuli is important for many aspects of hearing, but the mechanisms underlying phase 57 

locking are not fully understood. Intriguingly, period histograms retain an approximately 58 

sinusoidal shape across sound levels, even when the mean rate has saturated. We find that 59 

neither refractoriness nor spike-rate adaptation is responsible for this behavior. Instead, the 60 

peripheral auditory system operates as though it contains an exponential transfer function 61 

whose slope changes with stimulus level. The underlying mechanism is distinct from the 62 

comparatively weak cochlear mechanical compression in the cochlear apex and likely resides 63 

in the receptor cells.  64 
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Introduction 65 

In the auditory system, phase locking refers to the fact that the probability of neuronal action 66 

potentials (spikes) varies as a function of the phase of low-frequency tones, low-frequency 67 

components of broadband sounds, or low-frequency fluctuations of the envelope (for reviews, 68 

see Joris et al., 2004; Heil and Peterson, 2015, 2017). In mammals, phase locking of type-I 69 

spiral ganglion neurons (auditory-nerve fibers, ANFs) to stimulus fine structure is observed for 70 

frequencies up to several kilohertz and is considered a hallmark of the temporal precision of 71 

the auditory system. Temporal coding of fine structure probably underlies perceptual 72 

phenomena such as localization of low-frequency sounds (Grothe et al., 2010), detection of 73 

near-threshold low-frequency sounds (Huet et al., 2018), and perception of pitch and speech 74 

(Lorenzi et al., 2006; Moore, 2008) in quiet and in background noise. 75 

ANF phase locking is often studied using tone stimuli because the temporal fine structure that 76 

drives the neuronal responses is known and periodic. Phase locking to tone stimuli is often 77 

documented using period histograms (e.g., Rose et al., 1967; Anderson et al., 1971; Johnson, 78 

1980; Palmer and Russell, 1986; Palmer and Shackleton, 2008). Period histograms are 79 

shown for three example ANFs in Figure 1A,C,F and exhibit the major features of those 80 

published in the literature. The instantaneous spike rate can both increase and decrease 81 

relative to the spontaneous rate, with increases being more pronounced than decreases. This 82 

rate asymmetry is clearest at moderate and high stimulus levels (e.g., Littlefield, 1973; 83 

Johnson, 1980). Phase locking can be observed at stimulus levels ~15-20 dB below those at 84 

which the mean spike rate begins to increase notably (e.g., Kim and Molnar, 1979; Johnson, 85 

1980; Gleich and Narins, 1988; Hill et al., 1989; Littlefield, 1973; Salvi et al., 1992; Joris et al., 86 

1994a,b; Köppl, 1997; Paolini et al., 2001; Dreyer and Delgutte, 2006; Fukui et al., 2006; 87 

Temchin and Ruggero, 2010; see also Figure 1B,D,G). Period histograms can also be 88 

temporally asymmetric, such that the leading edge of the peak is steeper than the trailing 89 

edge. In some cases, usually at high stimulus levels, the peak splits into two or more separate 90 

peaks (e.g., Kiang and Moxon, 1972; Johnson, 1980; Ruggero and Rich, 1983, 1989; 91 

Ronken, 1986; Kiang, 1990; Joris et al., 1994a,b; Cai and Geisler, 1996; Ruggero et al., 1996; 92 

see also Figure 1F), a phenomenon called ‘peak splitting’. It is intriguing that, aside from rate 93 

and temporal asymmetries, period histograms retain an approximately sinusoidal shape over 94 

several orders of magnitude of stimulus amplitude. In particular, they lack ‘peak clipping’ (i.e., 95 

the instantaneous spike rate does not saturate during a cycle), even over the range of 96 

stimulus levels for which the mean spike rate has saturated (Figure 1A-D). This is perhaps 97 
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surprising given that apical cochlear mechanical responses show little, if any, compression 98 

(Robles and Ruggero, 2001), and mechanoelectrical transduction in the peripheral auditory 99 

system is thought to obey a static sigmoidal nonlinearity (Meddis, 2006; Zilany et al., 2009; 100 

Altoè et al., 2018; Horst et al., 2018). 101 

Here, we show that the lack of peak clipping is not due to ANF refractoriness or to 102 

mechanisms underlying spike-rate adaptation on time scales longer than the stimulus period. 103 

Instead, instantaneous rate and instantaneous pressure are related by an exponential 104 

function whose slope decreases as stimulus level increases. This decrease saturates the 105 

mean rate while enabling the full range of instantaneous stimulus pressures to be coded by 106 

the instantaneous rate. We show that a sigmoidal function is formed when the maxima and 107 

minima reached in these exponential functions are connected across stimulus levels. We also 108 

show that relatively stereotyped harmonic distortions in the input to the exponential function 109 

could account for the temporal asymmetry of period histograms. Finally, we show that period 110 

histograms are compatible with published membrane-potential waveforms when assuming a 111 

power-of-3 relationship to exocytosis. 112 

 113 

Methods 114 

The data for this study come from a set of recordings from 171 ANFs in five adult cats (three 115 

females, two males; weighing 3–3.5 kg) used previously in other studies (Heil et al., 2007, 116 

2008, 2011; Peterson et al., 2014, Peterson and Heil, 2018). All procedures were approved by 117 

the Monash University Department of Psychology Animal Ethics Committee. 118 

 119 

Surgery and recordings 120 

The surgical and recording procedures are described in detail elsewhere (e.g., Heil and Irvine, 121 

1997) and are summarized here. Each cat was anesthetized by an initial intraperitoneal 122 

injection of pentobarbitone sodium (40 mg/kg) and kept anesthetized throughout the 123 

experiment by intravenous injections of pentobarbitone sodium mixed with physiological 124 

saline containing 5% glucose. The electrocardiogram was continuously monitored and rectal 125 

temperature was held at ~38°C by a thermostatically controlled blanket. A round-window 126 

electrode for monitoring the compound action potential (Rajan et al., 1991) and a length of 127 

fine-bore polyethylene tubing for equalization of static pressure within the middle ear were 128 
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inserted through a small hole in the bulla on the recording side (left). The bulla was then 129 

resealed and the external meatus cleared of tissue and trimmed to a short stub. The skull was 130 

trephined caudal to the tentorium, the dura was removed, the cerebellum over the cochlear 131 

nucleus was aspirated, and the auditory nerve was exposed near its exit from the internal 132 

auditory meatus.  133 

All recordings were performed with the cat in an electrically shielded, sound-attenuating room. 134 

Micropipettes or glass-insulated tungsten microelectrodes with impedances of 4–7 M  at 1 135 

kHz were used for the extracellular recordings. Signal-to-noise ratios with the two types of 136 

electrodes were roughly equivalent and generally excellent, and there was no cochlear 137 

microphonic component present in the recordings. Under visual control through an operating 138 

microscope, the electrode was advanced in a dorsoposterior-to-ventroanterior and slightly 139 

medial-to-lateral direction, similar to the approach of Liberman and Kiang (1978). Acoustic 140 

stimuli were digitally produced (Tucker-Davis Technologies, Gainesville, FL) and presented to 141 

the left ear via a calibrated sealed sound delivery system consisting of a STAX SRS-MK3 142 

transducer in a coupler (Sokolich, 1981). Noise and tone bursts were used as search stimuli. 143 

When spikes having a large signal-to-noise ratio and consistent shape from a single ANF 144 

were encountered, the characteristic frequency (CF; the frequency to which the ANF is most 145 

sensitive) was determined by manually varying the frequency and amplitude of the search 146 

tones. Spike times were taken as the instants at which the amplified and filtered electrode 147 

signal crossed a Schmitt-trigger level. They were expressed relative to the onset of the AC 148 

voltage driving the speaker and stored digitally with a resolution of 1 μs, sufficiently high to 149 

precisely quantify phase locking over the frequency range where it occurs in ANFs (Johnson, 150 

1978; Ashida and Carr, 2010). 151 

 152 

Stimuli 153 

For each ANF investigated, tone stimuli of a given frequency (typically first at CF) and 154 

duration (typically 100 ms, including 4.2-ms-long cosine-squared rise and fall times) were 155 

presented at a range of sound pressure levels (SPLs) increasing from low to high values 156 

(typically in 4-dB steps from below rate threshold to 80-100 dB SPL). All stimuli started with a 157 

positive zero-crossing of the AC voltage driving the speaker. Each stimulus was repeated up 158 

to 200 times (typically 50 times) at a fixed rate (typically 4 Hz). The spontaneous activity of the 159 

fiber was subsequently recorded. If the recording conditions were still stable, another stimulus 160 
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(differing from the previous one in frequency, duration, or rise and fall times) was selected and 161 

the protocol was repeated, and so on, until the fiber was lost. 162 

 163 

Data analysis 164 

All data analysis was performed using MATLAB 2017 (The MathWorks, Inc., Natick, MA, 165 

USA). Spikes occurring during the first 10 ms of each stimulus repetition were excluded from 166 

all analyses unless stated otherwise. Although the stimulus rise time was typically only 4.2 167 

ms, we excluded responses during the first 10 ms of each repetition (unless stated otherwise) 168 

to accommodate the delay in the response relative to the stimulus (Neubauer and Heil, 2008; 169 

Heil et al., 2008) and to ensure that the stimulus amplitude underlying the response was 170 

constant. In addition, we noticed in several post-stimulus time histograms that the intervals 171 

between the first two or three peaks were shorter than the stimulus period (e.g., Figure 2A); 172 

such onset effects are beyond the scope of the present study. Spike times were included in 173 

the analyses only if they were from complete cycles between 10 ms and the end of the 174 

stimulus.  175 

PERIOD HISTOGRAMS. Each spike time was expressed relative to the previous zero-crossing of 176 

the AC voltage driving the speaker (relative spike time t, calculated as the remainder after 177 

dividing the spike time by the stimulus period). For analysis and modeling purposes, period 178 

histograms were constructed with a bin width of Δt = 1 μs, equal to the sampling rate of the 179 

recordings. For display purposes, wider bins were often chosen (e.g., Figure 1). The 180 

instantaneous spike rate r(t) (in spikes/s) was calculated as 181 

 182 

(1), 183 

where n(t) is the number of spikes at time t and m is the number of stimulus periods included. 184 

VECTOR STRENGTH AND PHASE ANGLE OF THE MEAN VECTOR. The degree of phase locking is 185 

usually quantified by vector strength (Goldberg and Brown, 1969). Because period histograms 186 

of the recovered release events (see below) contain non-integer numbers in each bin, vector 187 

strength was calculated directly from the period histogram (Johnson, 1980; Ashida et al., 188 

2010) using 189 
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 190 

(2), 191 

where m is the total number of bins in the histogram, qi is the recovered number (or rate) of 192 

release events in bin i, and  is the phase angle of the given bin (in radians). Vector strength 193 

can attain values between 0 and 1. A value of 1 means that all events occur in the same bin, 194 

whereas a value of 0 typically means that events occur with equal probability across all bins.  195 

Estimates of vector strength were deemed reliable when the period histogram contained at 196 

least 125 spikes. Vector strength was assessed using the Rayleigh test of uniformity and 197 

deemed significant when , where z = 4.6052 is the critical value for p = 0.01 and 198 

large n (Batschelet, 1965; Mardia and Jupp, 2000). For each period histogram with a reliable 199 

and significant vector strength, the phase of the mean vector, , was calculated as 200 

 201 

(3). 202 

ESTIMATING AND REMOVING THE EFFECTS OF REFRACTORINESS FROM PERIOD HISTOGRAMS. To 203 

determine the extent to which refractoriness impacts period histograms, we used a method 204 

developed by Johnson and Swami (1983; see also Miller, 1985; Berry and Meister, 1998; 205 

Avissar et al., 2013) to remove the effects of refractoriness. The refractory period following 206 

each spike has been modeled as consisting of a fixed dead time having duration tD ≥ 0 and a 207 

random dead time whose duration is drawn from an exponential distribution with mean tR > 0 208 

(e.g., Li and Young, 1993; Heil et al., 2007; Peterson et al., 2014; Peterson and Heil, 2018). 209 

The probability p(t′) that the ANF is excitable (i.e., is not refractory) is 210 

      for  211 

        for  212 

(4), 213 

where t′ is the time since the previous spike. The first step of this method involves estimating 214 

the instantaneous probability that the ANF is excitable over the entire continuous recording of 215 

the spike train, rather than over the shorter segments commonly used to display responses to 216 

individual stimulus presentations (e.g., raster plots as in Figure 2A). For a given spike train, 217 
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the probability that the ANF is excitable was initially set to 1, and then followed the time 218 

course described by Eq. (4) after each spike. Both tD and tR were set to 0.6 ms, consistent 219 

with the estimates obtained by Heil et al. (2007) and Peterson and Heil (2018) from analyses 220 

of the spontaneous activity of the same ANFs. Figure 2B (top) shows the initial 30 ms of the 221 

excitability function resulting from the response in Figure 2A. From each stimulus repetition, 222 

all complete cycles of the excitability function between 10 ms and the end of the stimulus 223 

were collapsed into a single period, w(t) (gray lines in Figure 2B, bottom), analogous to the 224 

construction of a period histogram. The mean of these functions, , represents the mean 225 

excitability function (i.e., the probability that the ANF is not refractory during the course of a 226 

stimulus cycle; black line in Figure 2B, bottom). The final step is to divide the instantaneous 227 

spike rate from Eq. (1) by the mean excitability function to yield the instantaneous rate q(t): 228 

 229 

(5). 230 

This rate is the spike rate that would be expected if there were no refractoriness and has been 231 

referred to as the ‘free firing rate’ (Berry and Meister, 1998; Avissar et al., 2013). We refer to it 232 

here as the ‘event rate’, because it would also correspond to the rate of transmitter release 233 

events from the ribbon synapse in the inner hair cell (IHC) that drives the ANF, assuming that 234 

every release event triggers a spike if the ANF is not refractory. There is good evidence for 235 

such an assumption (Siegel, 1992; Rutherford et al., 2012; Zhang-Hooks et al., 2016). Each 236 

release event could represent the exocytosis of a single vesicle (univesicular release; e.g., 237 

Chapochnikov et al., 2014; Grabner and Moser, 2018; Huang and Moser, 2018) or a group of 238 

vesicles released simultaneously in a coordinated fashion (multivesicular release; e.g., 239 

Glowatzki and Fuchs, 2002; Grant et al., 2010; Graydon et al., 2011; Kim et al., 2013; 240 

Rudolph et al., 2015). Figure 2C shows the instantaneous spike rate r(t) (black) and the 241 

corresponding instantaneous event rate q(t) (gray) for the example in Figure 2A-B. 242 

To examine how well this recovery method performs, we simulated phase-locked event trains, 243 

applied refractoriness to obtain corresponding spike trains, applied the method to recover the 244 

event rates from the spike trains, and then compared the recovered period histograms to 245 

those computed from the original event trains. Event trains were simulated as 2000-s-long 246 

inhomogeneous Poisson point processes in which the instantaneous rate was equal to the 247 

instantaneous value of a sinusoid passed through an exponential transfer function (as in Eq. 248 

17; see Results). Unless otherwise specified, event trains were simulated for a stimulus of 249 
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400 Hz and mean rate of 200 events/s, with the slope of the exponential transfer function 250 

chosen such that the vector strength was 0.8. Spike trains were then obtained by applying the 251 

refractory function given by Eq. (4) with both tD and tR equal to 0.6 ms. Also, unless otherwise 252 

specified, both tD and tR were assumed to be 0.6 ms when recovering the event rates. The 253 

results of this analysis are shown in Figure 2D-G. Figure 2D shows the simulated (true) 254 

instantaneous event rate (dotted line), the instantaneous spike rate resulting after having 255 

applied refractoriness (black), and the recovered instantaneous event rate (gray). The 256 

absolute error of the recovery method was computed as the absolute value of the difference 257 

between the true and recovered instantaneous event rates (light gray line). A relative error 258 

was obtained by integrating the absolute error and the true event rate over the stimulus period 259 

and then computing the ratio of these integrals. For the purpose of illustrating absolute and 260 

relative errors, the recovery for this example was performed with tR set to an incorrect value of 261 

0.3 ms, because the correct value of 0.6 ms yields errors too small to discern (see Figure 2G). 262 

Figure 2E shows the relative error as functions of the maximum and mean event rates. The 263 

error is very small (< 0.01) for maximum rates less than ~2000 events/s (or mean rates less 264 

than ~500 events/s), beyond which it grows steeply. The reason is that when the event rate 265 

increases further, the spike rate saturates, making it impossible to recover the underlying 266 

event rate. The recovered maximum and mean event rates then fall short of the true rates 267 

(inset in Figure 2E). Figure 2F shows the relative error as a function of the stimulus frequency. 268 

The error is very small (<0.01) over the frequency range covered by the data in this study 269 

(200-5000 Hz). Figure 2G shows the relative error as functions of the absolute and mean 270 

relative refractory periods assumed in the recovery method. In either case, the error function 271 

is V-shaped with a minimum of ~0.003 when the assumed refractory period matches the true 272 

value (0.6 ms). The relative error was independent of the vector strength (not shown). The 273 

results of these simulations show that the recovery method works well and imply that it is 274 

suitable for use with our data. 275 

 276 

Model fitting 277 

MAXIMUM LIKELIHOOD ESTIMATION. We used maximum likelihood estimation to fit several models 278 

of phase locking (see Results) to the recovered instantaneous event rate. Spike counts are 279 

often modeled with the Poisson distribution, , where P represents the 280 

probability of observing n spikes in a particular bin, given an expected count . However, the 281 

factorial function in the denominator can accommodate only integer numbers, whereas the 282 
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recovered instantaneous event rate typically yields non-integer numbers. We therefore used 283 

the continuous approximation f of the discrete Poisson distribution, 284 

 285 

(6), 286 

where  represents the gamma function, which is a continuous extension of the factorial 287 

function (note that  for any integer value of n). 288 

The goal is to find the set of parameter values having the maximum likelihood, given the 289 

observed numbers of events per bin in a period histogram. To accommodate computational 290 

limitations in representing very small numbers, we added an infinitesimal constant value to 291 

each probability density computed with Eq. (6). We then computed the negative logarithm of 292 

the likelihood function (i.e., of the joint probability across all bins). For a period histogram with 293 

m bins having  events, the negative log likelihood, , of a set of parameter 294 

values  that defines the expected numbers  is given by 295 

 296 

(7). 297 

 298 

FITTING PROCEDURE. We used the MATLAB function fmincon to estimate the set of model 299 

parameters  that yields the minimum negative log likelihood. For each period histogram, the 300 

expected count per bin, , was computed from the rate equation for the model being fitted 301 

(Eqs. 15, 17). On the basis of theoretical considerations and preliminary fits to period 302 

histograms, simple relationships were identified between each parameter and the stimulus 303 

amplitude, the vector strength, or the phase angle of the mean vector. These relationships 304 

were used to compute suitable initial values for the final fits. To increase the probability of 305 

finding the optimal solution, each histogram was also fitted with 10 additional sets of initial 306 

values obtained by adding random values between ± /2 to each phase parameter and scaling 307 

each remaining parameter by random values between 0.5 and 1.5. The fit having the highest 308 

likelihood was selected. 309 

The exponential model 310 
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We will show in the Results that the period histograms can be well described by the 311 

exponential transfer function 312 

 313 

(8), 314 

where Rmodel(t) is the rate as a function of time, A is a scaling parameter, B is a slope 315 

parameter, and P(t) is the effective stimulus pressure as a function of time. 316 

When P(t) is a sinusoid, Eq. (8) yields the von Mises distribution (Ashida et al., 2010, 2013; 317 

van Hemmen, 2013) scaled to represent an instantaneous rate. Such an equation has been 318 

used previously to model period histograms from ANF responses to low-frequency tones of 319 

low and moderate stimulus levels (Siebert, 1970; Colburn, 1973; Johnson, 1974; Heinz et al., 320 

2001; Colburn et al., 2003; Horst et al., 2018). The concentration parameter of the von Mises 321 

distribution is equal to the dimensionless product BP1 of the slope factor B and the amplitude 322 

of the sinusoid, P1. The vector strength is independent of the mean rate but is related to the 323 

concentration parameter by 324 

 325 

(9), 326 

where I0 and I1 are the zeroth- and first-order modified Bessel functions of the first kind 327 

(Ashida et al., 2013; van Hemmen, 2013). This result can be obtained by replacing the sums 328 

in Eq. (2) with the corresponding integrals of , , and 329 

 over the interval from 0 to 2  radians. The vector strength approaches 0 as 330 

BP1 decreases, and it equals 0 when BP1 equals 0 (which happens only in the absence of a 331 

stimulus when P1 = 0). The mean rate Rmean is given by 332 

 333 

(10), 334 

such that the vector strength is also given by 335 

 336 

(11). 337 
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The ratio of the maximum to the minimum instantaneous rate is given by 338 

 339 

(12). 340 

This ratio is uniquely related to vector strength because both depend on only BP1. The rate 341 

asymmetry resulting from the exponential transfer function can be expressed as the ratio of 342 

the difference between the maximum rate reached and the rate at zero pressure to the 343 

difference between the rate at zero pressure and the minimum rate reached. This asymmetry 344 

measure is always >1 and is given by 345 

 346 

(13). 347 

Results 348 

We analyzed the responses of 83 ANFs to tone stimuli having frequencies up to 5 kHz, which 349 

is approximately the highest frequency to which phase locking is observed in the responses of 350 

cat ANFs (Kiang et al., 1965; Rose et al., 1967; Johnson, 1980; Joris et al., 1994a). Stimuli 351 

were presented at various SPLs and frequencies (typically at or below CF) and repeated up to 352 

200 times. Analysis was restricted to spike trains for which the computed period histograms 353 

contained at least 125 spikes and for which the vector strength was significant (2845 spike 354 

trains). We show results from the 78 ANFs for which estimates of the spontaneous rate were 355 

also available (2675 spike trains), with 38 of these ANFs yielding results for more than one 356 

stimulus frequency. The maximum vector strengths of these ANFs are shown as a function of 357 

stimulus frequency in Figure 1E (gray dots) and compare favorably with the data of Johnson 358 

(1974, 1978, 1980). 359 

 360 

Refractoriness affects phase locking in a frequency-dependent manner 361 

Refractoriness limits the spike rate of ANFs and also slightly alters the shapes of the period 362 

histograms relative to those that would be observed in the absence of refractoriness (e.g., 363 

Avissar et al., 2013). Refractoriness has also been proposed to be responsible for the 364 

temporal asymmetry of period histograms (Horst et al., 2018). We removed the effects of 365 

refractoriness from each spike train to yield period histograms showing the recovered 366 

instantaneous rate of presumed synaptic release events rather than the rate of spikes (Figure 367 
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2C). Figure 3A shows that the recovered mean event rate qmean exceeds the mean spike rate 368 

rmean by a factor that increases with increasing mean spike rate from just above 1 to ~2.3. 369 

Figure 3B shows, as a function of stimulus frequency, the ratio of the vector strength 370 

computed from the recovered instantaneous event rate to the vector strength computed from 371 

the instantaneous spike rate. Ratios >1 represent a decrease of vector strength by 372 

refractoriness and ratios <1 represent an increase of vector strength by refractoriness. 373 

Refractoriness typically decreased vector strength for frequencies below ~400 Hz and 374 

increased it for frequencies between ~400 and ~800 Hz. In either case, however, the effect is 375 

small (typically <5%). For frequencies above 800 Hz, refractoriness has virtually no effect on 376 

vector strength. These findings are consistent with observations from chicken ANFs (Avissar 377 

et al., 2013; their Figure 7b) when expressed with respect to the duration of the refractory 378 

period: vector strength is decreased by refractoriness when frequencies are low enough that 379 

the stimulus period is considerably longer than the mean refractory period, vector strength is 380 

increased by refractoriness when the stimulus period is only somewhat longer than the mean 381 

refractory period, and vector strength is unaffected by refractoriness when the stimulus period 382 

is shorter than the mean refractory period. Figure 3C shows, as a function of stimulus 383 

frequency, the difference between the phase angles of the mean vectors computed from the 384 

recovered instantaneous event rate and the instantaneous spike rate, expressed in units of 385 

time. This difference is always positive, meaning that refractoriness advances the phase 386 

angle of the mean vector (see also Figure 2C). The advancement is typically small (<0.1 ms) 387 

and decreases with increasing stimulus frequency. On this double logarithmic plot, a slope of -388 

1 would correspond to a constant difference in the phase angles when expressed in radians. 389 

Because the slope of the decrease is steeper than -1, the difference in the phase angles 390 

decreases with increasing frequency. The difference also decreases as the rate of release 391 

events decreases (gray scale). 392 

Taken together, these analyses show that the dominant effect of ANF refractoriness is to 393 

scale down the rate (Figure 3A). The small changes in vector strength (Figure 3B) imply only 394 

small changes in the shapes of the histograms, regardless of any phase shifts (Figure 3C). 395 

Refractoriness therefore is not the mechanism responsible for skewing the period histograms, 396 

in contrast to what has been proposed (e.g., Horst et al., 2018), or for preventing peak 397 

clipping at high SPLs. 398 

 399 

Phenomenological model of phase locking 400 
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We seek to relate the period histogram to the instantaneous pressure during a cycle of the 401 

tone stimulus having peak amplitude P1 and frequency f1 (Figure 4A). It is not our intention to 402 

present a biophysical model of ANF phase locking that incorporates detailed cochlear 403 

mechanics, IHC physiology, synaptic transmission, and spike generating mechanisms. 404 

Instead, we attempt to use the simplest and fewest assumptions possible. The first necessary 405 

assumption is that the response driven by the stimulus is delayed relative to the AC voltage 406 

driving the speaker (Figure 4B, top). Such a delay is accounted for by a phase-shift parameter 407 

( 1). The second necessary assumption is that the stimulus driving the response acquires 408 

harmonic distortion components, each with its own frequency (f2 = 2∙f1, f3 = 3∙f1, etc.), 409 

amplitude (P2, P3, etc.), and phase ( 2, 3, etc.) (Figure 4B, middle and bottom). These 410 

distortion components are not present in the acoustic stimulus (e.g., Johnson, 1980), but are 411 

instead generated by nonlinearities in the auditory periphery (e.g., Kim and Molnar, 1979; 412 

Ruggero and Rich, 1983; Sachs and Young, 1980; Zwislocki, 1985; Cody and Mountain, 413 

1989; Dallos and Cheatham, 1989; Kiang, 1990; Rhode and Cooper, 1996; Cheatham and 414 

Dallos, 1998; Cooper, 1998; Khanna and Hao, 1999; Mountain and Cody, 1999; Guinan, 415 

2012). Consistent with the reported peripheral nonlinearities, we assume that distortion 416 

components are present already in the forces deflecting the IHC stereocilia. For convenience, 417 

we describe these forces using the units of the acoustic stimulus (pascals; Pa) and refer to 418 

them as the ‘mechanical drive’. The waveform of the mechanical drive, P(t) (Figure 4C), is 419 

therefore 420 

 421 

(14). 422 

Kiang (1990) proposed the existence of a second fundamental component to account for a 423 

notch in the rate-level function and an ~180 degree phase shift of the response to the 424 

fundamental at very high stimulus levels (Kiang, 1984; Liberman and Kiang, 1984). We do not 425 

include a second fundamental component because the sum of two sine waves having the 426 

same frequency yields, irrespective of their amplitudes and phases, a single sine wave with 427 

that frequency. Therefore, for the purpose of fitting the model to period histograms, a single 428 

fundamental component suffices. In addition, we find no clear notches in the rate-level 429 

functions in our data, perhaps because stimulus levels were not high enough. The mechanical 430 

drive deflects the IHC stereocilia to give rise to a mechanoelectrical transducer (MET) current. 431 

We assume that the relationship between the mechanical drive and the MET current is 432 

described by a first-order Boltzmann function, as expected for a two-state channel which 433 
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transitions between a closed and an open state (Fettiplace and Kim, 2014). Several 434 

alternative functions were also examined (see next section). The asymmetry of the MET 435 

function around its operating point creates a DC component. The MET current activates a 436 

variety of voltage-gated K+ channels and changes the membrane potential, which is also 437 

characterized by AC and DC components (e.g., Russell and Sellick, 1978, 1983; Dallos, 1985; 438 

Dallos and Cheatham, 1989; Johnson, 2015; Altoè et al., 2018). For simplicity, we assume 439 

that changes in the membrane potential are proportional to changes in the MET current. Low-440 

pass filtering by the IHC membrane (not modeled here) will attenuate the AC component in a 441 

frequency-dependent way and thereby affect the AC/DC ratio (Palmer and Russell, 1986). 442 

The change in the membrane potential gives rise to a change in the Ca2+ signal that initiates 443 

transmitter release at the ribbon synapse. For simplicity, we assume that changes in the Ca2+ 444 

signal are proportional to changes in the membrane potential (e.g., consistent with the finding 445 

of Li et al., 2014; see their Figure 5). Given the assumed relationships, the mechanical drive 446 

and the synaptic Ca2+ signal are also related by a first-order Boltzmann function. The rate of 447 

synaptic release events is assumed to be proportional to some power of the Ca2+ signal (e.g., 448 

Beutner et al., 2001; Brandt et al., 2005; Johnson et al., 2005, 2008, 2009, 2010; Goutman 449 

and Glowatzki, 2007; Beurg et al., 2008; Heil and Neubauer, 2010), such that the 450 

instantaneous event rate of the model, Rmodel(t), is given by a first-order Boltzmann function 451 

raised to the power  (Figure 4D, gray function, shown for  = 1): 452 

 453 

(15). 454 

Here, Smax is the maximum possible Ca2+ signal (in events- /s- ), P0.5 is the mechanical drive 455 

(in Pa) at which the Ca2+ signal is half the maximum value (i.e., the inflection point of the 456 

Boltzmann function), and b is the slope factor (in Pa-1). The maximum possible instantaneous 457 

event rate is Rmax = Smax . 458 

Figure 4E shows the resulting instantaneous event rate (black line) as a function of time in the 459 

stimulus cycle. It also shows the period histogram of the events (gray bars) recovered by 460 

removing the effects of refractoriness (Figure 4F) from the period histogram of the spikes 461 

(Figure 4G). Because we have an analytical function for the instantaneous event rate (Eq. 462 

15), but not for the instantaneous spike rate, the model was fitted to the period histogram of 463 

the recovered instantaneous event rate. Nonetheless, we also fitted the model equation to the 464 
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instantaneous spike rates, ignoring the effects of refractoriness. All results were qualitatively 465 

very similar to those obtained from fits to the recovered instantaneous event rates (reported 466 

below), consistent with the finding that the major effect of refractoriness is to scale down the 467 

rate (Figure 3). 468 

 469 

Initial model fits reveal that saturation is not reached and that the model’s 470 

implementation can be simplified 471 

Initial fitting of the model to the recovered instantaneous event rates revealed that it was 472 

impossible to reliably estimate Smax, , or Rmax (which is derived from Smax and ; see above). 473 

To investigate why this was the case, we systematically fitted the model with  fixed to 1 and 474 

Rmax (equal to Smax when  = 1) fixed to several different values. Two harmonic distortion 475 

components were included in the model, resulting in seven free parameters (P2, P3, 1, 2, 3, 476 

b, and P0.5). Figure 5A shows the resulting transfer functions for a single example histogram 477 

(gray lines; assuming two upper harmonic components). The vertical dotted lines mark the 478 

portion of each transfer function covered by the acoustic stimulus. Notably, aside from the 479 

four or five functions that saturate at the lowest values of Rmax, the shapes of the transfer 480 

functions are virtually identical over this portion. Furthermore, this portion is well-described by 481 

an exponential function (black line). A similar exercise was repeated using seven log-spaced 482 

values of Rmax from 250 to 16000 events/s for all 2675 period histograms which satisfied our 483 

inclusion criteria. For each fit, the negative log likelihood was computed and then normalized 484 

by dividing it by the minimum obtained across all Rmax. Figure 5B shows these normalized 485 

values as functions of Rmax (gray lines). If there were an optimal value for Rmax, these 486 

functions would be U-shaped, but this is not the case. Instead, they tend to decrease rapidly 487 

and monotonically toward 1, and the negative log likelihood hardly changes once Rmax is large 488 

enough, which explains why Rmax could not be estimated reliably. This shows that the data is 489 

well described by an exponential transfer function for all SPLs examined (up to 100 dB SPL). 490 

Replacing the Boltzmann function in Eq. (15) with the exponential function yields 491 

 492 

(16), 493 

where C is a scale factor and D is a slope factor. The normalized negative log likelihoods for 494 

this exponential transfer function (Figure 5B, ‘exp’) are virtually identical to those for the 495 
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Boltzmann transfer function and large Rmax. The log likelihoods obtained with Eq. (16) are 496 

identical for all values of , because C  represents a single scaling factor and ∙D represents 497 

a single slope factor, such that C and D can perfectly compensate . This explains why  498 

(and Smax) could not be estimated reliably. The model therefore reduces to a single 499 

exponential transfer step (Figure 4D, black function) between the instantaneous mechanical 500 

drive P(t) and the instantaneous event rate Rmodel(t), 501 

 502 

(17), 503 

and has two fewer parameters than the full model (Eq. 15). Here, A is the scale factor that 504 

specifies the rate (in events/s) at P(t) = 0 Pa (i.e., the operating point) and accounts for any 505 

DC component of the response, and B is the slope factor (in Pa-1) such that Rmodel changes by 506 

a factor of eB when the pressure changes by 1 Pa. Note that a DC shift in the input to the 507 

exponential transfer function would also be included in the scale factor A. 508 

We also examined alternative functions used in other models, specifically the second-order 509 

Boltzmann function expected for a three-state channel that transitions between two closed 510 

states and an open state (e.g., Sumner et al., 2002; Altoè et al., 2018; for review, see 511 

Fettiplace and Kim, 2014) and a logarithm-based function (e.g., Zhang et al., 2001; Zilany et 512 

al., 2009; Bruce et al., 2018). Despite introducing additional free parameters, these functions 513 

generally did not perform better than the exponential function (not shown). The tangent 514 

hyperbolic function used by Carney (1993) can be scaled and shifted to be mathematically 515 

equivalent to a first-order Boltzmann function and would therefore yield identical fits and 516 

parameter values. 517 

 518 

Two harmonic distortion components are sufficient to describe most responses 519 

We next systematically examined how many harmonic distortion components would be 520 

needed to satisfactorily account for the data using the exponential transfer function. We fitted 521 

Eq. (17) to each period histogram of recovered events, assuming zero, one, two, or three 522 

distortion components in the mechanical drive (Eq. 14). Figure 5C-E shows results for a 523 

representative set of data recorded from one ANF in response to CF stimuli of 1300 Hz with 524 

levels from 4 to 76 dB SPL. Each function shows the residuals for one stimulus level. 525 

Residuals were computed by subtracting the number of events obtained from the model from 526 
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the number of events obtained from the data. Without distortion components included (Figure 527 

5C), the residuals are pronounced, particularly for high SPLs, and oscillate around zero with a 528 

frequency of two times the stimulus frequency. When one distortion component is included 529 

(Figure 5D), the residuals are much smaller and oscillate around zero with a frequency of 530 

three times the stimulus frequency. When two (Figure 5E) or three (not shown) distortion 531 

components are included, the residuals are smaller still and without a clear oscillatory pattern. 532 

These observations emphasize the need for including distortion components in the model. 533 

The transfer functions obtained from the model fits for this example depend little on the 534 

number of distortion components included (Figure 5F, shown for 76 dB SPL). Figure 5G 535 

shows, for all period histograms, the normalized negative log likelihoods as functions of the 536 

number of distortion components (gray lines). These functions tend to decrease markedly with 537 

the inclusion of the first distortion component, and then less so with each subsequent 538 

component. Although a third component meaningfully improved the fits for a few histograms, 539 

we included only two distortion components to avoid overfitting. The relative improvement of 540 

the fits when adding distortion components tends to be greatest for responses to low stimulus 541 

frequencies (not shown). Note that although the first and second distortion components would 542 

contribute to the Fourier spectrum of the period histogram, the spectrum will also reflect 543 

additional components introduced by the exponential transfer function, including additional 544 

first and second distortion components differing in phase from those in Eq. (14). This means 545 

that the distortion components estimated from the model fits are not identical to those seen in 546 

Fourier spectra computed from period histograms (e.g., as in Sachs and Young, 1980). 547 

Detailed examination of the distortion components estimated from the model might therefore 548 

provide new insights into the mechanical drive to the IHC stereocilia. 549 

 550 

Harmonic distortions in the mechanical drive are stereotypical, both in the absence and 551 

presence of peak splitting 552 

All period histograms were fitted by the exponential model (Eq. 17) with the fundamental (f1) 553 

and two distortion components (f2 and f3) in the mechanical drive (Eq. 14). This model has 554 

seven free parameters (P2, P3, 1, 2, 3, A, and B). Figure 6 shows the resulting parameter 555 

estimates of the f2 and f3 components (P2, P3, 2, 3) for all examples having a significant 556 

vector strength for the respective component. Figure 6A-B shows the estimated amplitudes of 557 

these components, P2 and P3, relative to the stimulus amplitude P1 (in dB, computed as 558 

20∙log(Pi/P1)) and plotted as functions of P1 (in dB SPL). The color indicates the vector 559 
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strength for f2 and f3, not for f1 (see scale in Figure 6A). Period histograms characterized by 560 

clear peak splitting (e.g., those in Figure 1F) yield parameter values circled in black. Figure 6A 561 

shows that P2 tends to be ~15 dB below P1 at low stimulus levels and increases to about 10 562 

dB below P1 at high stimulus levels. Figure 6B shows that P3 tends to be ~20 dB below P1 at 563 

all stimulus levels. The vector strengths for f2 and f3 also increase with increasing stimulus 564 

level and with increasing relative amplitude of these components. Data points from period 565 

histograms characterized by peak splitting do not form separate clusters, but instead tend to 566 

lie near the upper edges of the bands of data points. In these cases, P2 approaches or even 567 

exceeds P1 and the vector strengths for f2 and f3 are rather high. Figure 6C shows P2/P1 and 568 

P3/P1 plotted as functions of the stimulus frequency. These relative amplitudes decrease only 569 

minimally with increasing frequency. Although significant phase locking is sometimes obtained 570 

for distortion components having relatively high frequencies (e.g., rightmost pink dots in 571 

Figure 6C, for which f1 is ~2-4 kHz and f3 is therefore ~6-12 kHz), a visual inspection of the 572 

corresponding period histograms leads us to suspect these results are spurious. Figure 6D 573 

shows P2/P1 and P3/P1 plotted as functions of the distance in octaves of the stimulus 574 

frequency from CF. Relative amplitudes decrease only minimally over the range of distances 575 

examined. Figure 6E-F shows the estimated phases of the f2 and f3 components, 2 and 3 576 

(horizontal axis), relative to the phase of the fundamental, 1, and plotted as functions of tone 577 

frequency (vertical axis). The relative phases are given respectively by 2/2- 1 and 3/3- 1. 578 

They are fairly similar across ANFs and conditions, such that the data points form a narrow 579 

band in each plot. The horizontal axis spans one period of f1 and therefore spans two periods 580 

of f2 and three periods of f3, such that the same bands are shown two and three times, 581 

respectively. Color indicates the vector strength for f1, and not for f2 and f3 as in Figures 6A-B. 582 

For both the f2 and f3 components, there is a subtle but clear tendency for the relative phase 583 

to increase with increasing frequency. These effects might be due to frequency-dependent 584 

phase shifts introduced by low-pass filtering (e.g., due to the IHC membrane capacitance). 585 

Most of the low vector strengths obtained for frequencies <1 kHz are from period histograms 586 

with peak splitting, marked by black circles in one band of data points in each of Figures 6E-F. 587 

For the f2 component, the relative phases from these histograms align with the left edge of the 588 

band. This is because such a phase relationship produces two prominent peaks in the 589 

mechanical drive at values of P2/P1 lower than those required with other phase relationships. 590 

Figure 6G shows a polar histogram of the relative phases from Figures 6E-F. The relative 591 

phase of the f2 component (blue) leads the fundamental (black) by ~ /12 radians, and the 592 
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relative phase of the f3 component (pink) leads the fundamental by ~ /7 radians. Figure 6H 593 

shows the typical waveform (black) which results from summing the fundamental (gray) and 594 

the typical f2 (blue) and f3 (pink) components (the typical values obtained from the model fits 595 

were: P2/P1 = -13.1 dB and P3/P1 = -20.9 dB, 2/2- 1 = 2.88 radians and 3/3- 1 = 1.64 596 

radians). The instantaneous amplitude of the typical waveform has a steeper leading edge 597 

and a shallower trailing edge than a sinusoid of the same frequency, similar to most period 598 

histograms (Figure 1A,C). 599 

 600 

Harmonic distortions in the mechanical drive eliminate the need for assuming 601 

hysteresis in the transfer function 602 

Figure 7 shows the instantaneous event rate plotted as a function of the instantaneous 603 

mechanical drive estimated from the model fits without (rows A, C, E) and with (rows B, D, F) 604 

harmonic distortion components included. All examples are from the same three ANFs as in 605 

Figure 1. Data are shown for the majority of SPLs for which there were ≥125 spikes and for 606 

which the vector strength was significant. Most panels include results for two adjacent SPLs. 607 

Model fits are shown as solid lines, whereas data are shown as symbols connected by 608 

dashed lines to form Lissajous figures. For display purposes, data are plotted using 30 bins 609 

per cycle. At each SPL, the data are well described by the exponential transfer function. Note 610 

that the steepness of the function (and the scaling of the horizontal axis) varies with SPL, an 611 

issue we return to in the next section. With only the fundamental included (three free 612 

parameters: 1, A, and B), the data can form loops which systematically deviate from the 613 

model function. This effect is most obvious for the ANF showing peak splitting (Figure 7E and 614 

1F), but is also visible in the other examples at high SPLs. Such looping behavior in the data 615 

could be interpreted as hysteresis in the transfer function (Patuzzi and Moleirinho, 1998; Brown 616 

et al., 2009; Meenderink and van der Heijden, 2011; Horst et al., 2018). However, the loops are 617 

reduced or eliminated with f2 and f3 components included in the model (compare rows B, D, F 618 

with rows A, C, E in Figure 7). 619 

 620 

  621 
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The exponential transfer function changes with stimulus level 622 

Figure 7 shows that the model with two distortion components describes the data well and 623 

that the exponential transfer function changes with stimulus level (except at low SPLs in 624 

Figure 7D). 625 

 626 

THE SLOPE FACTOR. Figure 8 shows the dependence of the slope factor B on stimulus level, 627 

stimulus frequency, spontaneous rate, vector strength, and relative amplitude of the f2 628 

component. Panel D shows the combinations of stimulus frequency and ANF spontaneous 629 

rate for which parameter estimates were obtained. Horizontal dashed lines demarcate 630 

spontaneous-rate (SR) groups of <1 spike/s, between 1 and 10 spikes/s, and >10 spikes/s, 631 

whereas vertical dashed lines demarcate stimulus-frequency groups <500 Hz, between 500 632 

and 2000 Hz, and >2000 Hz. For each point, the corresponding B-versus-level function is 633 

shown in the panel of Figure 8 indicated in parentheses. Gray lines in these panels connect 634 

adjacent stimulus levels. In each panel, data points for one B-versus-level function are 635 

marked by squares. The example marked in panel A is that shown in Figure 1C-D and Figure 636 

7C-D. The example marked in panel H is that shown in Figure 1A-B and Figure 7A-B. The 637 

color (except in panel G) indicates the vector strength for the stimulus frequency and shows 638 

that vector strength tends to increase with increasing stimulus level, decreasing stimulus 639 

frequency, and decreasing spontaneous rate, consistent with findings in other studies (for 640 

review, see Heil and Peterson, 2017). 641 

For all ANFs and stimulus frequencies, B decreases with increasing stimulus level. For ANFs 642 

having high SRs and stimulated with tones of low or intermediate frequencies (Figure 8A-B), 643 

B changes little at low stimulus levels and then decreases with a slope of approximately -1 in 644 

these log-log plots (i.e., is approximately proportional to the inverse of the stimulus amplitude; 645 

we refer to this as a ‘linear decrease’). For ANFs having high SRs and stimulated with tones 646 

of relatively high frequencies (Figure 8C) and for ANFs having intermediate (Figure 8E-F) and 647 

low (Figure 8H-I) SRs, B decreases linearly with stimulus amplitude over the entire range of 648 

stimulus levels for which parameter estimates were obtained. Nonetheless, these B-versus-649 

level functions probably also have flat portions which fail to show up here due to our criteria of 650 

significant vector strength and ≥125 spikes, a conclusion supported by the data of Horst et al. 651 

(2018). When stimulus frequencies are high (Figure 8C,F,I), low-pass filtering (e.g., by the 652 

IHC membrane capacitance) would attenuate the AC component and prevent vector strengths 653 
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from reaching significance when stimulus levels are low and spikes are too few. In other 654 

cases, vector strength is already near its maximum at stimulus levels at which the criterion of 655 

≥125 spikes is reached (see, e.g., Figure 1B). 656 

The flat portion of a B-versus-level function corresponds to the range of stimulus levels over 657 

which the slope of the transfer function changes little or not at all, but the dimensionless 658 

product BP1 of the slope factor and the stimulus amplitude (i.e., the concentration parameter) 659 

increases with increasing stimulus level (see Figure 9A). Over this range of stimulus levels, 660 

the vector strength increases with level and there is an overlap of the functions relating the 661 

recovered instantaneous event rate to the instantaneous mechanical drive for different 662 

stimulus levels (as in Figure 7C-D at low stimulus levels; see also Horst et al., 2018). The 663 

linearly decreasing portion of each B-versus-level function corresponds to the range of 664 

stimulus levels over which BP1 is approximately constant (see Figure 9A). This range 665 

probably extends to higher stimulus levels than were used here, because none of the B-666 

versus-level functions shows any sign of asymptoting at high stimulus levels. These results 667 

are consistent with the proposals of Colburn (1973) and Heinz et al. (2001) that the 668 

concentration parameter of the von Mises distribution increases with stimulus level before 669 

saturating. In the absence of distortion components, a constant BP1 means that the shape of 670 

the period histogram and the vector strength are constant across stimulus levels due to the 671 

relationship between vector strength and BP1 (Eq. 9). Figure 8G shows this relationship (white 672 

line) and also shows the vector strengths obtained from the period histograms of recovered 673 

events (symbols, where the color indicates P2/P1). Weak distortions in the mechanical drive 674 

yield vector strengths near the function described by Eq. (9), whereas strong distortions yield 675 

predominantly lower vector strengths. 676 

The positions of the B-versus-level functions in Figure 8 along the negative diagonal (e.g., the 677 

positions of the knee-points) might relate to the sensitivities of the ANFs to the stimulus 678 

frequency (see left arrow in Figure 8B). Such sensitivity is a function of CF and a function of 679 

the distance of the stimulus frequency to the CF. The linearly decreasing portions of the B-680 

versus-level functions also differ in their positions along the positive diagonal. The higher the 681 

function along this diagonal, the larger BP1 and therefore the higher the maximum vector 682 

strength (see right arrow in Figure 8B and vertical arrow in Figure 9A). The positions of the 683 

functions along this diagonal, and therefore maximum vector strength, depend little on 684 

spontaneous rate, consistent with the small effect of spontaneous rate on maximum vector 685 

strength reported in other studies (e.g., Johnson, 1980; Joris et al., 1994b; Louage et al., 686 
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2004; Dreyer and Delgutte, 2006; Temchin and Ruggero, 2010; for review, see Heil and 687 

Peterson, 2017). The position of the functions along the positive diagonal, and therefore 688 

maximum vector strength, is primarily a function of stimulus frequency (compare across 689 

columns in Figure 11; see also Figure 1E and Palmer and Russell, 1986; Javel and Mott, 690 

1988; Weiss and Rose, 1988; Joris et al., 1994a; Köppl, 1997; Temchin and Ruggero, 2010; 691 

Versteegh et al., 2011; Heil and Peterson, 2017) because low-pass filtering reduces B (and 692 

therefore BP1) as frequency increases. 693 

Figure 9A shows example BP1-versus-level functions corresponding to the B-versus-level 694 

functions in Figure 8B. Figure 9B shows the maximum BP1 obtained from each BP1-versus-695 

level function, plotted as a function of stimulus frequency. This plot is analogous to Figure 1E, 696 

which shows the maximum vector strength as a function of stimulus frequency. The maximum 697 

BP1 decreases with increasing frequency over the entire frequency range, more clearly than 698 

does the vector strength. This is a consequence of the fact that the vector strength saturates 699 

but BP1 does not. Using BP1 as a measure of phase locking avoids the need to rescale vector 700 

strength near its upper limit when higher resolution is desired (as in Johnson, 1978, 1980 and 701 

Joris et al., 1994a,b). 702 

 703 

THE EVENT RATE AT THE OPERATING POINT. Figure 10 shows the dependence of the scale factor 704 

A on stimulus level, stimulus frequency, spontaneous rate, vector strength, and P2/P1, in the 705 

same format as Figure 8 and with the same examples marked. For ANFs having high SRs 706 

and stimulated with tones of low frequencies, A tends to decrease slightly with increasing 707 

stimulus level (Figure 10A). Several of the functions are rather erratic, particularly at high 708 

stimulus levels. For ANFs having high SRs and stimulated with intermediate (Figure 10B) and 709 

high (Figure 10C) frequencies, A respectively changes little or increases slightly with 710 

increasing stimulus level. For ANFs having intermediate SRs, A increases more clearly with 711 

increasing stimulus level before saturating (Figure 10E-F). For ANFs having low SRs, this 712 

increase is even more pronounced (Figure 10H-I). For all ANFs and stimulus frequencies, A 713 

would have to approximately equal the spontaneous rate at stimulus levels near the rate 714 

threshold. This is not shown in Figure 10 because period histograms for such low levels did 715 

not satisfy our criteria of significant vector strength and ≥125 spikes, but is seen in the data of 716 

Horst et al. (2018). At high stimulus levels, A saturates at values considerably higher than the 717 

spontaneous rate. The ratio of the value of A at saturation to the spontaneous rate is largest 718 

for low-SR ANFs and smallest for high-SR ANFs. Vector strength is a function of A/Rmean (Eq. 719 
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11), which is shown in Figure 10G (white line). Weak distortions in the mechanical drive yield 720 

vector strengths near the function described by Eq. (11), whereas strong distortions yield 721 

predominantly lower vector strengths. When both A and BP1 are constant (as is often the case 722 

at moderate and high stimulus levels; compare Figures 8 and 10), and provided the relative 723 

amplitudes and phases of the distortion components remain constant, the mean rate, the 724 

shape of the period histogram, and the vector strength are constant across stimulus levels. 725 

This is equivalent to complete compression of the response (i.e., a growth of 0 dB/dB). 726 

 727 

EXEMPLARY CHANGES IN THE TRANSFER FUNCTION WITH STIMULUS LEVEL. Figure 11 shows, for the 728 

examples marked in the middle and right columns of Figures 8 and 10, how the model 729 

exponential transfer function changes with stimulus level. The instantaneous event rate is 730 

plotted on a logarithmic axis, such that the transfer functions form straight lines. Color 731 

indicates stimulus level. The extent of each line shows the utilized range of the transfer 732 

function. This range is not necessarily symmetrical around P(t) = 0 Pa, because the minimum 733 

and maximum of the mechanical drive depend on the distortion components present (e.g., 734 

Figure 6H). In the absence of distortions, however, the drive would be symmetrical. 735 

Furthermore, when plotted on a logarithmic axis, the instantaneous event rate in the period 736 

histogram would vary symmetrically around the value at the operating point. In each example 737 

in Figure 11, the transfer functions are steepest (i.e., the sensitivity is highest) at low stimulus 738 

levels, such that small changes in the pressure lead to large changes in the response. With 739 

increasing stimulus level, the transfer functions become shallower (i.e., the sensitivity 740 

decreases). This gain control is observed well below CF (Figure 11A), at CF (Figure 741 

11B,C,D,E), and above CF (Figure 11F). The ratio of the maximum to minimum instantaneous 742 

rates becomes attenuated when the stimulus frequency increases (e.g., across columns in 743 

Figure 11), likely due to low-pass filtering. Low-SR ANFs show pronounced growth of the DC 744 

component with increasing stimulus level, and therefore their ratio of the mean rate to the 745 

spontaneous rate (dashed horizontal lines in Figure 11) becomes higher. 746 

 747 

Rate adaptation does not account for the change in the slope of the transfer function 748 

Here, we examine whether the change in the slope factor B can be accounted for by spike-749 

rate adaptation occurring on time scales longer than the stimulus period. For each cycle of the 750 

tone stimulus, starting from the onset, we computed the vector strength and the mean number 751 
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of spikes per cycle across all repetitions (proportional to the rate). This analysis was restricted 752 

to spike trains in which at least half of the cycles contained ≥10 spikes and had significant 753 

vector strength (622 spike trains). Figure 12A-E shows the results from five example ANFs, 754 

with only significant vector strengths shown. There is pronounced spike-rate adaptation in 755 

each example, consistent with previous reports (for review, see Heil and Peterson, 2015). 756 

Figure 12A-C shows data from ANFs for which the vector strength remains relatively constant 757 

across cycles. Vector strength was similarly constant for the other stimulus levels not shown 758 

here. Delgutte (1980; his Figure 13) and Joris et al. (1994a,b; their Figure 7 in each) also 759 

show examples of approximately constant vector strength across cycles despite spike-rate 760 

adaptation. Assuming distortions are constant (or absent) over time, the finding that vector 761 

strength is constant across cycles means that the slope factor B is also constant. This is 762 

because vector strength is a function of BP1 (Eq. 9) and P1 is constant (except during the brief 763 

stimulus onset and offset). Figure 12D shows data from an ANF for which the vector strength 764 

decreases over time, which could correspond to a gradual decrease in B or a gradual change 765 

in distortions. Figure 12E shows data from an ANF for which the vector strength increases 766 

over time, which could correspond to a gradual increase in B or a gradual change in 767 

distortions. More repetitions than were collected would be needed to investigate these 768 

possibilities. In any case, the changes in B over time which would potentially account for the 769 

changes in vector strength are small compared to the orders of magnitude changes in B 770 

occurring with changes in stimulus level (Figure 8). 771 

To examine whether monotonic relationships between vector strength and cycle number are 772 

typical at the population level, we computed Spearman’s rank order correlation coefficient for 773 

each spike train. Figure 12F shows that most (532 of 622) coefficients scatter around zero 774 

and are not significant (p>0.01), indicating that vector strength might typically be constant 775 

across cycles. Thirty of the 34 significant negative coefficients were obtained from a single 776 

ANF (A2-U3, same ANF as in Figure 1F). Forty-nine of the 56 significant positive coefficients 777 

were observed for frequencies >1 kHz and were obtained from seven ANFs. These data show 778 

that the slope factor B is largely set by mechanisms independent of those responsible for 779 

spike-rate adaptation occurring on time scales longer than the stimulus period. The 780 

mechanism must also be very fast, because in most cases B is constant starting from the 781 

beginning of the response. 782 

 783 
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The power-law relationship between the synaptic Ca2+ signal and the rate of release 784 

events 785 

Because period histograms are well described by an exponential transfer function, it is 786 

impossible to use fits of the model to the period histograms of recovered release events or 787 

spikes to estimate the power  in the model’s relationship between the synaptic Ca2+ signal 788 

and the rate of release events (Eq. 15). To estimate the power, it would be necessary to know 789 

the Ca2+ signals at individual synapses in response to the acoustic stimuli. Such data are not 790 

available, but the assumed linearity between the membrane potential and the Ca2+ signal, and 791 

the experimental support for this assumption (e.g., Li et al., 2014), means that the membrane 792 

potential is a reasonable proxy for the Ca2+ signal. Only few in vivo recordings of the 793 

membrane potential of IHCs in response to low-frequency tone stimuli are available, from the 794 

pioneering work of Russell and Sellick (1983, their Figures 1 and 2) and of Dallos (1985, his 795 

Figure 5), Dallos (1986, his Figure 6), and Dallos and Cheatham (1989, their Figures 1 and 796 

10), all in guinea pig. No recordings have been published for cat. Sharp electrodes such as 797 

were used for these recordings likely alter the total conductance of the IHC. Such alterations 798 

in turn alter the magnitude of the changes in the membrane potential (Zeddies and Siegel, 799 

2004; Altoè et al., 2018) but are unlikely to change the shape of the waveform. The 800 

waveforms shown in the literature are similar to one another, regardless of whether recorded 801 

from basal or apical IHCs. We therefore chose to compare our model results to the receptor 802 

potential recordings shown in Figure 1 of Russell and Sellick (1983), because this figure offers 803 

the highest resolution. Figure 13B shows these basal IHC recordings in response to 300 Hz 804 

stimuli presented at 90 (top) and 80 (bottom) dB SPL. Figure 13A shows, for our data, vector 805 

strength as a function of the rate asymmetry, which is the ratio of the difference between the 806 

maximum rate reached and the rate at zero pressure to the difference between the rate at 807 

zero pressure and the minimum rate reached. The color of the symbols indicates P2/P1. The 808 

white line shows an analogous function constructed using Eqs. (9) and (13). Because the 809 

receptor potential contains negative values, it is impossible to calculate vector strengths for 810 

the recordings from Russell and Sellick (1983) and to determine their corresponding positions 811 

along this function. Nonetheless, we can compare the shapes of these recorded waveforms to 812 

the shapes of the waveforms derived from our model fits. For this comparison, we chose to 813 

use period histograms having high vector strengths and relatively low distortions, located in 814 

the region marked by the small rectangle in Figure 13A. The top panel of Figure 13C shows, 815 

for each histogram in this region, two cycles of the model waveform corresponding to the 816 
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membrane potential if the power were  = 1 (gray lines). An approximately linear relationship 817 

between the Ca2+ signal and the rate of release events has been proposed and interpreted to 818 

indicate a nanodomain control of release (e.g., Brandt et al., 2005; Kim et al., 2013). Each 819 

waveform is normalized to its peak value. The mean waveform (red line) and its value at 0 Pa 820 

(red dotted line) are also shown. The top panel of Figure 13D shows the normalized transfer 821 

functions (gray lines) which give rise to the waveforms in Figure 13C. The mean transfer 822 

function (red line) and its operating point (white circle) are also shown. The bottom panels of 823 

Figure 13C-D show the corresponding waveforms and transfer functions if the power were  = 824 

3 (obtained by taking the third root of the waveforms and transfer functions for  = 1). A power 825 

of ~3 was derived previously from the dependence of ANF spike rate on stimulus level (Heil et 826 

al., 2011) and of ANF first-spike latency on stimulus level and onset duration (Heil et al., 2008; 827 

Neubauer and Heil, 2008; see also Heil and Neubauer, 2010) and has been interpreted to 828 

indicate a microdomain control of release. Note that for  = 3, the transfer function is 829 

shallower and the waveform more sinusoidal than for  = 1. Figure 13E shows six cycles of 830 

the mean waveforms for  = 1 (red line) and  = 3 (blue line) overlaying the center six cycles 831 

of the membrane potential recordings of Russell and Sellick (gray lines, replotted from the 832 

boxed region in Figure 13B). The model waveforms have been scaled to approximately match 833 

the peaks and troughs of the recordings. Note that the function for  = 3 matches the 834 

waveform of the recordings well, whereas the function for  = 1 has a much sharper peak and 835 

a much broader trough. The red and blue dotted lines mark the outputs of the respective 836 

transfer functions at 0 Pa. We also obtained rough estimates of the output at 0 Pa from the 837 

data of Russell and Sellick (1983). Precise estimates are impossible to derive due to the 838 

presence of distortions that affect the locations of the peaks and troughs (see Figure 6H). The 839 

rough estimates were obtained by identifying the voltages (white dots) at the time points 840 

halfway between the maxima and minima. The estimates for the leading and trailing edges 841 

differ due to the distortions, but the true value is likely within the range identified. These 842 

estimates are also better matched by the model when  = 3 than when  = 1. These 843 

comparisons show that, given our model, the IHC membrane potential recordings and our 844 

data would be inconsistent if there were a linear relationship between the Ca2+ signal and the 845 

rate of release events, but would be consistent if there were a power-of-3 relationship. 846 

 847 
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Relationship between the exponential transfer functions and pseudotransducer 848 

functions 849 

Figure 14A,C shows model IHC receptor potentials estimated from model fits to the 850 

responses of two ANFs to tones having a range of stimulus levels. For clarity, the estimated 851 

distortions and phase shifts are omitted. Receptor potentials were calculated assuming a 852 

power-of-3 relationship between the Ca2+ signal and the rate of release events. The model 853 

receptor potentials are similar to the receptor potentials measured in vivo in response to 854 

acoustic stimulation (Russell and Sellick, 1983; Dallos, 1985, 1986; Russell et al., 1986a; 855 

Cody and Russell, 1987; Dallos and Cheatham, 1989, 1990) or in vitro in response to 856 

sinusoidal deflections of the stereocilia (Russell et al., 1986a,b; He et al., 2004). The AC 857 

component increases with stimulus level before saturating. Despite this saturation, no peak 858 

clipping occurs. Figure 14B,D shows the corresponding exponential transfer functions relating 859 

the receptor potential to the instantaneous pressure. Their slopes decrease with increasing 860 

stimulus level. Several investigators have plotted the maxima and minima of the voltage 861 

responses of IHCs and outer hair cells (OHCs) against the maxima and minima of the 862 

stimulus amplitudes (e.g., Russell and Sellick, 1983; Russell et al., 1986a,b; Dallos and 863 

Cheatham, 1989; Cheatham and Dallos, 2000). The resulting functions have sometimes been 864 

referred to as ‘pseudotransducer’ functions (e.g., Dallos and Cheatham, 1989, 1990; 865 

Cheatham and Dallos, 2000) and, aside from effects such as low-pass filtering by the hair cell 866 

membrane, are assumed to approximate the true transducer functions (see also Russell, 867 

2008, his Figures 4 and 18). In Figure 14B,D, the white dots connected by black lines 868 

represent pseudotransducer functions analogous and similar to those in the literature. These 869 

pseudotransducer functions fail to describe the transfer functions obtained for individual 870 

stimulus levels (colored lines), except those for low levels that operate far away from the 871 

saturating regions of the pseudotransducer functions. As in Figure 14D, many model 872 

pseudotransducer functions are nonmonotonic, with a sharp dip at low negative instantaneous 873 

pressures. Such dips occur because the transfer function must operate near the resting value 874 

when stimulus levels are low, whereas a rapid growth of the DC component can result in 875 

transfer functions that operate entirely above the resting value when stimulus levels are 876 

higher (e.g., Figure 11C-F). Although the sharp dips are not apparent in published 877 

pseudotransducer functions, they should also occur in such cases. 878 

 879 

  880 
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Discussion 881 

Period histograms of phase-locked responses of cat ANFs to low-frequency tones are well 882 

described by stereotyped harmonic distortions at the input to an exponential transfer function 883 

whose slope and operating point change with stimulus level. For an exponential transfer 884 

function, a given change in the instantaneous mechanical drive leads to the same relative 885 

change in the instantaneous event or spike rate throughout the cycle, such that the shape of 886 

the input waveform is faithfully represented by the shape of the logarithm of the output 887 

waveform. The finding that the series of transfer stages operating in the auditory periphery 888 

behaves exponentially overall constrains the sorts of transfers possible at individual stages, 889 

but such stages cannot be distinguished using our modeling approach. 890 

 891 

The slope of the exponential transfer function 892 

At low stimulus levels, the slope of the exponential transfer function is nearly constant, such 893 

that functions relating instantaneous rate and instantaneous mechanical drive for different 894 

levels overlap (Figure 7C-D), confirming the finding of Horst et al. (2018). Consistent with 895 

Littlefield (1973), such functions can often be approximated by straight lines. At moderate and 896 

high levels, the slope of the exponential function decreases with increasing level, such that 897 

the functions for different levels do not overlap, consistent with the few observations made at 898 

such levels by Horst et al. (2018). The mechanisms underlying the change in slope are 899 

independent of ANF refractoriness because such changes persist even after removing 900 

refractory effects (Figures 7, 8, and 11), contrary to the proposal of Horst et al. (2018). They 901 

are also largely independent of synaptic mechanisms determining spontaneous rate (e.g., 902 

Frank et al., 2009; Heil and Neubauer, 2010; Wu et al., 2016) because slope-versus-level 903 

functions are largely independent of spontaneous rate (Figure 8). They must further be 904 

independent of mechanisms responsible for spike-rate adaptation occurring on time scales 905 

longer than the stimulus period (Figure 12). Such slow adaptation mechanisms might include 906 

mechanisms within the ANF (whose effects are observed during electrical stimulation; Woo et 907 

al., 2009; Boulet and Bruce, 2017), synaptic mechanisms such as vesicle-pool depletion (e.g., 908 

Westerman and Smith, 1988; Sumner et al., 2003; Goutman and Glowatzki, 2007; Frank et 909 

al., 2010; Bruce et al., 2018) and postsynaptic receptor desensitization (Goutman and 910 

Glowatzki, 2007; Goutman, 2017), and mechanisms that cause adaptation of the IHC 911 

membrane potential such as basolateral K+ conductances (Zeddies and Siegel, 2004; Lopez-912 
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Poveda and Eustaquio-Martín, 2006; Johnson, 2015; Altoè et al., 2018). The mechanisms 913 

underlying the change in slope must be very fast because the slope is typically constant from 914 

the beginning of the response to a given stimulus (Figure 12). The change in the slope with 915 

stimulus level is similar for frequencies near CF, above CF, and well below CF (Figure 11). In 916 

the cochlear apex, compressive nonlinearities in the vibrations of the basilar (Robles and 917 

Ruggero, 2001) or tectorial (Rhode and Cooper, 1996) membranes are weak or absent. The 918 

change in slope at moderate and high stimulus levels, equivalent to complete compression 919 

when the scale factor is constant, can therefore be at most partially accounted for by such 920 

nonlinearities. The primary mechanisms might reside in the IHC transduction machinery (for 921 

reviews, see Fettiplace and Kim, 2014; Hudspeth, 2014; Corey et al., 2017). For example, if 922 

the microscopic stiffness of the hypothetical gating spring decreased with increasing stimulus 923 

level, then a larger displacement of the stereocilia would be required to yield a given open 924 

probability of the MET channels. Rapid gain control in transduction has been proposed for 925 

basal OHCs to account for changes in the instantaneous input-output functions derived from 926 

cochlear microphonic recordings (Patuzzi and Moleirinho, 1998; Meenderink and van der 927 

Heijden et al., 2011). Alternatively, the change in slope could reflect a static saturating 928 

nonlinearity that produces increasing clipping of MET currents with increasing stimulus level, 929 

but only if later filtering converts such currents into sinusoid-like membrane potentials. The in 930 

vitro data of Russell et al. (1986a; their Figure 5) are consistent with either possibility, 931 

because they reveal that increasing the amplitude of a sinusoidal displacement increases the 932 

instantaneous displacement needed to produce a given change in the instantaneous 933 

membrane potential. More biophysically oriented modeling is required to address these 934 

issues.  935 

Regardless of the underlying mechanism, the effective change in the slope of the transfer 936 

function nonetheless prevents peak clipping and enables the full range of the instantaneous 937 

pressure to be coded by instantaneous spike rate at all stimulus levels. For responses to high-938 

level sinusoidally amplitude modulated tones, such gain control would cause peak clipping in 939 

period histograms computed for the modulation frequency, but not in those computed for the 940 

carrier frequency, just as observed by Joris and Yin (1992). 941 

 942 
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The operating point of the exponential transfer function 944 

The event rate at the operating point varies with stimulus level in a way that depends on 945 

stimulus frequency and ANF spontaneous rate (Figures 10 and 11). The event rate at the 946 

operating point is near the spontaneous rate at low stimulus levels (see also Horst et al., 947 

2018), but then increases with increasing level, particularly for low- and medium-SR ANFs. 948 

Because ANFs having different spontaneous rates can innervate the same IHC (Liberman, 949 

1982; Wu et al., 2016), spontaneous-rate-dependent differences in the change of the 950 

operating point with stimulus level likely arise at the synapse and are therefore unlikely to be 951 

accounted for by changes in the IHC transduction machinery with stimulus level or by the 952 

lowpass filtering by the IHC membrane capacitance. In the low-CF, high-SR ANFs, the event 953 

rate at the operating point initially decreases with increasing level (Figure 10A). This decrease 954 

might relate to the finding of Johnson (2015) that the membrane potential of apical IHCs 955 

changes less in the depolarizing than in the hyperpolarizing direction in response to tone-like 956 

sinusoidal current stimuli (see Figure 7B,D of Johnson, 2015). In this special case, the 957 

transfer function between the stimulus and the membrane potential is expansive below, and 958 

compressive above, the operating point, opposite to the transfer function assumed in the 959 

model. This would force the estimate of the event rate at the operating point to a value below 960 

the true rate (and might underlie the erratic estimates in Figure 10A). 961 

 962 

Stereotyped harmonic distortion components in the mechanical drive 963 

Harmonic distortion components in the input to the transfer function are present even after 964 

removing the effects of refractoriness and tend to have relatively consistent amplitude and 965 

phase relationships to the fundamental component (Figure 6). The temporal asymmetry of 966 

period histograms, including peak splitting, is due to these distortions and not to the transfer 967 

function or ANF refractoriness (Horst et al., 2018). Lissajous figures show hysteresis when the 968 

instantaneous cochlear microphonic potential (Patuzzi and Moleirinho, 1998; Brown et al., 969 

2009; Meenderink and van der Heijden et al., 2011) or the instantaneous ANF spike rate 970 

(Horst et al., 2018) is plotted against the instantaneous stimulus pressure. In our data, 971 

hysteresis is reduced or eliminated by assuming distortion components in the mechanical 972 

drive (Figure 7). 973 

 974 
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The power relating calcium signal and release rate 976 

The relationship between the whole-cell Ca2+ signal and the whole-cell rate of exocytosis at 977 

IHC-ANF (and other) synapses is commonly quantified by a power law with powers of ~0.5-4 978 

observed in different preparations (e.g., Beutner et al., 2001; Brandt et al., 2005; Johnson et 979 

al., 2005, 2008, 2009, 2010; Beurg et al., 2008, 2010; Schnee et al., 2005; Goutman and 980 

Glowatzki, 2007; Dulon et al., 2009; Vincent et al., 2014). Powers near 3-4 have been 981 

interpreted as reflecting the biochemical cooperativity of the Ca2+ sensor for exocytosis 982 

(otoferlin in mammalian IHCs; Roux et al., 2006; Michalski et al., 2017) in microdomain 983 

coupling between Ca2+ channels and the sensor. Powers near 1 have sometimes been 984 

interpreted as reflecting nanodomain coupling (e.g., Brandt et al., 2005; Kim et al., 2013), 985 

although low powers might also arise from summing saturating higher-power relationships 986 

from individual synapses having different sensitivities (Heil and Neubauer, 2010). In our study, 987 

the power cannot be derived from the period histograms. However, because the membrane 988 

potential and Ca2+ signal are approximately proportional (Li et al., 2014), in vivo recordings of 989 

IHC membrane potentials can be compared to the model Ca2+ signal for given powers (Figure 990 

13). We found that a power of 3, but not 1, matches the in vivo recordings. A power of 3 was 991 

obtained from the changes in ANF first-spike latency and spike rate with stimulus level, 992 

independent of CF and spontaneous rate (Heil et al., 2008, 2011; Neubauer and Heil, 2008). 993 

It is near that found by Johnson et al. (2008) in mature apical IHCs in gerbil, but is 994 

inconsistent with proposed nanodomain coupling in the cochlear apex inferred from the weak 995 

effects of the slow Ca2+ buffer EGTA (Johnson et al., 2017). However, estimating coupling 996 

distances using EGTA might be problematic (Nakamura et al., 2018). 997 
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Figure captions 1321 

 1322 

Figure 1 1323 

Period histograms of ANFs are skewed or even exhibit peak splitting, but none show 1324 

indications of peak clipping even at high SPLs for which the mean spike rate is saturated. A. 1325 

Period histograms from a low-SR ANF in response to 1200 Hz CF stimuli at various SPLs 1326 

(A7-U10-R1; SR = 0.2 spikes/s). Vector strengths, V, are also identified. B. Mean spike rate 1327 

versus level function (black; left ordinate) and vector strength versus level function (gray; right 1328 

ordinate) for the same ANF and stimulus frequency shown in A. Filled symbols denote vector 1329 

strengths which are significant and from period histograms with ≥125 spikes; lacking symbols 1330 

denote vector strengths which are non-significant or from period histograms with <125 spikes. 1331 

C-D. Corresponding plots from a high-SR ANF in response to 390 Hz CF stimuli (A3-U20-R4; 1332 

SR = 55.1 spikes/s). E. Plot of the maximum significant vector strengths of the 78 ANFs as a 1333 

function of stimulus frequency (gray dots). The mean maximum vector strengths, computed 1334 

across approximately one-third-octave-wide bins, are also shown (white dots). They compare 1335 

favorably with the means computed by Weiss and Rose (1988; black dots) from the data of 1336 

Johnson (1980). F-G. Plots corresponding to those in A-D, from a high-SR ANF in response 1337 

to 250 Hz stimuli one octave below CF (A2-U3-R10; SR = 104.2 spikes/s). The period 1338 

histograms at high SPLs show peak splitting, which results in a reduction in vector strength. 1339 

For display purposes, period histograms in A, C, and F were shifted by a constant phase for 1340 

each ANF such that their peaks occur at ~ /2.  1341 

 1342 

Figure 2 1343 

Recovery of the rate of release events from spike trains. A. Raster plot (top) and post-stimulus 1344 

time histogram (bottom) for an example spike train in response to 50 repetitions of 100-ms 1345 

tones of 211 Hz and 70 dB SPL, presented at 4 Hz (A3-U8-R3-C10, CF = 353 Hz, SR = 89.8 1346 

spikes/s). Only the first 50 ms of the 150-ms interstimulus intervals are shown. Gray vertical 1347 

lines in the post-stimulus time histogram mark complete stimulus cycles between 10 and 100 1348 

ms. Note that, over this time range, the spacing of the peaks matches the stimulus period, but 1349 

that the interval following the peak before 10 ms is shorter. B. The excitability function (i.e., 1350 

the probability that the ANF is not refractory), shown for the first 30 ms of the example spike 1351 

train (gray line; top), and collapsed into a single period for all complete cycles between 10 and 1352 
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100 ms (gray lines; bottom). Spike times and corresponding excitabilities are marked by white 1353 

dots. To aid visibility, the vertical portions of the gray lines following each spike are omitted 1354 

from the bottom panel. The mean excitability was computed for each time point in the cycle 1355 

(black line). C. Smoothed period histograms showing the instantaneous spike rate (black) and 1356 

recovered instantaneous event rate (gray) for the example spike train. D-G. Simulations were 1357 

performed to examine the validity of the recovery method. D. The simulated (true) 1358 

instantaneous event rate (dotted line), the instantaneous spike rate resulting from application 1359 

of refractoriness (black), the recovered instantaneous event rate (gray), and the absolute error 1360 

of the recovery method (light gray line), for one example simulation. E. Relative error as 1361 

functions of the maximum and mean event rates. The inset shows that the recovered event 1362 

rates match the true event rates up to high values. F. Relative error as a function of the 1363 

stimulus frequency. G. Relative error as functions of the absolute and mean relative refractory 1364 

periods assumed in the recovery method (true values were 0.6 ms each). 1365 

 1366 

Figure 3 1367 

Refractoriness affects phase locking in a frequency-dependent manner. A. Ratio of the 1368 

recovered mean event rate to the mean spike rate plotted as a function of mean spike rate. B. 1369 

Ratio of the vector strength computed from the recovered instantaneous event rate to the 1370 

vector strength computed from the instantaneous spike rate, plotted as a function of stimulus 1371 

frequency. Ratios >1 represent a decrease of vector strength by refractoriness and ratios <1 1372 

represent an increase of vector strength by refractoriness. Five ratios >1.1 are not shown. C. 1373 

Difference between the phase angles of the mean vectors computed from the recovered 1374 

instantaneous event rate and the instantaneous spike rate, expressed in units of time by 1375 

dividing by 2  and the stimulus frequency f1. The difference is plotted as a function of stimulus 1376 

frequency (horizontal axis) and the mean rate of release events (gray scale). This difference 1377 

is always positive, meaning that refractoriness advances the phase angle of the mean vector. 1378 

In B and C, the frequency was randomly jittered to aid visualization. Dashed vertical lines 1379 

mark the inverse of the mean refractory period (1.2 ms) assumed in the recovery method. T 1380 

denotes the stimulus period. The white dot marks the example shown in Figure 2A-C. 1381 

 1382 

  1383 
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Figure 4 1384 

Phenomenological model of phase locking, illustrated using results obtained from a single 1385 

example spike train (A6-U14-R1-C20, CF = 1300 Hz, SR = 48.3 spikes/s, f1 = 1300 Hz, 76 dB 1386 

SPL). A. Acoustic stimulus. B. Phase-shifted stimulus of frequency f1 (top) and harmonic 1387 

distortion components of frequencies f2 = 2∙f1 and f3 = 3∙f1 (middle and bottom). C. Mechanical 1388 

drive obtained by summing the individual frequency components in B. D. IHC transfer function 1389 

relating the mechanical drive to the rate of release events. Although the model includes a first-1390 

order Boltzmann function (gray, shown here with  = 1), the system only uses a portion in the 1391 

lower tail, such that it can be well described by an exponential function (black). The vertical 1392 

dotted line marks zero. E. Model event rate (black) resulting from the exponential transfer 1393 

function in D. The gray bars show the period histogram of events recovered by removing the 1394 

effects of refractoriness (F) from the empirical period histogram of spikes (G). 1395 

 1396 

Figure 5 1397 

Justification for the use of an exponential transfer function and two distortion components. A. 1398 

First-order Boltzmann transfer functions (gray lines) estimated for a single example histogram 1399 

(A6-U14-R1-C20, CF = 1300 Hz, SR = 48.3 spikes/s, f1 = 1300 Hz, 76 dB SPL), with  fixed 1400 

to 1 and Rmax fixed to several different values. Aside from the four or five functions having the 1401 

lowest values of Rmax, the shapes of the functions are virtually identical over the portion 1402 

utilized in the fits (between vertical dotted lines) and are well-described by an exponential 1403 

function (black line). B. Normalized negative log likelihoods for all period histograms (gray 1404 

lines), and their geometric mean (circles and black line), plotted as a function of Rmax. These 1405 

functions tend to decrease rapidly and converge to the result for an exponential transfer 1406 

function (‘exp’). C-E. Residuals (data minus model) for spike trains recorded from the same 1407 

ANF as in example A, in response to CF stimuli presented at 4-76 dB SPL in 4-dB steps. 1408 

Residuals are shown with no (C), one (D), or two (E) distortion components included. The 1409 

mean number of events per cycle ranged from 0.042 at low stimulus levels to 0.12 at high 1410 

stimulus levels. F. Exponential transfer functions obtained from the model fits (shown for 76 1411 

dB SPL) depend little on the number of distortion components included. G. Normalized 1412 

negative log likelihoods for all period histograms (gray lines), and their geometric mean 1413 

(circles and black line), plotted as a function of the number of distortion components. 1414 

 1415 
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Figure 6 1416 

Parameter estimates of the harmonic distortion components. Results are shown for period 1417 

histograms having significant vector strengths for both the fundamental (f1) and the respective 1418 

(f2 or f3) distortion component. A-B. Estimated amplitudes, P2 and P3, of the distortion 1419 

components relative to the amplitude P1 of the fundamental (the stimulus amplitude). The 1420 

ratios are expressed in dB and plotted as functions of the stimulus amplitude in dB SPL. Color 1421 

indicates the vector strength for the respective distortion component (see scale in A). 1422 

Parameter values circled in black indicate period histograms characterized by peak splitting. 1423 

C-D. Relative amplitudes of the f2 and f3 components plotted as functions of the stimulus 1424 

frequency f1 (C) and the distance in octaves of f1 from CF (D). In A-D, six values of P2/P1 and 1425 

nine values of P3/P1 are less than -40 dB and are not shown. E-F. Estimated phases of the f2 1426 

and f3 components (horizontal axis), relative to the phase of the fundamental and plotted as 1427 

functions of tone frequency (vertical axis). The horizontal axis spans one period of f1 and 1428 

therefore spans two periods of f2 and three periods of f3. Color indicates the vector strength 1429 

for the fundamental, and parameter values circled in black in one of the bands indicate period 1430 

histograms characterized by peak splitting. G. Polar histogram of the relative phases from E 1431 

and F (blue and pink, respectively). H. The typical waveform (black) which results from 1432 

summing the fundamental component (gray) and the typical f2 (blue) and f3 (pink) 1433 

components. 1434 

 1435 

Figure 7 1436 

Instantaneous event rate as a function of instantaneous mechanical drive estimated from 1437 

model fits without (rows A, C, E) and with (rows B, D, F) two harmonic distortion components. 1438 

Examples are the same three as in Figure 1. Model fits are shown as solid lines, whereas 1439 

data are shown as symbols connected by dashed lines in the form of Lissajous figures. Data 1440 

are shown using 30 bins per cycle. Without distortion components included in the model, the 1441 

data can deviate from the model in a systematic loop, most obviously for the ANF showing 1442 

peak splitting (row E and Figure 1F). Systematic deviations are reduced or eliminated when 1443 

distortion components are included. Also note that the steepness of the functions (and the 1444 

scaling of the horizontal axes) varies with SPL. 1445 

 1446 

  1447 
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Figure 8 1448 

A-I (except D and G). Dependence of the slope factor B on stimulus level, stimulus frequency, 1449 

and spontaneous rate. Gray lines connect adjacent stimulus levels. The color indicates the 1450 

vector strength for the stimulus frequency (f1). One example function in each panel is marked 1451 

by squares. The dotted negative diagonal in each panel represents BP1 = 1. The arrows in 1452 

panel B show how sensitivity and vector strength increase within this coordinate system in the 1453 

absence of harmonic distortions in the mechanical drive. D. Combinations of stimulus 1454 

frequency and ANF spontaneous rate for which parameter estimates were obtained, with 1455 

corresponding B-versus-level functions shown in the panel indicated in parentheses. G. 1456 

Vector strength as a function of BP1. Color indicates the relative amplitude of the f2 1457 

component. The white line represents the theoretical relationship between vector strength and 1458 

BP1 in the absence of distortions. 1459 

 1460 

Figure 9 1461 

A. Example BP1-versus-level functions corresponding to the B-versus-level functions in Figure 1462 

8B, with color also indicating vector strength. B. Maximum BP1 obtained from each BP1-1463 

versus-level function, plotted as a function of stimulus frequency. 1464 

 1465 

Figure 10 1466 

A-I (except D and G). Dependence of the scale factor A on stimulus level, stimulus frequency, 1467 

and spontaneous rate. Gray lines connect adjacent stimulus levels. The color indicates the 1468 

vector strength for the stimulus frequency (f1). One example function in each panel is marked 1469 

by squares. D. Combinations of stimulus frequency and ANF spontaneous rate for which 1470 

parameter estimates were obtained, with corresponding A-versus-level functions shown in the 1471 

panel indicated in parentheses. G. Vector strength as a function of A/Rmean. Color indicates 1472 

the relative amplitude of the f2 component. The white line represents the theoretical 1473 

relationship between vector strength and A/Rmean in the absence of distortions. 1474 

 1475 

  1476 
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Figure 11 1477 

Changes of the model transfer function with stimulus level, shown for the examples marked in 1478 

the middle and right columns of Figures 8 and 10. Note that the instantaneous event rate is 1479 

plotted on a logarithmic axis, such that the exponential transfer functions form straight lines. 1480 

Color indicates stimulus level, with the lowest in blue and the highest in red. The extent of 1481 

each line shows the range of the transfer function that was utilized. Dashed horizontal lines 1482 

mark the estimated spontaneous rate of release events. 1483 

Figure 12 1484 

Vector strength and mean number of spikes per cycle as functions of the cycle number. A-C. 1485 

Data from three spike trains for which the vector strength remains relatively constant across 1486 

cycles while spike rate adapts. D. Data from a spike train for which the vector strength 1487 

decreases over time. E. Data from a spike train for which the vector strength increases over 1488 

time. In A-E, vector strength is plotted only when significant. F. Values of Spearman’s rank 1489 

correlation coefficient ρ computed for each function relating significant vector strength to cycle 1490 

number (as in A-E), plotted as a function of stimulus frequency. 1491 

 1492 

Figure 13 1493 

Recordings of the IHC receptor potential are consistent with a power of 3, but not with a 1494 

power of 1, in the model relationship between the synaptic Ca2+ signal and the rate of release 1495 

events. A. Vector strength as a function of the asymmetry of the output of each model transfer 1496 

function. Color indicates the relative amplitude of the f2 component. The white line represents 1497 

the theoretical relationship in the absence of distortions. B. IHC receptor potential recordings 1498 

from Russell and Sellick (1983, their Figure 1) in response to 300 Hz tone stimuli presented at 1499 

90 (top) and 80 (bottom) dB SPL. C. Top panel shows two cycles of the waveform 1500 

corresponding to the membrane potential of the model if the power were  = 1. Gray lines 1501 

show the waveforms obtained from the histograms within the region marked by the rectangle 1502 

in A, each normalized to its peak value. The red line shows the mean waveform, and the 1503 

dotted red line shows its value at 0 Pa. Bottom panel shows the corresponding waveforms if 1504 

the power were  = 3. D. Transfer functions (gray, red and blue lines) and their operating 1505 

points (white circles) which give rise to the waveforms in C. For  = 3, the transfer functions 1506 

are shallower and the waveforms more sinusoidal than for  = 1. E. Six cycles of the mean 1507 

model waveforms for  = 1 (red line) and  = 3 (blue line) overlaying the center six cycles of 1508 
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the membrane potential recordings (boxed region in B) of Russell and Sellick. The model 1509 

waveforms have been shifted and scaled to match the amplitude of the recordings. The red 1510 

and blue dotted lines mark the outputs of the respective model transfer functions at 0 Pa. The 1511 

white dots mark rough estimates of the output at 0 Pa from the data of Russell and Sellick. 1512 

The function and operating point for  = 3 closely matches the waveform and operating point 1513 

of the recordings of Russell and Sellick, whereas the function for  = 1 has a much sharper 1514 

peak and a much broader trough, and its operating point is too low. 1515 

 1516 

Figure 14 1517 

 Relationship between the exponential transfer functions and pseudotransducer functions. A 1518 

and C. Model IHC receptor potentials estimated from fits to the responses of two ANFs. For 1519 

clarity, the estimated distortions and phase shifts are omitted. B and D. Corresponding 1520 

exponential transfer functions relating the instantaneous model receptor potential to the 1521 

instantaneous pressure. White dots connected by black lines represent pseudotransducer 1522 

functions analogous to those in the literature. 1523 
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