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Signal correlation (rs) is commonly defined as the correlation between the tuning curves of two neurons and is widely used
as a metric of tuning similarity. It is fundamental to how populations of neurons represent stimuli and has been central to
many studies of neural coding. Yet the classic estimate, Pearson’s correlation coefficient, r̂ s, between the average responses of
two neurons to a set of stimuli suffers from confounding biases. The estimate r̂ s can be downwardly biased by trial-to-trial
variability and also upwardly biased by trial-to-trial correlation between neurons, and these biases can hide important aspects
of neural coding. Here we provide analytic results on the source of these biases and explore them for ranges of parameters
that are relevant for electrophysiological experiments. We then provide corrections for these biases that we validate in simu-
lation. Furthermore, we apply these corrected estimators to make the following novel experimental observation in cortical
area MT: pairs of nearby neurons that are strongly tuned for motion direction tend to have high signal correlation, and pairs
that are weakly tuned tend to have low signal correlation. We dismiss a trivial explanation for this and find that an analo-
gous trend holds for orientation tuning in the primary visual cortex. We also consider the potential consequences for encod-
ing whereby the association of signal correlation and tuning strength naturally regularizes the dimensionality of downstream
computations.
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Significance Statement

Fundamental to how cortical neurons encode information about the environment is their functional similarity, that is, the re-
dundancy in what they encode and their shared noise. These properties have been extensively studied theoretically and experi-
mentally throughout the nervous system, but here we show that a common estimator of functional similarity has
confounding biases. We characterize these biases and provide estimators that do not suffer from them. Using our improved
estimators, we demonstrate a novel result, that is, there is a positive relationship between tuning curve similarity and ampli-
tude for nearby neurons in the visual cortical motion area MT. We provide a simple stochastic model explaining this relation-
ship and discuss how it would naturally regularize the dimensionality of neural encoding.

Introduction
Signal and noise correlation are fundamental metrics used widely
by neurophysiologists to measure the relationship between stim-
ulus-evoked responses of pairs of neurons (Cohen and Kohn,

2011). Signal correlation measures how similar the tuning of one
neuron is to that of another across a set of stimuli (Gawne and
Richmond, 1993), whereas noise correlation measures the rela-
tionship between trial-to-trial variability across two neurons.
These metrics are often related—neuron pairs with higher signal
correlation often have higher noise correlation (Lee et al., 1998;
Bair et al., 2001; Averbeck and Lee, 2003; Cohen and Maunsell,
2009; Ecker et al., 2014). Furthermore, the interaction between
signal and noise correlation is important for determining
whether correlation increases or decreases information in popu-
lation codes (Oram et al., 1998; Panzeri et al., 1999; Averbeck et
al., 2006; Lyamzin et al., 2015; but see Moreno-Bote et al., 2014).
By itself, signal correlation is used for functional clustering
(Kiani et al., 2015; Power et al., 2011), measuring invariance
(Nandy et al., 2013; Popovkina et al., 2019), and as a metric of
coding redundancy (Gawne and Richmond, 1993; Gawne et al.,
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1996; Vinje and Gallant, 2000). However, the naive estimator of
signal correlation has two types of bias, described below, that
have not been corrected for in the literature but can lead to arti-
facts or obscure important relationships.

First, signal correlation is biased toward zero by independent
trial-to-trial noise. This bias, mentioned by Gawne and
Richmond (1993), arises when experimental estimates of two
true underlying tuning curves (Fig. 1A, solid lines) are independ-
ently deformed by noise (dashed lines). The estimated relation-
ship between the true tuning curves, for example, a positive
correlation as demonstrated in Figure 1B, will weaken as the esti-
mated means are spread separately along the two response axes
(circles indicate independent spread). This bias is large when
there are too few repeats of each stimulus or when recordings are
excessively noisy. Second, signal correlation is biased toward
noise correlation. Noted by Rothschild et al., (2010); this occurs
when correlated noise induces spurious correlation between esti-
mated tuning curves (Fig. 1C, dashed lines). Here, the trial-to-
trial noise imparts a tilted elliptical distribution (Fig. 1D, ovals),
strengthening the relationship between the estimated means.
This bias can inflate signal correlation and spuriously induce
the frequently reported positive relationship between naive
estimators for signal and noise correlation. Here, we derive
an equation that unifies these two biases, determine under
what conditions the biases substantially influence results,
and demonstrate how to correct the biases using a method
for unbiasing Pearson’s r2 (Pospisil and Bair, 2021).

Using our corrected estimator, we discov-
ered a novel characteristic of neuronal tuning
while reanalyzing data from a study of inter-
neuronal correlation in pairs of simultane-
ously recorded neurons in the cortical
motion area MT (Bair et al., 2001). Area MT
contains a preponderance of direction selec-
tive neurons (Zeki, 1974; Maunsell and van
Essen, 1983; Albright, 1984; Born and
Bradley, 2005), and nearby neurons tend to
prefer the same direction of motion
(Albright, 1984). Nevertheless, considerable
unexplained diversity in signal correlation
exists for neurons recorded at the same loca-
tion in cortex (Bair et al., 2001). We found a
significant positive relationship between sig-
nal correlation and tuning curve modulation:
neuron pairs with higher signal correlation
tended to have tuning curves with higher sig-
nal-to-noise ratios. This relationship would
have been trivial had it been observed using
the downwardly noise-biased r̂2, but our cor-
rected estimator avoids this artifact. Thus,
local diversity in MT tuning decreases
among strongly modulated neurons. This
fundamentally affects our understanding of
the physiological makeup of nearby neurons
within a population as well as our theoretical
estimates of their ability to encode informa-
tion, which will need to factor in a depend-
ence of signal correlation on neuronal
dynamic range and stimulus choice. We dis-
cuss consequences of this result for the
dimensionality of population codes.

Materials and Methods
Stochastic model of neuronal responses. Here

we describe stochastic models used in our
derivations and simulations to generate spike counts for pairs of
neurons responding to simple stimulus ensembles. Our deriva-
tions below and the corrected estimator of signal correlation
(Pospisil and Bair, 2021) assume homoscedasticity, that is, equal
variance of responses across experimental (stimulus) conditions.
In the case of neuronal data, a variance stabilizing transform can
be applied to make this assumption reasonable. For Poisson dis-
tributed spiking, which is a useful approximation to trial-to-trial
variability in neuronal firing, the square root is a variance stabi-
lizing transform. Other variance stabilizing transforms may be
used, for example, the Box-Cox transformation (Box and Cox,
1964), thus from here on, all appropriately transformed responses
are assumed to have equal variance. We modeled the variance sta-
bilized spike counts of neurons X and Y as Xi,j and Y i,j for the pre-
sentation of the jth repeat ðj ¼ 1; ::; nÞ of the ith stimulus
ði ¼ 1; ::;mÞ. Let these random variables be constructed as follows:

Xi;j ¼ ax 1 d xTi;xðrsÞ1s xVi;j;xðrnÞ; (1)

Yi;j ¼ ay 1 d yTi;yðrsÞ1s yVi;j;yðrnÞ; (2)

where Ti;� is the component attributable to tuning curve modula-
tion, that is, the mean response to stimulus i relative to a baseline
offset, a, and Vi;j;� imparts zero-mean trial-to-trial variability (with
the same variance across all stimuli because responses have been
variance stabilized). The parameters d and s set the signal and
noise SD, respectively, and we define their squared ratio, d 2=s 2, to

Figure 1. Simulations using sinusoidal tuning curves provide intuition into the attenuation and inflation of estimated
signal, that is, tuning curve, correlation (̂r s). A, Sinusoidal tuning curves (solid lines, blue and orange) show theoretical
expected value (ti,x and ti,y) for responses of two neurons to repeated stimulation. Their relative phase shift sets a fixed
rs = 0.5. Simulating an experiment, single-trial responses are drawn and averaged for each neuron at each point on the
tuning curves (dots and bars show expected value and variance, open circles indicate the sample mean). Signal correla-
tion is typically estimated across such trial averages (open circles), which often have a lower correlation (here
r̂ s ¼ 0:32) than do the expected values (solid lines). Thus, sample signal correlation is downwardly biased compared
with the correlation between the true tuning curves. B, A schematic distribution of single-trial simultaneous responses
of both neurons plotted against each other. The lack of noise correlation is reflected by the circular contour lines. C,
Simulation showing how signal correlation can be inflated by noise correlation. Here, deviations of the dotted lines
around the means (solid lines) are correlated across the two neurons, that is, at a given x value, both dashed lines often
lie above or below their means. D, Noise correlation is indicated in the joint distribution of simultaneous single-trial
responses by the tilted ellipsoids around expected values. This positive tilt inflates the estimated signal correlation.
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be the neuronal signal-to-noise ratio (SNR), which will be a critical
factor in Results below. The tuning curve modulation is defined as
follows:

Ti;xðrsÞ ¼
ffiffiffiffiffiffijrsj

p
Si 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jrsj

p
Ri;x; (3)

Ti;yðrsÞ ¼ sgnðrsÞ
ffiffiffiffiffiffijrsj

p
Si 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jrsj

p
Ri;y; (4)

where Si is the common signal shared between the neurons, Ri,x and Ri,y
are the uncorrelated signal between neurons, and all are standard normal
distributions, N(0, 1). The parameter rs sets the level of signal correla-
tion, and the sgn() function implements negative signal correlation by
inverting the shared component of tuning. Similarly, the trial-to-trial
variability is defined as follows:

Vi;j;xðrnÞ ¼
ffiffiffiffiffiffiffijrnj

p
Ci;j 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jrnj

p
Ni;j;x; (5)

Vi;j;yðrnÞ ¼ sgnðrnÞ
ffiffiffiffiffiffiffijrnj

p
Ci;j 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jrnj

p
Ni;j;y; (6)

where Ci,j is the common noise, Ni,j,y and Ni,j,x are the independent
noise, and all are standard normal. The parameter rn sets the noise
correlation.

In most cases, we will use a fixed, sinusoidal tuning curve model. In
this case, the tuning curve for neuron X is no longer a function of rs, it is
simply a cosine as in the following:

ti;x ¼ Ti;x ¼ cosðu iÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
i¼1

cosðu iÞ2
s ; (7)

where

u i ¼ ði� 1Þ
m

2p ; (8)

and the denominator normalizes the length of the tuning vector. The
tuning curve for neuron Y is simply phase shifted to achieve the desired
value of rs as follows:

ti;yðrsÞ ¼ Ti;yðrsÞ ¼ cosðu i 1 arccosðrsÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
i¼1

cosðu i 1 arccosðrsÞÞ2
s : (9)

Sample correlation and SNR estimates. Given two sets of responses
for two neurons, Xi,j and Y i,j, form stimuli and n repeats, the typical esti-
mators, r̂s and r̂n, for signal and noise correlation based on Pearson’s r
value are the following:

r̂ s ¼

Xm
i¼1

ð�Xi;� � �X �;�Þð�Yi;� � �Y �;�ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
i¼1

ð�Xi;� � �X �;�Þ2
Xm
i¼1

ð�Yi;� � �Y �;�Þ2
s ; (10)

r̂n ¼ 1
m

Xm
i¼1

Xn
j¼1

ðXi;j � �X �;jÞðYi;j � �Y �;jÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
j¼1

ðXi;j � �X �;jÞ2
Xn
j¼1

ðYi;j � �Y �;jÞ2
s ; (11)

where the overbar indicates the mean of the indicated variable computed
over all values of each subscript that has been replaced by a dot. For exam-
ple, �X �;� is the grand average over all repeats of all stimuli for neuron X.

For a single neuron, the SNR can be estimated as follows:

SNR ¼

1
m

Xm
i¼1

ð�Xi;� � �X �;�Þ2

ŝ 2 ; (12)

where the estimate of trial-to-trial variability, ŝ 2, is the sample variance
across repeats of identical stimuli, averaged across all distinct stimuli.
The SNR for a pair of neurons is defined as the geometric mean between
individual SNRs.

Simulation of correlation between signal and noise correlation. To
model a relationship between signal and noise correlation, we assume
that zn and zs, the Fisher z transformations, z ¼ 1

2 ln½ð11rÞ=ð1� rÞ�, of
signal and noise correlation, respectively, are bivariate normal random
variables as follows:

zn;Nðmn;s nÞ; zs;Nðms;s sÞ
Corrðzn; zsÞ ¼ rNS:

(13)

We use the inverse Fisher transformation to ensure that the support of
rn and rs is in [–1, 1]. The correlation of zn and zs, rNS will give similar
values to correlating rn and rs, especially if the bulk of the distribution is
in [–0.7, 0.7]. The transformed correlation zn and zs, a Fisher’s z is a var-
iance stabilizing transform, will have the advantage of asymptotically
known and equal variance across different levels of correlation. The esti-
mate r̂NS is Pearson’s correlation coefficient between the Fisher trans-
formed estimates of signal and noise correlation, respectively ẑ s and ẑn,
across a sample of neurons.

Signal correlation estimate for random stimuli. The calculation of the
asymptotic value of signal correlation (as m ! 1) is straightforward in
the case where stimuli are considered random. It is the correlation
between �Xi;� and �Yi;� (using the dot notation of Equation 10) in the
following:

r̂ s !m d xd yrs 1s xs yrn=nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd 2

x 1s 2
x=nÞðd 2

y 1s 2
y=nÞ

q : (14)

With the simplifying assumption that the dynamic ranges and noise
amplitudes are the same for each neuron, that is, d x ¼ d y ¼ d and
s x ¼ s y ¼ s , the above can be reduced to the following:

r̂ s !m d 2rs 1s 2rn=n

d 2 1s 2=n
: (15)

This can be rewritten in terms of the product of n and the SNR, defined
above as d 2=s 2, by defining l ¼ nd 2=s 2 as in the following:

r̂ s !m rs 1 rn=l
11 1=l

: (16)

Signal correlation estimate for fixed stimuli. The derivation of the
asymptotic value of signal correlation is more complex in the case
of fixed stimuli. We take the approach of separately calculating the
expected value of the numerator and denominator of estimated
signal correlation (Equation 10) then taking the ratio as an approx-
imation to the expected value of estimated signal correlation. For
reference, we note the following relevant moments, which follow
from the definitions above:

E½�Xi;� � ax� ¼ ti;x; E½�Yi;� � ay� ¼ ti;y; Var½�Yi;�� ¼ s 2
y=n; Var½�Xi;��

¼ s 2
x=n; Corr½�Yi;�; �Xi;�� ¼ rn: (17)

Now consider the numerator of estimated signal correlation, the
sample covariance between �Xi;� and �Yi;� as follows:
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E
Xm
i¼1

ð�Xi;� � axÞð�Yi;� � ayÞ
" #

¼
Xm
i¼1

E ð�Xi;� � axÞð�Yi;� � ayÞ
� �

¼
Xm
i¼1

�
Cov½ð�Xi;� � axÞ; ð�Yi;� � ayÞ�1E½�Xi;� � ax�E½�Yi;� � ay�

�

¼ m
s xs yrn

n
1
Xm
i¼1

ti;xti;y; (18)

thus we see the numerator is increasing in rn similarly to the random
stimuli case (Equation 16).

For the denominator of the sample signal correlation, we consider
the product of the sample variances of �Xi;� and �Yi;� as follows:

E
Xm
i¼1

ð�Xi;� � axÞ2
Xm
i¼1

ð�Yi;� � ayÞ2
" #

¼ Cov
Xm
i¼1

ð�Xi;� � axÞ2;
Xm
i¼1

ð�Yi;� � ayÞ2
" #

1E
Xm
i¼1

ð�Xi;� � axÞ2
" #

E
Xm
i¼1

ð�Yi;� � ayÞ2Þ
" #

: (19)

We first find E
Xm
i¼1

ð�Xi;� � axÞ2
" #

and E
Xm
i¼1

ð�Yi;� � ayÞ2Þ
" #

as
follows:

E
Xm
i¼1

ð�Xi;� � axÞ2
" #

¼
Xm
i¼1

E½ð�Xi;� � axÞ2� ¼
Xm
i¼1

E½ð�Xi;� � axÞ�2

1
Xm
i¼1

Var½ð�Xi;� � axÞ�2 ¼
Xm
i¼1

t2i;x 1m
s 2

x

n
; (20)

and similarly, the following:

E
Xm
i¼1

ð�Yi;� � ayÞ2
" #

¼
Xm
i¼1

t2i;y 1m
s 2

y

n
: (21)

For Cov½
Xm
i¼1

ð�Xi;� � axÞ2;
Xm
i¼1

ð�Yi9;� � ayÞ2� we note that only when

i = i9 the terms in the two sums depend on each other, and thus we can
move the summation out of the covariance as follows:

Cov
Xm
i¼1

ð�Xi;� � axÞ2;
Xm
i¼1

ð�Yi9;� � ayÞ2Þ
" #

¼
Xm
i¼1

Cov½ð�Xi;� � axÞ2; ð�Yi;� � ayÞ2�: (22)

We then make use of the fact that for a bivariate normal we have the
following:

Cov½X2;Y2� ¼ 4mxmyrs xs y 1 2r 2s 2
xs

2
y : (23)

Thus the sum of covariance terms in the denominator is as follows:

Xm
i¼1

Cov½ð�Xi;� � axÞ2; ð�Yi;� � ayÞ2� ¼ 4rn
s xs y

n

Xm
i¼1

ti;xti;y

1 2m rn
s xs y

n

� �2

: (24)

Summing the covariance and product of expected values together, we
obtain the following:

E
Xm
i¼1

ð�Xi;� � axÞ2
Xm
i¼1

ð�Yi;� � ayÞ2
" #

¼ 4rn
s xs y

n

Xm
i¼1

ti;xti;y

12m rn
s xs y

n

� �2

1
Xm
i¼1

t2i;x 1m
s 2

x

n

 ! Xm
i¼1

t2i;y 1m
s 2

y

n

 !
: (25)

Thus, our approximation of the expected value as the ratio of the
expected values of the numerator and denominator of r̂s in the case of
fixed stimuli is the following:

E½̂r s� �
Xm
i¼1

ti;xti;y 1m sxs yrn
nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4rn
sxs y

n

Xm
i¼1

ti;xti;y12mðrn sxs y

n Þ21
Xm
i¼1

t2i;x1m s2
x
n

 ! Xm
i¼1

t2i;y1m
s2
y

n

 !vuut
;

(26)

where as a last approximation, we take the expected value of the square
root of the denominator to be the square root of the expected value of
the denominator. This approximation improves with m and provides
insight into the relative contributions of the parameters of the two neu-
rons, but it is not used as an estimator, thus its bias does not have an
impact on our results.

Electrophysiological data.We reanalyzed data taken from a previ-
ous electrophysiological study in which pairs of neurons were iso-
lated and recorded on a single electrode in two awake, fixating
macaques (Zohary et al., 1994; Bair et al., 2001). Specifically, we
reexamine the data for eight-point direction tuning curves in
response to coherently moving dots for 81 pairs of MT neurons.
For a detailed description of the visual stimuli, electrophysiologi-
cal methods, and dataset, see Bair et al. (2001).

We also analyzed the publicly available data (http://dx.doi.org/
10.6080/K0NC5Z4X) from V1 of anesthetized macaque monkeys. This
dataset includes the spiking activity from three monkeys (n = 106, 88,
and 112 single- and multiunit recordings) in response to drifting sinu-
soidal gratings across 12 directions (1.28 s presentation).

In addition, we analyzed simultaneously recorded responses from
the awake mouse (A detailed description can be found at http://
observatory.brain-map.org/visualcoding/). In the analyses here, we
examined single-unit spiking activity from 75 neurons recorded in VISp
of mouse visual cortex in response to a set of 118 natural images. Each
natural image was presented for 0.25 s in random order with no inter-
vening blank to achieve ;50 repeats. For details of electrodes and spike
sorting, see the Allen Brain Observatory website (http://observatory.
brain-map.org/visualcoding/).

Experimental design and statistical analysis. For experimental design
please see above, Electrophysiological data and the original publications
(Zohary et al., 1994; Bair et al., 2001). All statistical tests (Figs. 10, 12) are
Spearman’s rank-order r value two-tailed t tests (Zwillinger and
Kokoska, 2000) as implemented in SciPy (Virtanen et al., 2020).

Data availability. Code for calculating estimates of r̂2ER and associ-
ated confidence intervals (CIs) are available at https://github.com/
deanpospisil/er_est.

Results
Our results are organized into five sections. First, we describe
analytically the origin of the biases in signal correlation, and sec-
ond, we describe how to correct for these biases. Third, we exam-
ine how the correlation between signal and noise correlation can
become inflated spuriously. Fourth, we demonstrate the presence
of these confounds in the analysis of neuronal data. Finally, we
describe a novel result obtained by using an unbiased estimator
of signal correlation.
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Signal correlation confounds
The de facto estimators of signal (̂rs) and
noise correlation (̂rn) suffer from the
following two confounds: (1) r̂s can be
downwardly biased by trial-to-trial
variability (Fig. 1, top row panels A
and B), and (2) r̂s can be upwardly bi-
ased by rn (Fig. 1, bottom row panels C
and D) and can create a spurious positive
relationship between r̂s and r̂n (Equations
10, 11).

Here we describe the analytic rela-
tionship between the typical estimator,
r̂s, of signal correlation and three con-
founding factors: noise correlation, rn;
the number of repeats, n, of each stim-
ulus; and the SNR (defined above in
Material and Methods, and below).
These results assume stimuli are ran-
domly sampled from an ensemble, but
the case of a fixed set of stimuli is simi-
lar (see above, Signal correlation esti-
mate for fixed stimuli). As the number
of stimuli, m, becomes large, the esti-
mator r̂s converges to the correlation
between �Xi;� and �Y i;� (the observed
mean firing rates for neurons X and Y
across all stimuli, i ¼ 1; :::;m), which
is,

r̂ s !m rs 1 rn=l
11 1=l

; (27)

where l ¼ nd 2=s 2 is the product of the SNR, d 2=s 2, and the
number of repeats, n (see the derivation of Equation 16 in
Materials and Methods, Signal correlation estimate for fixed
stimuli). Importantly, the estimator does not converge to the
true rs asm increases; however, as l increases, for example, with
greater n or higher SNR, the estimator approaches the true rs. As
l decreases, the estimator is increasingly biased toward rn, which
can be an upward or downward bias depending on the rela-
tive values of rs and rn. Specifically, if rn,rs, it will be a
downward bias, and if rn.rs, it will be an upward bias.

The nature of this bias is depicted in Figure 2, which plots r̂s
as a function of the true noise correlation, rn, for several values of
rs (columns), number of repeats n (rows), and noise levels (high-
est noise is purple). When rs ¼ 0 (top left), the lines should be
flat at 0, but instead are biased toward rn (they have a positive
slope) by an amount proportional to rn. The higher the noise, the
larger the bias (steeper slopes). Increasing n (going down the left
column of Fig. 2) decreases the slope, as does increasing the SNR
(going from purple to yellow; Equation 16). For higher values of
rs (middle and right columns), the same curves from the left col-
umn are simply translated so that the point of intersection (the
only nonbiased point) slides rightward up the main diagonal to
rn ¼ rs. When signal and noise correlation are equal, there is no
bias at any noise level. In summary, r̂s is biased away from the
true rs and toward rn, and this bias becomes substantial for low
numbers of repeats and when tuning curve modulation is weak
relative to trial-to-trial noise. It cannot be overcome by increas-
ing the number of stimuli,m. We now propose and validate a so-
lution to these biases.

Corrected estimator of signal correlation
A simple strategy to remove the bias toward rn is to com-
pute rs based on repeats that are not recorded simultane-
ously. After all, rs is a measure of tuning curve similarity,
and tuning curves for different neurons do not have to be
acquired at the same time. Specifically, the estimated tuning
curves from the odd repeats for one neuron and those from
the even repeats for the other can be used to measure r̂sð1Þ
and vice versa for r̂sð2Þ, then the two estimates can be aver-
aged. This estimator has the benefit that one can now seek
to determine whether signal and noise correlation is in fact
related across neurons in the absence of this otherwise
built-in bias toward noise correlation.

The above strategy means that rn is now zero, thus leaving r̂s
(or r̂split) with a bias toward zero that increases with noise as
follows:

r̂ s !m rs
11 2=l

; (28)

where the factor of 2 in the denominator reflects that n has
been cut in half. To remove this bias toward 0, we use the
estimator r̂2ER of Pospisil and Bair (2021), which estimates
the correlation between the true tuning curves of the two
neurons (Fig. 1A, solid blue and orange traces). More for-
mally, it estimates the r2 between the expected values of the
responses of the two neurons, ti,x and ti,y (Equations 7, 9).
This quantity, r2ER, is the explained fraction of variance of
the expected response (ER) as follows:

Figure 2. Analytically derived relationship between typical estimators of signal (rs) and noise correlation (rn) for electro-
physiologically plausible parameters. The asymptotic value of r̂ s is plotted as a function of noise correlation, rn (see above,
Results, Signal correlation confounds, Equation 16). Number of stimulus repeats, n, increases from top to bottom. True signal
correlation, rs, increases from left to right. Line color indicates SNR level. Trial-to-trial variability is fixed to s 2 = 0.25. Any
deviation from a horizontal line (with intercept equal to rs) indicates a confounded relationship between r̂ s and r̂n, and
larger slopes indicate stronger biases.
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r2ER ¼

 Xm
i¼1

ðti;x ��t �;xÞðti;y ��t �;yÞ
!2

Xm
i¼1

ðti;x ��t �;xÞ2
Xm
i¼1

ðti;y ��t �;yÞ2
: (29)

Whereas the naive r2 is heavily biased downward by trial-to-
trial variability, r̂2ER converges to the true r2ER as the number of
stimulim ! 1. For finitem, r̂2ER has little bias relative to r

2 (Fig.
3 shows validation on simulated data). We make a small modifi-
cation to r̂2ER to account for noise correlation by performing the
same splitting procedure proposed above and call this estimator
r̂2ERsplit

.
Correction for the attenuation of correlation coefficients by

measurement error has received considerable attention from
fields outside neuroscience (Thouless, 1939; Beaton et al., 1979;
Rosner and Willett, 1988; Adolph and Hardin, 2007). The most
popular correction is given in Spearman (1904). An additional
correction for noise correlation is given in Saccenti et al. (2020).
Rothschild et al. (2010) to our knowledge are the first to recog-
nize the confound of noise correlation inflating r̂NS (the correla-
tion between signal and noise correlation; Equation 13) and
provide an estimate of signal correlation to account for this.
The statistical properties of this potentially useful estimator
are not well studied (e.g., bias, variance and asymptotic

properties) and it is not clear how to
extend it to account for the downward bias
of trial-to-trial variability. In this article we
use trial splitting to remove the effect of
noise correlation for its simplicity and r̂2ER
because we have studied its statistical prop-
erties (Pospisil and Bair, 2021) and have
provided validated confidence intervals,
which prior methods lack. We next validate
our estimators across a range of typical ex-
perimental parameters.

In Figure 3 (top left) we plot the esti-
mated signal correlation squared as a func-
tion of the true signal correlation squared
(r2s ) in the case where there is no noise corre-
lation (rn ¼ 0), and SNR is low (0.1). We
evaluate the estimator at five levels of true sig-
nal correlation (r2s ¼ ½0; 0:25; 0:5; 0:75; 1�).
The naive estimator (blue) shows a strong
downward bias, where, for example, when
r2s ¼ 1 the average r̂2 is,0.25. Thus two neu-
rons with identical tuning would be reported
as having little shared tuning. When the split-
trial estimator, r̂split, is applied (orange) the
downward bias is stronger because correlation
is being estimated across fewer repeats. On
the other hand, r̂2ER (green trace) on average
estimates the true value (green trace lies on
diagonal), although it is highly variable
because of low SNR (vertical bars indicate
SD). For example when r2s ¼ 1, the average
r̂2ER is 1.01, although SD is 0.12. The slight
overestimation is the result of the low SNR
(Pospisil and Bair, 2021). Estimates could
be truncated to remove impossible values of
correlation (rs . 1), but this would intro-
duce an even greater downward bias. The
split-trial version of this estimator, r̂2ERsplit

,
shows slightly worse performance where it overestimates (aver-
age r̂2ERsplit

¼ 1:1 when r2s ¼ 1) because the estimate over fewer
repeats essentially has lower SNR.

When noise correlation is introduced (Fig. 3, top middle, rn =
0.25) we observe the expected increase in r̂2s (blue trace is higher
than in left column) as it is now biased toward 0.252 rather than
0. This naive estimator gets closer to the true value but only
because it is being spuriously inflated. Importantly, r̂2split does not
change across columns (orange traces remain identical), demon-
strating its immunity to noise correlation. Applying r̂2ER without
splitting trials creates a large upward bias (green trace above di-
agonal) because its underlying assumption of independent trial-
to-trial variability is violated when rn = 0. Whereas, r̂2ERsplit

(red
trace), like r̂2split is not influenced by rn (red trace same across col-
umns) because the assumption of independent noise is correct
across split trials. The differences among estimators described
for the top row in Figure 3 are similar but progressively dimin-
ished as SNR increases for the middle (SNR = 0.5) and lower
(SNR = 1.0) rows as all curves move toward the diagonal.
Overall, r̂2ERsplit

(red) shows the least bias, upward or downward,
of the estimators of signal correlation considered here.

One disadvantage of r̂2ERsplit
is that it tends to be more variable

than r̂s. This is one justification for using r̂s, split or not, when a
relative comparison is more important than absolute accuracy.
This can be the case in estimating rNS, where preserving

Figure 3. Simulation-based comparison of signal correlation estimators under varying degrees of SNR, noise correla-
tion, and true signal correlation. The estimators are the naive measure of signal correlation r̂ 2 (blue), the split-trial ver-
sion r̂ 2split (orange), the corrected version of r̂

2 from Pospisil and Bair (2021): r̂2ER (green), and the split version of this
estimator r̂2ERsplit (red). There are m = 500 stimuli and n = 8 repeats. In general, positive noise correlation inflates estima-
tors that do not split trials (blue and green), but split estimators remove this (orange and red); whereas noise attenuates
naive estimators (blue and orange), but ER estimators overcome this (green and red). As SNR increases down each col-
umn, all estimators begin to approach the true signal correlation, and variability of the estimators is reduced.
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appropriate ordering on the rs values (as opposed to achieving an
unbiased mean estimate) reduces the downward bias associated
with sampling variability (discussed below). Thus, in our results
on estimation of rNS, we use r̂s.

Spurious correlation between signal and noise correlation
The inflation of r̂s by rn can lead to a spurious positive relation-
ship between the estimators r̂s and r̂n. A positive relationship
between signal and noise correlation has been observed across
many experiments and is important to the theory of neural pop-
ulation coding. Thus, it is critical to ensure it is not a spurious
relationship. Here we perform a series of simulations where the
correlation between r̂s and r̂n is measured across a population of
neurons, evaluate the severity of the confound for the classic esti-
mators, and then validate that the split-trial estimator removes
the confound.

An example of a simulation where a spurious relation
between r̂s and r̂n is induced is shown in Figure 4. We begin by
drawing the true signal and noise correlation between 50 pairs of
neurons from a bivariate normal distribution so that rs and rn are
independent (Fig. 4A). We set the SNR to be low (0.1), the condi-
tion under which rn has the greatest influence on r̂s. Indeed,
when we simulate the responses from the pairs of neurons and
plot the naive signal correlation estimate against the true noise
correlation (Fig. 4B), there is a substantial correlation, 0.42, de-
spite there being no relationship between the true rs and rn. This
is because r̂s is biased toward rn (Equation 16); the average slope
of this relationship (as calculated in Equation 26) is plotted for
reference in Figure 4B (gray line). The relationship is not very
tight in part because r̂s is a variable estimate. This variability is
reflected in the weak relationship between the estimated r̂s and
the true rs (Fig. 4C), which is further weakened by the perturba-
tion of rn. The estimate of rn; r̂n, is not as biased as r̂s but is
nevertheless variable (Fig. 4D). Finally when plotting r̂s against
r̂n (Fig. 4E), there is a relationship between the estimators
(̂rNS ¼ 0:38) that does not exist between the true parameters.

Alternatively, because the estimates r̂s and r̂n are themselves
noisy, there can be an underestimation of rNS. This is similar to
the downward bias in r̂s. We present an example of this in
Figure 5 where we set the true correlation between signal and
noise correlation rNS ¼ 0:8 across the population (Fig. 5A), and
we set SNR to be high so there is little influence of noise correla-
tion on signal correlation. In this case, the relationship between
r̂s and rn is strong (Fig. 5B), not because of the influence of rn
(small slope of gray line implies weak influence) but because

there is a true underlying relationship. Yet both estimators are
noisy (Fig. 5C,D estimates are scattered about the diagonal), thus
the observed correlation between the estimators, r̂NS ¼ 0:54
(Fig. 5E), undershoots the true value, 0.8. These demonstrations
show that r̂NS can suffer from both an upward and downward
bias. Below we outline the parameter ranges where these biases
remain and show how a split-trial estimator removes the upward
but not downward bias.

We performed simulations like those in Figures 4 and 5 over
a wide range of the key parameters n, m, and SNR and plotted
r̂NS for each simulated population of pairs using the classical r̂s
(Fig. 6, solid traces) and the split-trial estimator r̂split (Fig. 6,
dashed traces). First, we set SNR far higher than any observed in
our neural data so that the confound of noise correlation on sig-
nal correlation is weak (Fig. 6A). When rNS ¼ 0, the estimator
lies close to zero (light blue trace), confirming the inability of
noise correlation to substantially inflate signal correlation at a
very high SNR. Yet for all other levels of correlation, rNS is
underestimated inversely proportional to m (blue, purple, and
pink traces increase with m to true values). This is because the
variability of both r̂s and r̂n are inversely proportional to the
number of stimuli m, thus with higher m there is less sampling
noise corrupting the correlation between r̂s and r̂n across the
population. In the case where SNR is low (Fig. 6B), r̂NS is system-
atically biased for all levels of correlation (solid lines), including
rNS = 0. Here, the low SNR allows rn to inflate r̂s, and increasing
m reduces the ability of sampling noise to attenuate this effect.
Employing the split-trial estimator (Fig. 6B, dashed lines)
removes the effect of noise correlation, and r̂NS converges to the
true value, whereas the classic estimator (dashed lines) does not.
As a function of number of repeats n (Fig. 6C), for lower rNS (0
and 0.25), the split-trial estimator converges more quickly to the
true value with increasing n (compare cyan and blue solid traces
to dashed). For higher rNS, inflation by noise correlation balances
out attenuation by variability, thus r̂NSis closer to the true value.
The effect of increasing SNR (Fig. 6D) is largely equivalent to
that of increasing n because both shrink the effect of trial-to-trial
variability. At all levels of correlation (separate traces), the esti-
mated correlation between signal and noise correlation decrease
as SNR increases (solid lines). Using r̂split (dashed lines) there is
no longer a decrease, instead there is a rise with SNR.

In summary, split-trial estimation of signal correlation
removes the upward bias of r̂NS that is caused by nonzero values
of rn and is most severe for low n and low SNR. Surprisingly,
increasing the number of stimuli (using higher m) can increase

A B C D E

Figure 4. A simulation elucidating the inflating effect of noise correlation on the estimate of rNS (Equation 13). A, The true signal and noise correlation (z transformed) for neuronal pairs are
randomly sampled from a bivariate normal distribution with correlation 0. The moments of the z transformed distribution of rs are s = 0.5 and m = 0.5. The moments of rn are s = 0.3,
m = 0.1. The SNR of all neurons is low (SNR = 0.1). B, Estimates of signal correlation have a noisy linear relationship to rn (Equation 26, corresponding roughly to top row, middle, purple trace,
Fig. 2) despite there being no relationship between the true parameters. C, Estimated signal correlation (y axis) has little relation to true signal correlation (x axis) because of low SNR and the
influence of noise correlation. D, Noise correlation estimates (y axis) are themselves noisy, thus there is an imperfect relationship with true noise correlation (x axis) across the population and
the estimate. E, Overall, there is a significant correlation between the simulated experimental estimates of signal and noise correlation, despite there being no true correlation between the pa-
rameters being estimated (compare to A). The correlation is lower than that of r̂ s and rn (see B) because of variability in r̂n.
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the spurious, upward bias by reducing sampling variability of r̂s
and r̂n, which would otherwise have counteracted the bias.

Demonstration of confounds in neural data
We have demonstrated the confounds of signal correlation both
theoretically and in simulation. Here we demonstrate these con-
founds in neural data. We first examine the downward bias of
signal correlation caused by trial-to-trial variability and then the
inflation of r̂NS.

To demonstrate the effect of trial-to-trial variability in attenu-
ating r̂2 and the efficacy of r̂2ER to correct this bias, we estimate
the correlation between tuning curves computed from the odd
stimulus repeats and those computed from the even repeats for
the same neuron. In this case, the signal correlation is 1 by defi-
nition because the expected value of the response to each stimu-
lus is the same across repeats. In Figure 7A we plot r̂2 between
the even-repeat and odd-repeat direction tuning curves for 81
MT neurons as a function of SNR. The positive relationship
(Spearman’s rank-order r = 0.91, p �0.001) is consistent with
the theoretical curves in Figure 3 (left column, where rn = 0)
where the values of the blue traces at r2s ¼ 1 increase with SNR
(moving down the column). Thus, although the underlying sig-
nal correlation is 1, the classic estimator is well below 1 for the
many MT neurons that have low SNR. When r̂2ER is applied to
the same responses, it on average corrects for the bias (Fig. 7B);
the points now cluster around the horizontal line at 1
(Spearman’s rank-order r = �0.16, p = 0.16, two-tailed t test). In
summary, for units with low SNR in this dataset, the signal corre-
lation is underestimated, and the estimator r̂2ER corrects this bias.

Next, we demonstrate the effect of noise correlation inflating
r̂NS in neural data and its relation to the number of repeats, n. To
reveal the influence of noise correlation on r̂NS, we measure r̂s
using tuning curves computed from nonsimultaneous trials
(split-trial condition; Fig. 8) and compare this to the same-trial
condition where simultaneous trials are used. In the split-trial
condition, noise correlation effectively has no influence because
the trials are not simultaneous. Estimated noise correlation, r̂n,
was computed across all trials. Figure 8A shows that same-trial
estimates of r̂NS (solid trace) are consistently higher than split-
trial estimates (dashed trace). The estimates converge as n
increases (although the change in n is limited here), consistent
with the simulations in Figure 6C. The inflation of r̂NS is modest
relative to the strength of the correlation itself; nevertheless, this
demonstrates that the effect occurs in neural data even when the
SNR is relatively high. We next consider a lower SNR dataset.

In a previous comparison of SNRs across datasets (Pospisil
and Bair, 2020), we observed that the SNR of the Allen Institute
Neuropixel recordings from area VISp of mouse visual cortex
was substantially lower than that of the MT data analyzed here
(respective median SNRs = 0.16 and 4.0). We repeated the above
analysis with this lower SNR dataset and again found that r̂NS for
the same-trial condition was higher than that for the split-trial
condition (Fig. 8B). Consistent with simulations in Figure 6D,
the difference in the split- versus same-trial conditions was much
greater in the lower SNR case. Thus, we have shown in neural
data that the influence of noise correlation on r̂NS, when it is not
accounted for by using nonsimultaneous trials to compute r̂s,
can vary greatly depending on SNR. Comparing the two methods
of estimation as demonstrated here can help experimentalists

A B C D E

Figure 5. A simulation demonstrating the attenuating effect of noise on the estimate of rNS. The moments of the z transformed distribution of rs are s = 0.5 and m = 0.5. The moments of
rn are s = 0.3, m = 0.1. The SNR of the neurons are higher here (SNR = 1) than in the previous figure. A, Here the true rn and rs are jointly distributed to have a strong correlation (0.8). B,
Signal correlation estimates (y axis) have a strong linear relationship to rn (Equation 26, corresponding roughly to row 1, column 2, orange trace of Fig. 2), yet this is not the result of the spuri-
ous correlation in Figure 3: the gray line shows the theoretically predicted linear relationship is weak compared with the relationship in the data points. C, Signal correlation estimates have a
strong relation to true signal correlation because of high SNR and corresponding lack of influence of noise correlation. D, Estimates of noise correlation are as noisy as Figure 3 as SNR does not
reduce variance in the estimate r̂n. E, Overall, there is a significant correlation of the estimates, although far lower than the true correlation. Thus, in addition to inflation, there can be attenua-
tion in estimating rNS.

A B C D

Figure 6. Simulation of experiment estimating rNS (Equation 13) as a function of m, n, and SNR. Default values of simulation are: m = 100, n = 10, and SNR = 0.1. Solid lines show r̂NS
using the naive estimator of signal correlation, and dashed lines show the split-trial estimator. A, Average r̂NS as a function of number of stimuli (m). We set SNR high to reduce the bias of sig-
nal correlation by noise correlation. B, Average r̂NS as function of number of stimuli (m) when SNR is low. C, Average r̂NS as function of number of repeats (n). D, Average r̂NS as function of
SNR.
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assess the magnitude of this confound and determine a range
that is likely to include the true value. Some prior work has found
little noise correlation among neurons (Ecker et al., 2010); in
cases where noise correlation is zero, splitting trials would not be
needed.

See below, Discussion, in which we cover a variety of
examples where controlling for SNR could potentially make
a difference in the scientific conclusions of published
studies.

Novel relationship between tuning strength and signal
correlation in area MT
Applying the improved estimators described above, we reana-
lyzed direction-tuning data from a study of signal and noise cor-
relation in simultaneously recorded pairs of well-isolated MT
neurons in awake macaques (Zohary et al., 1994; Bair et al.,
2001). The dataset from these studies showed wide variation in
r̂s (Bair et al., 2001, their Fig. 2A), indicating a diversity of tuning
across pairs of neurons recorded from a single electrode tip. This
was the case despite the expectation that nearby MT neurons
should have similar direction tuning (Albright et al., 1984; Born
and Bradley, 2005). We used the estimators developed in the pre-
vious section to understand what factors might have contributed
to the variation in signal correlation.

Low r̂s between a pair of neurons could happen in the follow-
ing two completely distinct ways: (1) trial-to-trial noise in low
SNR neurons attenuates signal correlation by corrupting the abil-
ity to measure the true tuning curve (as demonstrated in Fig.
7A), or (2) there is systematic deviation between the true under-
lying tuning curves. With the naive estimator of signal correla-
tion, these two hypotheses cannot be disambiguated, but with
the corrected estimator r̂2ER they can (Fig. 7B shows the ability of
our estimator to remove what might have been considered an in-
evitable trend). Below we apply our estimator to neuron pairs
with SNR high enough to accurately infer the correlation
between the true tuning curves to show that the second option,
systematic deviation, is common. Surprisingly, we find it is spe-
cifically neuron pairs with lower SNR, although still robustly
modulated, that have strong systematic differences between their

tuning curves, a finding that would be confounded had the naive
estimate of signal correlation been used.

We begin by giving insight into our results on the basis of
tuning curves for representative pairs of neurons. The direction-
tuning curves for a pair of MT neurons are plotted in the top left
panel A of Figure 9. Both neurons were strongly modulated by
the stimulus (geometric mean SNR = 18.66) and have the same
preferred direction (orange and blue curves both peak near 2708)
and similar classic single-cycle sinusoidal tuning profiles. The
similarity in tuning is reflected unambiguously by the high
r̂2ER ¼ 0:97 with a narrow confidence interval (0.9, 0.97). This
pair and the other examples in Figure 9A–D demonstrate a trend
whereby strongly modulated pairs of neurons (joint SNR. 15 in
all cases) tended to also have a high signal correlation and sinu-
soidal tuning curves. On the other hand, pairs that had low joint
SNR (Fig. 9F–G, geometric mean SNR ,6 in all cases) tended to
have low r̂2ER values and each included at least one neuron that
deviated substantially from sinusoidal tuning (blue curves indi-
cate the more weakly tuned neuron). Importantly, the low signal
correlation is not a trivial result of noisy data; r̂2ER takes into
account the low SNR, and the confidence intervals are narrow.

To quantitatively test whether more strongly stimulus-modu-
lated pairs tended to have more closely matched tuning curves,
we examined the relationship between SNR and r2ER across the
population of MT pairs. We plotted estimates of these values
against each other (Fig. 10) for pairs with narrow confidence
intervals (CI , 0.25) and found a positive relationship between
joint SNR and signal correlation (Spearman’s rank-order r =
0.40, p = 0.005, two-tailed t test). Thus, when one or both of the
neurons in a pair are not well driven by the stimuli, the tuning
curves of the pair tend to be less correlated. This relationship
would have been confounded had we used the naive r̂2,
because noise would trivially reduce correlation, but the cor-
rected estimator, r̂2ER, gives confidence that the relationship
is intrinsic to the pattern of tuning of neurons simultane-
ously recorded on a single electrode. Notable exceptions to
this relationship, for example, the blue point closest to top
left (Fig. 10), include pairs that are poorly tuned for direction
but still have very similar tuning curves. Such exceptions

Figure 7. Demonstration of attenuation of signal correlation by trial-to-trial variability
and its correction by r2ER in MT data from Zohary et al. (1994). For each neuron, responses
from odd trials are correlated with those from even trials, so the theoretical true signal corre-
lation is 1. A, Naive r2 estimate for 81 area MT neurons, 8 stimulus conditions, and 10
repeats in total, thus 5 repeats for the estimate of r2 across odd-even trials. B, Same as A
except using estimator r̂2ER and 90% confidence intervals shown as gray vertical lines.

Figure 8. Demonstration of inflation of r̂NS by noise correlation in neural data. Each point
on a trace is an average of 1000 simulations where 2 � n trials (x axis) are randomly
sampled without replacement from the original data. In the split-trial simulations (dashed),
signal correlation is estimated by correlating the odd trials from the first neuron to the even
trials of the second then vice versa, taking an average of the two estimates, and finally aver-
aging across all simulations. Same trial estimates (solid trace) are similar but even and odd
trials from the first neuron are respectively correlated to the even and odd trials from the
second neuron. For both, noise correlation is estimated using all n randomly sampled trials.
A, Simulations from MT data. B, Simulations from Allen Brain Observatory VISp data (http://
observatory.brain-map.org/visualcoding/).
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demonstrate that the relationship is not inevitable, that is,
that low SNR neurons could have had high signal correlation.
Thus, consistent with the example pairs in Figure 9, the neu-
rons that are not well tuned for the moving dot stimuli pro-
duce low signal correlation values.

We also used r̂2ERsplit
, but its estimates were nearly identical to

those in Figure 10 (Pearson’s r = 1.0), and the increase in CI length
excluded many pairs by our criterion (leaving only 29 of the origi-
nal 48). The relationship between r̂2ERsplit

and SNR had Spearman’s
r = 0.4, but the p value, p = 0.027, was higher than that of Figure
10, p = 0.005, because of the lower number of pairs.

To demonstrate that the SNR-rs relationship is not a trivial
result of trial-to-trial variability, we conducted stochastic simula-
tions of a concrete population of pairs of nearby cortical neurons.
First, consider the simple scenario in which all MT neurons have
sinusoidal direction-tuning curves, and only the amplitude and
phase (i.e., preferred direction) can vary. Here we do not induce

noise correlation. Figure 11A (left) shows example tuning curves
drawn from a uniform distribution of tuning curve amplitudes
and preferred directions that are chosen independently, with pre-
ferred direction limited to a narrow range (180

�
645

�
), consistent

with cortical columnar organization (Albright et al., 1984). We
simulated noisy tuning curves for 100 pairs of neurons picked
randomly from the parameter distribution where the noise arises
from Poisson firing statistics for n = 10 repeats (see above,
Materials and Methods, Stochastic model of neuronal responses).
For such a simulated population, the observed relationship
between the naive r̂2s estimate and SNR is shown in Figure 11B
(left), and the distribution of Spearman’s rank-order r values
across 200 such populations (Fig. 11D, left, orange histogram)
reveals a substantial spurious positive correlation (mean 0.31)
caused by trial-to-trial variability reducing the naive r̂s when
SNR is low (similar to Fig. 7A). This spurious relationship disap-
pears as expected when we use r̂2ER, both from the example scat-
ter (compare Fig. 11C with B, left) and from the population (Fig.
11D, left, blue histogram), because, by construction, tuning curve
preferred direction differences are independent of SNR. This is
similar to how our estimator removed the trend from Figure 7A
to produce Figure 7B. Thus, this scenario, where tuning curves
of all amplitudes are sinusoidal, is not consistent with our finding
of an SNR-rs relationship, and it highlights the importance of
accounting for bias in r̂s.

In a second scenario, we made a simple addition to reflect our
observation that real neurons in area MT with lower dynamic
range often have more irregular tuning curves (e.g., Fig. 9E–H,
blue curves). Specifically, we added constant SD Gaussian noise
to each simulated tuning curve (thus we modified the tuning
curve shape), independent of the amplitude or phase of the tun-
ing curves. An example of a pair of tuning curves with moderate
SNR (Fig. 11A, right) reveals that the underlying true tuning

A B C D

E F G H

Figure 9. Examples of estimated direction tuning curves for pairs of MT neurons (error bars show SEM; Zohary et al., 1994). A–D, Examples of pairs of tuning curves that have high joint
SNR (geometric mean), large r̂ 2ER and visibly similar shapes. E–H, Example pairs of tuning curves with relatively low signal correlation, low SNR, and visibly dissimilar shapes. The tuning curve
for the more weakly modulated neuron in each pair is shown in blue.

Figure 10. A positive correlation between signal correlation and SNR. Our unbiased esti-
mate, r̂2ER, of signal correlation is plotted against the geometric mean of SNR for each pair of
neurons having CI length for r̂ 2ER ,0.25 (n = 48). Color indicates animal ID.
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curves are no longer perfectly sinusoidal. Crucially, the relative
deviation from sinusoidal is larger at lower SNR because the aver-
age magnitude of the deforming component is constant. Under
this scenario, the correlation between SNR and signal correlation
is positive when measured using our corrected estimate, r̂2ER (Fig.
11D, right, blue histogram). This simple model is sufficient to re-
capitulate the SNR-rs relationship observed for the MT data.

If this simple model is correct, it predicts that sinusoidal
fits to tuning curves should improve with SNR. If we used
the naive estimator, r̂2, of model fit, an increasing relation-
ship could be explained in the following two ways: (1) MT
neurons with low and high SNR have equally sinusoidal
tuning curves, but correlation to the sinusoidal model is
artifactually attenuated by trial-to-trial variability, or (2)
low SNR neurons, unlike high SNR neurons, tend not to be
well described by a sinusoid. We fit a sinusoidal model
across all MT neurons and estimated the variance explained
with r̂2ER, removing the trivial dependence of the r value on
SNR, thus removing (1) as a possible explanation. We
indeed found that tuning curves with higher SNR were bet-
ter fit by sinusoids (Fig. 12A, red circles). In particular, for
SNR . 10, nearly all neurons had r̂2ER.0:8, whereas for SNR
, 10, about half of neurons had r̂2ER,0:80. As a control, we
plot the results of the same analysis but performed on the
stochastic responses of units drawn from the simulation in
Figure 11A (left column), where tuning curves are truly si-
nusoidal at all SNR levels, varying only with respect to
phase and amplitude. We find that these curves are consis-
tently reported as having a nearly perfect correlation to the
sinusoidal tuning curve model regardless of SNR (Fig. 12A,
black circles). Thus, deviation of these MT units from the
sinusoidal model is not an artifact of trial-to-trial variability
but a result of systematic differences from the sinusoidal
model. Furthermore, these systematic differences are more
pronounced for neurons that are not as well tuned for the
stimuli (i.e., have lower SNR).

Here we have uncovered a new relationship between SNR
and signal correlation in area MT. If the relationship had been
estimated using classic measures, it would be confounded. We
proposed a simple model sufficient to explain
this trend, and we demonstrated in simulation
that the corrected estimator both avoids con-
founds and reveals the relationship between
SNR and signal correlation. We provided evi-
dence that the data were consistent with our
model by showing that low SNR MT neurons
were less well fit by a sinusoid. To test
whether this generalizes beyond this one data-
set, we conducted a similar analysis of V1 data
(Kohn laboratory, (http://dx.doi.org/10.6080/
K0NC5Z4X) for three monkeys, but for orienta-
tion tuning, which is more common in V1, rather
than for direction tuning (see Methods). Figure
12B shows that a similar trend held for all three
animals; recordings with higher SNR tended to be
better fit by sinusoidal tuning curves after factor-
ing out the influence of noise.

Discussion
We have examined two biases in the estimation
of signal correlation—attenuation by trial-to-trial
variability and a bias toward the noise correlation.

A

B

C

D

Figure 11. Simulation of MT neuronal data under different assumptions of tuning statis-
tics across a population. A, Plots of example tuning curves. Parameters of tuning curves are
phase, which sets preferred direction, and amplitude. The distribution of phase is uniform
between 135° and 225°, amplitude is uniformly distributed from 1 to 30 spikes, and the dis-
tributions are independent. Spike counts are drawn from Poisson distributions with means
set by tuning curves. In right column, tuning curves are not smooth because noise is added.
B, Results of simulation of an experiment where there are 8 directions of motion, 10 repeats,
and 100 pairs of neurons. Spearman’s ranked correlation is measured between the geometric
mean of SNR and r̂2 (naive estimator). C, Identical to B, but corrected r̂2ER used instead of na-
ive r̂ 2. D, Distribution of correlations between SNR and either r̂2 (orange) or r̂2ER (blue) across
200 simulated experiments.

Figure 12. Relationship between SNR and sinusoid model fit quality. Color keys give Spearman’s
rank-order r and p value of two-tailed t test. A, Fit quality (̂r2ER) of MT tuning curve to sinusoid,
acosðu Þ1bsinðu Þ1c, where u is the orientation of motion, as a function of SNR. For all 81 pairs of
neurons (162 neurons total) we estimated the fraction of variance in the tuning curve explained by the
fit of a sinusoid. As a control, we also fit the sinusoid model to the simulation of neurons with sinusoi-
dal tuning curves from Figure 11A, left. B, Same analysis as A except for V1 orientation tuning curves
in response to drifting gratings. Here, the sinusoidal model tuning curve frequency is doubled to
account for the difference between orientation versus direction tuning.
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To address these biases, we measured signal correlation across
trials that were not simultaneously recorded (̂rsplit) and intro-
duced r̂2ERsplit

, which uses an estimate of trial-to-trial variabili-
ty to correct for the correlation-attenuating effect of noise.
We also examined how the often reported positive relation-
ship between signal and noise correlation, r̂NS, could arise
artifactually because of the bias of r̂s toward r̂n. We found
that this positive bias was pronounced in cases of low SNR
and few repeats, and we showed that the estimator r̂split pre-
vented this bias. We demonstrated that our estimator works
for neuronal and simulated data. Furthermore, to immedi-
ately demonstrate the importance of our estimator to exper-
imental neurophysiological investigations, we conducted a
reanalysis of neuronal data in which the ability of our esti-
mator r̂2ER to correct for the confound of trial-to-trial vari-
ability allowed us to uncover a novel positive relationship
between SNR and signal correlation within cortical area
MT. Our results and supporting stochastic simulations
indicate that MT neurons that are not driven strongly by
uniform frontoparallel motion tend to have more diverse
tuning curve shapes. We showed that a similar finding
holds for orientation tuning curves in V1 neurons.

Practical advantages and further applications of r̂2ER�split
Neurophysiologists can, and have, tempered the biases
examined here by averaging across stimulus repeats, but
this never wholly removes the biases and it restricts the
number of stimuli (m) that can be presented during an
experiment. A major practical benefit of using the estimator
r̂2ERsplit

is that it provides more flexibility in choosing m and
n. Specifically, for moderate SNR, high n is not needed to
accurately estimate signal correlation, and thus the neuro-
physiologist can show more stimuli with fewer repeats.
Additionally, whereas low SNR neurons might be excluded
to address the confounds that we have described, using our
corrected estimator, they can be included and reduce sam-
pling bias. When SNR is high, the naive estimator will give
similar results to r̂2ERsplit

, but until r̂s is compared with r̂2ERsplit
,

any conclusions about signal correlation will need to be
couched in the untested assumption that neither trial-to-
trial variability nor noise correlation are confounding the
results. Thus, our estimator is valuable even in the case
where SNR is high.

As the simultaneous recording of large neuronal popula-
tions becomes more common, accounting for the effects of
correlated and independent trial-to-trial variability is
increasingly important for analyses that seek to understand
similarities and differences in tuning across neuronal popu-
lations. Signal correlation is the basis of several multivariate
data analysis methods. Examples, often used in the neuro-
sciences, include canonical correlation analysis (for review
see Zhuang et al., 2020); representational similarity analysis
(for review see Kriegeskorte and Kievit, 2013); and princi-
pal component analysis. Further work should aim to quan-
tify the effect of correlated noise on the estimation of these
quantities and to determine whether applying our estima-
tor, r̂2ERsplit

, can improve inference.

Prior work
The estimator r̂2ERsplit

is built on prior work, it derives from a line
of research in the neurosciences that sought to account for trial-
to-trial variability in the estimation of the fit of a model to noisy
data. In Pospisil and Bair (2020); we review and build on that

work to provide the least biased estimator of r2, and in Pospisil
and Bair (2021) we extend our estimator to the case of correlat-
ing two neuronal tuning curves with independent trial-to-trial
variability. In doing so, we reviewed and followed a line of
research beginning with Spearman (1904), but took an approach
developed by neuroscientists, to ultimately derive the least biased
estimator. Here, in the current work, we have extended the latter
estimator to account for the case where neurons have correlated
trial-to-trial variability by splitting trials. We note variance of the
estimator can be decreased by averaging over all possible trial
splits.

To our knowledge, we are the first to show a relationship
between SNR and signal correlation in vivo, controlling for trial-
to-trial variability. The confounds we have discussed have rarely
been addressed in the neuroscience literature.

Reviewing prior experimental studies, we found the most
common potential confound involves comparing signal
correlation across conditions where SNR could plausibly
differ, which is often the case when one stimulus set drives
weaker tuning curve modulation than another. For example
Vinje and Gallant (2000) report less signal correlation in
macaque V1 for full field stimuli compared with stimuli
restricted to the RF; however, the suppressive surround
could have driven down the dynamic range of responses
(Angelucci et al., 2017). Gawne et al. (1996) reported higher
signal correlation in V1 for bars than for Walsh patterns;
however, they do not control for differences in dynamic
range for the two stimuli. Averbeck and Lee (2003); study
macaque supplementary motor area, reporting signal corre-
lation increases with spike counting bin width; however,
SNR would also likely increase with bin width. Solarana et
al. (2019) examined the effects of sensory deprivation in
mouse primary auditory cortex, finding a decrease in signal
correlation with deprivation; however, they did not deter-
mine whether this could result from differences in dynamic
range. These are just a few of the relevant examples where
there is great potential value in controlling for trial-to-trial
variability when studying signal correlation.

The bias of signal correlation by trial-to-trial variability
that we have examined tends to be downward, with an
appreciable upward bias only for low SNR and atypically
high noise correlation (e.g., Fig. 3, top right, blue trace). On
the other hand, the bias of r̂NS is more complex. For typical
ranges of values seen in neural data, we found the bias can
plausibly be upward or downward depending on a variety of
factors. The upward bias could either inflate or create a
relationship between signal and noise correlation and
remains largely unaddressed (Lee et al., 1998; Bair et al.,
2001; Averbeck and Lee, 2003; Kohn and Smith, 2005;
Cohen and Maunsell, 2009; Ecker et al., 2010; Martin and
Schröder, 2013; Smith and Sommer, 2013; Ecker et al.,
2014). In the case of Bair et al., (2001) we found a mild
inflation; however, the upward confound could dominate in
cases where rNS is low, m is high, and SNR is low. Future
work might address the downward bias of r̂NS (caused by
variability in the separate estimates of rn and rs).

SNR-signal correlation relationship
We found a positive relationship between SNR and signal corre-
lation in area MT for the robustly encoded stimulus dimension
of motion direction. This raises the possibility of a potentially
ubiquitous connection between signal correlation and stimulus
choice. Specifically, nearby neurons robustly encoding the same
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stimulus dimensions would tend to have similar tuning along
those dimensions, and those that weakly encode those stimulus
dimensions would not. A consequence is that signal correlation
for one set of stimuli may not generalize to other sets. Although
variation in noise correlation as a function of the stimulus set has
been well studied (Cohen and Kohn, 2011), variation in signal
correlation, unconfounded by trial-to-trial variability, has not
been explored.

We modeled this relationship as the result of fixed-amplitude
noise added to tuning curves of varying amplitude. We do not
specify the source of this tuning curve noise, but future theoreti-
cal work could focus on its relationship to the maintenance of
synaptic connectivity (Lin and Koleske, 2010) or ongoing plastic-
ity in response to variable inputs (Rokni et al., 2007; Duffy et al.,
2019).

In terms of sensory encoding, our results can be inter-
preted with respect to the dimensionality of the population
representation of stimuli. Our MT data suggests that tuning
of neurons with higher SNR (more strongly modulated) can
be well captured by a low dimensional model, whereas lower
SNR (poorly modulated) neurons cannot. Specifically,
strongly modulated MT neurons were well fit by a sinusoidal
model and thus were constrained to the two-dimensional
(2D) plane defined by amplitude and phase, whereas less
modulated neurons diverged from this plane (Fig. 12). This
has potential consequences for downstream computation.
Consider a downstream neuron building a new tuning curve
as a linear function of these inputs; if inputs were only high
SNR neurons in the 2D plane, then the resulting tuning of
the neuron would remain in the 2D plane. However, more
complex tuning would require lower SNR inputs with more
diverse tuning curves, and achieving high SNR for this would
require combining more of the low SNR inputs. Assuming
some cost to synapse formation, the steeper the relation
between SNR and signal correlation, the greater the cost to
increase dimensionality. Low- versus high-dimensional rep-
resentations have different advantages. In low-dimensional
representations, functions can be learned with fewer sam-
ples, and estimation of underlying input drive is more resist-
ant to noise. Whereas high-dimensional representations can
be more flexible in the functions they compute. Further
research is required to determine whether the form of
dimensionality regularization for a given cortical region
implied by a particular SNR-rs relationship has normative
advantages for cortical encoding.
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