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ABSTRACT 22 

The ability of neural networks to associate successive states of network activity lies at the basis 23 

of many cognitive functions. Hence, we hypothesized that many ubiquitous structural and 24 

dynamical properties of local cortical networks result from associative learning. To test this 25 

hypothesis, we trained recurrent networks of excitatory and inhibitory neurons on memories 26 

composed of varying numbers of associations and compared the resulting network properties to 27 

those observed experimentally. We show that when the network is robustly loaded with near-28 

maximum amount of associations it can support, it develops properties that are consistent with 29 

the observed probabilities of excitatory and inhibitory connections, shapes of connection weight 30 

distributions, overexpression of specific 2- and 3-neuron motifs, distributions of connection 31 

numbers in clusters of 3-8 neurons, sustained, irregular, and asynchronous firing activity, and 32 

balance of excitation and inhibition. What is more, memories loaded into the network can be 33 

retrieved even in the presence of noise that is comparable to the baseline variations in the 34 

postsynaptic potential. The confluence of these results suggests that many structural and 35 

dynamical properties of local cortical networks are simply a byproduct of associative learning. 36 

We predict that overexpression of excitatory-excitatory bidirectional connections observed in 37 

many cortical systems must be accompanied with underexpression of bidirectionally connected 38 

inhibitory-excitatory neuron pairs. 39 

SIGNIFICANCE STATEMENT 40 

Many structural and dynamical properties of local cortical networks are ubiquitously present 41 

across areas and species. Because synaptic connectivity is shaped by experience, we wondered if 42 

continual learning, rather than genetic control, is responsible for producing such features. To 43 

answer this question, we developed a biologically-constrained recurrent network of excitatory 44 

and inhibitory neurons capable of learning predefined sequences of network states. Embedding 45 

such associative memories into the network revealed that when individual neurons are robustly 46 

loaded with a near-maximum amount of memories they can support, the network develops many 47 

properties that are consistent with experimental observations. Our findings suggest that basic 48 

structural and dynamical properties of local networks in the brain are simply a byproduct of 49 

learning and memory storage.  50 
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INTRODUCTION 51 

With ever-increasing amounts of data on structure and dynamics of neural circuits, one 52 

fundamental question moves into focus: Is there an overarching principle that can account for the 53 

multitude of these seemingly unrelated experimental observations? For example, much is known 54 

about connectivity of excitatory and inhibitory neurons in local cortical circuits. At the level of 55 

pair-wise connectivity, it is known that the probabilities of excitatory connections are generally 56 

lower than those for inhibitory. Specifically, half of the reported probabilities lies in the 0.10-57 

0.19 interquartile range if the presynaptic cell is excitatory and in the 0.25-0.56 range for 58 

connections originating from inhibitory neurons. It is also known that the distributions of 59 

connection weights have stereotypic shapes with half of the measured coefficients of variation 60 

(CV) lying in the 0.85-1.1 interquartile range for excitatory connections and slightly lower range 61 

for inhibitory, 0.78-0.96. The fractions of bidirectionally connected excitatory neurons in many 62 

cortical systems are reported to be higher than expected by chance, with the overexpression 63 

ratios ranging from 1 to 4. At the level of connectivity within 3-neuron clusters, several 64 

ubiquitously overexpressed connectivity motifs have been discovered (Song et al., 2005; Perin et 65 

al., 2011; Rieubland et al., 2014). Information becomes scarce as one considers larger groups of 66 

neurons, but even here deviations from random connectivity have been reported for clusters of 3-67 

8 neurons (Perin et al., 2011). Similarly, many universal features characterize the activity of 68 

neurons in local cortical networks. For example, individual neurons exhibit highly irregular 69 

spiking activity, resembling Poisson processes with close to one CVs in inter-spike-intervals 70 

(Softky and Koch, 1993; Holt et al., 1996; Buracas et al., 1998; Shadlen and Newsome, 1998; 71 

Stevens and Zador, 1998). Spike trains of nearby neurons are only marginally correlated, 0.04-72 

0.15 (Cohen and Kohn, 2011), and, at the network level, spiking activity can be described as 73 

sustained, irregular, and asynchronous.  74 

Two popular models of binary McCulloch and Pitts neuron networks (McCulloch and Pitts, 1943) 75 

can individually explain some of the above experimental observations. The first model is based 76 

on the idea that to have a sustained and irregular activity, excitatory and inhibitory inputs to 77 

individual neurons in the network must be balanced (van Vreeswijk and Sompolinsky, 1996; 78 

Amit and Brunel, 1997; van Vreeswijk and Sompolinsky, 1998; Brunel, 2000; Renart et al., 2010; 79 

Deneve and Machens, 2016). This model assumes that excitatory and inhibitory inputs are much 80 
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larger than the threshold of firing, but their sum lies below the threshold, and firing is driven by 81 

fluctuations. The balanced model can produce realistic sustained and irregular spiking activity, 82 

however, by taking network connectivity as an input, it generally does not make predictions 83 

related to the network structure [but see (Rubin et al., 2017)]. The second model, which we refer 84 

to as the associative model, is based on the idea that synaptic connectivity is a product of 85 

associative learning (Gardner and Derrida, 1988; Brunel et al., 2004; Chapeton et al., 2012). This 86 

model can explain many features of local cortical connectivity, but it does not necessarily 87 

produce sustained and irregular activity. We show that there is a biologically plausible regime, in 88 

which balanced and associative models converge, and it may be possible to explain both the 89 

structural and dynamical properties of local cortical networks within a single framework. 90 

With sensory information continuously impinging on the brain, neural circuits function in a state 91 

of perpetual change, recording some of the information in the form of long-term memories. 92 

During the learning process, individual neurons may be operating as independent learning units, 93 

constrained by functional and metabolic considerations, such as the requirement to store 94 

associative memories, tolerate noise during memory retrieval, and maintain a low cost of the 95 

underlying connections, Figure 1A. In this study, we explore the structural and dynamical 96 

properties of associative networks in the space of these constraints and show that there is a 97 

unique region of parameters that can explain the above-described experimental observations.  98 

 99 

MATERIALS AND METHODS 100 

Associative learning model for networks of biologically constrained excitatory and 101 

inhibitory neurons 102 

We use a McCulloch and Pitts neural network (McCulloch and Pitts, 1943) to model a local 103 

cortical circuit in which Ninh inhibitory neurons and (N ‒ Ninh) excitatory neurons are all-to-all 104 

potentially connected (Stepanyants and Chklovskii, 2005; Stepanyants et al., 2008) (Figure 1B). 105 

Associative memory in the model is a connected graph of successive network states (directed 106 

edges termed associations), X X , in which every node has no more than one daughter 107 
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node (Figure 1C). Vectors X  and X contain binary activities (0 or 1) of individual neurons 108 

within an association μ. In general, an associative memory can be in the form of a point attractor, 109 

an associative sequence, a limit cycle, and an entire basin of attraction. However, since the 110 

precise format of associative memories in cortical networks is not known, in the following we 111 

first examine memories composed of uncorrelated network states and then extend the analysis on 112 

a specific class of memories with correlations. The first case excludes memories that contain 113 

point attractors and limit cycles which necessarily include correlations, and, aside from this 114 

restriction, the results are independent of the specifics of memory structures. In all numerical 115 

simulations of this case, we use memories in the form of associative sequences. In the second 116 

case, we only consider a specific format in which a memory is composed of pairs of correlated 117 

associative network states and vary the correlation coefficient, C, in the 0-1 range. We note that 118 

at C = 0 we recover the results of the first case, and at C = 1 the associative pairs are in the form 119 

of point attractors (Hopfield, 1982).  120 

Learning in the network is mediated by changes in connection weights of individual neurons, Jij, 121 

in the presence of several biologically inspired constraints. (1) Input connection weights of each 122 

neuron are sign-constrained to be non-negative if the presynaptic neuron is excitatory and non-123 

positive if it is inhibitory (Dale’s principle) (Dale, 1935). We note that violations of Dale’s 124 

principle have been reported in some cortical systems under extreme conditions, such as 125 

prolonged seizures (Spitzer, 2017), but there is no strong evidence to suggest that widespread 126 

deviations from this principle occur under normal behavioral conditions. (2) Input weights of 127 

each neuron are homeostatically constrained to have a predefined l1-norm (Holtmaat et al., 2006; 128 

Bourne and Harris, 2011; Kim and Nabekura, 2011; El-Boustani et al., 2018). (3) Each neuron 129 

must attempt to learn its associations robustly so that they can be recalled correctly in the 130 

presence of a given level of postsynaptic noise. Biological motivations and assumptions of this 131 

model have been previously described (Chapeton et al., 2015).  132 

Each neuron in the network (e.g. neuron i), independently from other neurons, attempts to learn a 133 

set of input-output associations iX X , in which a vector X  represents the neuron’s input 134 

for an association μ, and a scalar iX  is the desired output of the neuron derived from the 135 
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subsequent network state X  (orange boxes in Figure 1C). To simplify the notation, in the 136

following we drop index i, replace iX  with y , and summarize the learning problem like so:  137

1

1
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  (1) 138

In these expressions, θ denotes the Heaviside step-function, h is the neuron’s firing threshold, 139

and η denotes its postsynaptic noise, which is bounded by the robustness parameter κ, i.e. . 140

To enforce sign-constraints on the neuron’s presynaptic connection weights, we introduce a set 141

of parameters {gj} and set gj to 1 if connection j is excitatory and –1 if it is inhibitory.  Parameter 142

w, referred to as the average absolute connection weight, is introduced to impose the l1-norm 143

constraint on the weights of these connections. Binary input and output states, jX  and y , are 144

randomly drawn from the Bernoulli probability distribution: 0 with probability 1 – f and 1 with 145

probability f. 146

The above network model is governed by the following parameters: number of neurons in the 147

network, N, fraction of inhibitory neurons, Ninh/N, threshold of firing, h, firing probability of 148

neurons in the associative states, f, average absolute connection weight, w, robustness parameter 149

κ, and memory load, α = m/N.  150

The first line in Eqs. (1) can be rewritten as an inequality, 
1

2 1 0
N

j j
j

y J X h , 151

making it possible to eliminate η and rewrite the problem in a more concise form:  152



7 

1

1

2 1 , 1, ,

0, 1, ,

1

1 , 0 1 , 0
Prob ; Prob

, 1 , 1

N

j j
j

j j

N

j
j

j
j

j

y J X h m

J g j N

J w
N

f X f y
X y

f X f y

m,

N,

 (2) 153

154

Numerical solution of the model155

The solution of Eqs. (2) can be obtained numerically with the methods of convex optimization 156

(Boyd and Vandenberghe, 2004). In numerical simulations, we consider two learning scenarios: 157

(i) feasible load, in which associations can be learned given the constraints of the problem, and 158

(ii) non-feasible load, in which the number of presented associations is so large that Eqs. (2) have 159

no solution.  160

In the feasible load scenario, the region of solutions is nonempty, and one must employ 161

additional considerations to limit the results to a single, “optimal” solution. We do this by 162

choosing the solution that minimizes 
2

2
J ,      163

2

1

1

1

arg min

2 1 , 1, ,

1

0, 1, ,

j

N

j
J j

N

j j
j

N

j
j

j j

J

y J X h m

J w
N
J g j N

m,

N,

 (3) 164

In the non-feasible scenario, similar to what is done in the formulation of the Support Vector 165

Machine problem (Hastie et al., 2009), we introduce a slack variable 0s   for every association 166
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to make the learning problem feasible and choose the solution that minimizes the sum of these 167

variables by solving the following linear optimization problem:         168

1

1

1

arg min

2 1 , 1, ,

0
1

0, 1, ,

j

m

J

N

j j
j

N

j
j

j j

s

y J X h s m

s
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N
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 (4) 169

The problems outlined in Eqs. (3, 4) were solved in MATLAB in the following sequence of steps. 170

Given the associative memory load, /m N , we first solved the problem of Eqs. (4), utilizing 171

the linprog function, to find s . If any of these slack variables are greater than zero, the problem 172

is non-feasible. If all 0s , the problem is feasible, in which case we used the connection 173

weights resulting from Eqs. (4) as a starting configuration and solved Eqs. (3) with the quadprog 174

function. In running linprog and quadprog functions, we adopted the primal-dual interior-point 175

algorithm (Altman and Gondzio, 1999) to find the minima of the objective functions in Eqs. (3, 4) 176

under the linear inequality and equality constraints. This algorithm solves the regularized 177

optimization problem in the dual space by using Newton’s method (Boyd and Vandenberghe, 178

2004). 179

In addition to the convex optimization solutions described with Eqs. (3, 4), we developed a more 180

biologically plausible solution of the associative learning problem by modifying the perceptron 181

learning rule (Rosenblatt, 1962). In this rule, a single not yet robustly learned association is 182

chosen at random and the synaptic weights of the neuron are updated in four consecutive steps: 183
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Unlike the standard perceptron learning rule, Eqs. (5) enforce the sign and homeostatic l1-norm 185

constraints during learning. A closely related rule, in the absence of l1-norm constraint, was 186

previously described (Brunel et al., 2004; Clopath et al., 2012). The first update in Eqs. (5) is a 187

standard perceptron learning step, in which parameter β is referred to as the learning rate. The 188

second step is introduced to enforce the sign constraints, while the last two steps combined 189

implement the homeostatic l1-norm constraint and are equivalent to the soft thresholding used in 190

LASSO regression (Tibshirani, 1996). We note that, though the robustness parameter κ does not 191

explicitly appear in Eqs. (5), the rule implicitly depends on the value of this parameter. This is 192

because the update of connection weights is triggered by the presentation of not robustly learned 193

associations [i.e. associations violating the first inequality of Eqs. (2)], the definition of which is 194

dependent on κ. In all numerical simulations, we set β = 0.01 and ran the algorithm until a 195

solution was found or the maximum number of iterations of 107 was reached. Figure 1D shows 196

that the success probability and memory storage capacity calculated based on the modified 197

perceptron learning rule (dots) are nearly identical to the results obtained with convex 198

optimization (lines).    199

MATLAB code for generating replica theory and numerical solutions of the associative model is 200

available at https://github.com/neurogeometry/AssociativeLearning.  201

202

Replica theory solution of the model in the N → ∞ limit 203

This section outlines the replica theory (Edwards and Anderson, 1975; Sherrington and 204

Kirkpatrick, 1975) solution of Eqs. (2). The complete derivation is described in (Zhang et al., 205

2018). Solutions of related models, which include only some of the constraints of this study and 206
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consider a specific scaling of connection weights with N, can be found in (Gardner and Derrida, 207 

1988; Brunel et al., 2004; Chapeton et al., 2012; Chapeton et al., 2015; Brunel, 2016; Rubin et al., 208 

2017). In the following, we assume that N is large, while m/N and f are O(1) (of order 1 with 209 

respect to N). The total postsynaptic input to the neuron can be expressed in terms of its average 210 

over the input network states, X , plus a deviation from the average: 211 

 
1 1 1

2

1 1

var

1

N N N

j j j j j jXj j jX

N N

j j
j j

J X h J X h O J X h

f J h O f f J

 (6) 212 

With this, the associative learning problem of Eqs. (2) can be separated into two categories based 213 

on the value of yμ:  214 

 

2

1 1

2

1 1

1 ; 1

1 ; 0

N N

j j
j j

N N

j j
j j

f J h O f f J y

f J h O f f J y

 (7) 215 

To guarantee O(1) capacity in the large N limit, it is necessary for the deviation of the average 216 

postsynaptic input from the threshold, 
1

N

j
j

f J h , and the robustness parameter, κ, to be of the 217 

same order as (or less than) the standard deviation of the postsynaptic input distribution, 218 

2

1
1

N

input j
j

f f J . If not, input to the neuron will rarely cross the threshold (if the first 219 

condition is violated) or the robustness margins (if the second condition is violated), and capacity 220 

for robust associative memory storage will be close to zero. Therefore, 221 
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 (8) 222

Eqs. (8) give rise to various plausible scenarios for scaling of the connection weights and 223

robustness parameter with the network size:  224

1 1, , , ; , ,1,

1; ,1, ,

j j j

j

h hJ O O O h J J h
N NN N

O N J N h
N

jJ hj
1 1; , , ,; 1; , ,1,1 1JJ 1 1 11 1;;; , , ,; jj;; jj J hj

hh

 (9) 225

The normalized weights, jJ jJ j , and the normalized robustness parameter, , in Eqs. (9) do not 226

scale with N. 227

The first scenario [first terms in curly brackets in Eqs. (9)] is usually used in associative memory 228

models in conjunction with the replica theory [see e.g. (Brunel et al., 2004)]: 229

;j j
h hJ J
N N

;jJ j ;J ;J  (10) 230

The second scaling scenario is traditionally used in balanced network models [see e.g. (Rubin et 231

al., 2017)]:232

;j j
hJ J h
N

J ;jJ h; hJ ;  (11) 233

The third and the subsequent scenarios, in which J does not scale with N, or J increases with N, 234

can be ruled out because they are biologically unrealistic. What is more, one can see from Eqs. (2) 235

that the firing threshold in these cases can be disregarded, and the results of replica calculation 236

become identical to the second scaling scenario. 237
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In all models, scaling of w is assumed to be the same as that of J, i.e. 
1 1,w wh
N N

wh . 238

Substituting the normalized variables into Eqs. (2) we arrive at two problems, both governed by 239

the same set of intensive parameters, f, , ww , gj, and extensive parameters m and N: 240
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 (12) 241

Note that the two formulations only differ in the threshold term (curly brackets). We solve the 242

two models concurrently (Zhang et al., 2018) and obtain the neuron’s critical (maximum) 243

capacity, α, probabilities of excitatory and inhibitory connections, /
con

exc inhP , and probability 244

densities of non-zero excitatory and inhibitory connection weights, /
PSP
exc inhp : 245
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These quantities are expressed as functions of five latent variables, u+, u−, ν+, ν −, and σ, which 247

can be obtained by solving the following system of equations and inequalities:  248
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 (14) 249

We note that the distributions of inhibitory and excitatory connection weights are composed of 250

Gaussian functions (standard deviation σ) truncated at zero and finite fractions of zero-weight 251

connections. The difference between the replica solutions of the associative and balanced models 252

explicitly appears only in lines 3 and 5 of Eqs. (14) which contain curly brackets. The first and 253

second terms in these brackets correspond to the associative and balanced solutions respectively. 254

Eqs. (14) make it clear that the solution of the associative model in the high-weight limit, 255

1wf 1wf , converges to the solution of the balanced model. However, since the value of wfwf  256

estimated from experimental data is large but finite (see the Results section), we also examined 257

the agreement between the results of the two models by solving Eqs. (13, 14) numerically for 258

different values of ww  and . Figure 2 shows that for values of ww  in the 10-100 range, the 259

results of the two models agree within 10%, and the agreement improves with increasing . 260

What is more, in the limit of high-weight the solution depends only on / w/ ww  (straight isocontour 261

lines in Figure 2). Therefore, instead of , we utilize parameter 
1w f fw f f1

, which was 262

introduced in Brunel et al. (Brunel et al., 2004; Brunel, 2016) and is referred to as the rescaled 263

robustness. This parameter can serve as a proxy for the ratio of robustness and standard deviation 264

of postsynaptic input, / input .  265



14 

We note that since w w Nw Nw
 for both models, rescaled robustness, ρ, and Eqs. (13, 14) in the 266

high-weight limit are model independent. The fact that the solutions of the two models converge 267

in the high-weight regime is not surprising. In this regime, Nwf h , and, as a result, mean 268

excitatory and inhibitory inputs to the neuron are much greater than the threshold of firing. One 269

can show that in this case h in Eqs. (2) can be disregarded, and the solution becomes independent 270

of scaling of J with N. Figure 3 shows that with increasing N, numerical solutions of the model 271

according to Eqs. (3, 4) gradually approach the results of the replica theory outlined in Eqs. (13, 272

14). This agreement serves as an independent validation of the numerical and theoretical 273

calculations. 274

275

RESULTS 276

Network model of associative learning 277

We use a McCulloch and Pitts neural network (McCulloch and Pitts, 1943) to model a local 278

cortical circuit in which Ninh inhibitory neurons and (N ‒ Ninh) excitatory neurons are all-to-all 279

potentially connected (Stepanyants and Chklovskii, 2005; Stepanyants et al., 2008) (Figure 1B). 280

Associative memories are loaded into the network by modifying the weights of connections 281

between neurons (see Materials and Methods for details). Associative memory in the model is a 282

connected graph of successive network states, which in general, can be in a form of a point 283

attractor, an associative sequence, a limit cycle, and an entire basin of attraction (Figure 1C). The 284

precise format of associative memories in cortical networks is not known and is likely to be area 285

dependent. Yet, for uncorrelated network memory states (which excludes point attractors and 286

limit cycles), the format of memories has no effect on network properties, and this is the case we 287

consider first. 288

During learning, individual neurons, independently from one another, attempt to associate inputs 289

and outputs derived from the associative memory states (Figure 1C). Several biologically 290

motivated constraints are imposed on the learning process (Chapeton et al., 2015). First, firing 291

thresholds of neurons, h, do not change during learning. Second, the signs of input weights, J, 292
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that are determined by the excitatory or inhibitory identities of presynaptic neurons, do not 293 

change during learning (Dale’s principle) (Dale, 1935). Third, input connections of each neuron 294 

are homeostatically constrained to have a fixed average absolute weight, w (Holtmaat et al., 2006; 295 

Bourne and Harris, 2011; Kim and Nabekura, 2011). Fourth, each neuron must be able to 296 

retrieve the loaded associations even in the presence of noise in its postsynaptic potential. The 297 

maximum amount of noise a neuron has to tolerate is referred to as robustness parameter, κ.  298 

Individual neurons in the model attempt to learn the presented set of associated network states 299 

and the probability of successfully learning the entire set decreases with the memory load, α 300 

(Figure 1D). Memory load that can be successfully learned by a neuron with the probability of 301 

0.5 is termed the associative memory storage capacity of the neuron, αc. This capacity increases 302 

with the number of neurons in the network, N, and saturates in the N → ∞ limit at a value that 303 

can be determined with the replica theory (see Materials and Methods). Notably, this theoretical 304 

solution shows that in the high-weight regime / 1Nwf h , the neuron’s capacity, as well as 305 

the shape of its connection weight distribution, depend on the combination of model parameters 306 

in the form of 
1w Nf f

 (Figures 1A and 2). The meaning of this combination was 307 

elucidated in Brunel et al. (Brunel et al., 2004), where it was pointed out that ρ can be viewed as 308 

a measure of reliability of stored associations to errors in the postsynaptic input. Following 309 

(Brunel, 2016), we refer to ρ as the rescaled robustness.  310 

Motivated by this theoretical insight, we set out to explore the possibility that local networks in 311 

the brain function in the high-weight regime. The average absolute connection weight, w, was 312 

previously estimated based on experimental data from various cortical systems (Chapeton et al., 313 

2015), and the result shows that /Nwf h  lies in the range of 4-38 (95% confidence interval) 314 

with the average of 14. A similar estimate based on the granule to Purkinje cell connectivity in 315 

rat cerebellum (Brunel et al., 2004) also results in a relatively high value of this parameter,316 

/ 150,000 0.1 mV 0.0044 /10 mV 6.6Nwf h . Therefore, the high-weight regime may be a 317 

general attribute of local circuits, and we show that this assumption is consistent with many 318 

experimental measurements related to network structure and dynamics.  319 
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As was previously inferred from experimental observations (Chapeton et al., 2015), in the 320 

following we set the fraction of inhibitory neurons to Ninh/N = 0.2, the firing probability to f = 0.2, 321 

and / 14Nwf h  (high-weight regime). In this regime, structural and dynamical properties of 322 

associative networks depend primarily on rescaled robustness and memory load, and in the 323 

following, we examine the network properties as functions of these two parameters. Figure 1E 324 

shows that the memory storage capacity of a single neuron is a decreasing function of rescaled 325 

robustness. This is expected, as an increase in ρ can be thought of as an increase in the strength 326 

of the constraint on learning (robustness, κ) or as a decrease in available resources (absolute 327 

connection weight, w). With increasing N, solutions gradually approach the results of the replica 328 

theory, which serves as an independent validation of numerical and theoretical calculations 329 

(Figure 3).  330 

 331 

Statistics of synaptic connections in the brain and in associative networks  332 

We examined the properties of neuron-to-neuron connectivity in associative networks at 333 

different values of rescaled robustness and memory load. One of the most prominent features of 334 

connectivity is that substantial fractions of excitatory and inhibitory connections have zero 335 

weights (Brunel et al., 2004; Chapeton et al., 2015), and therefore, connection probabilities are 336 

less than one (Figure 4A). One can intuitively explain the presence of a finite fraction of zero-337 

weight connections by considering a learning process during which inhibitory and excitatory 338 

connections change weights. Over time, many weights will approach zero and accumulate there, 339 

unable to pass it due to sign constraints. The distributions of non-zero connection weights in 340 

associative networks resemble the general shapes of unitary postsynaptic potential (uPSP) 341 

distributions, with a notable difference in the frequencies of very strong connections. The former 342 

have Gaussian or exponential tails (Brunel et al., 2004; Chapeton et al., 2015), while the tails of 343 

uPSP distributions are often much heavier (Song et al., 2005; Lefort et al., 2009). Several 344 

amendments to the associative model have been proposed to account for this discrepancy (Brunel 345 

et al., 2004; Chapeton et al., 2012). Here, we would like to point out that heavy tails of 346 

experimental distributions can be reproduced within the associative model by considering 347 

networks of neurons with heterogeneous properties, e.g. different values of w and/or κ.  348 
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To compare connection probabilities and widths of non-zero connection weight distributions in 349 

associative networks with those reported experimentally, we compiled experimental 350 

measurements published in peer-reviewed journals since 1990. Initially, we identified 152 351 

articles describing a total of 856 projections. Later we limited our analyses to experiments in 352 

which recordings were made in the neocortex, from at least 10 pairs of neurons located in the 353 

same layer and separated laterally by less than 100 μm. We also limited the analyses to normal, 354 

juvenile or adult animals (no younger than P14 for mouse and rat, and older than that for ferret, 355 

cat, monkey, and human). After imposing these limits, the numbers of publications and 356 

projections reduced to 87 and 420 respectively (see Figure 4-1).  357 

Figures 4B, C show that the average inhibitory connection probability (based on 38 studies, 358 

9,522 connections tested) is significantly higher (p < 10-10, two sample t-test) than the average 359 

probability for excitatory connections (67 studies, 63,020 connections tested), while CV of 360 

inhibitory uPSPs (10 studies, 503 connections recorded) is slightly lower than that for excitatory 361 

(36 studies, 3,956 connections recorded). Similar trends are observed in associative networks. 362 

Figures 4D, E show that connectivity in associative networks is sparse, with probabilities of 363 

excitatory non-zero connections lower than those for inhibitory connections in the entire 364 

considered range of rescaled robustness and relative memory load. Probabilities of both 365 

connection types are decreasing with increasing ρ. This is expected because an increase in ρ can 366 

be achieved by lowering w, which is equivalent to limiting the resources needed to make 367 

connections. Isocontours in Figures 4D, E demarcate the interquartile ranges of connection 368 

probability measurements shown in Figure 4B. There is a region in the α‒ρ space of parameters 369 

in which both excitatory and inhibitory connection probabilities are in general agreement with 370 

the experimental data. Also, consistent with the experimental measurements, CVs of excitatory 371 

weights in associative networks are slightly larger than those for inhibitory weights (Figures 4F, 372 

G), and there is a wide region in the α‒ρ space of parameters in which these values match the 373 

experimental data shown in Figure 4C. 374 

 375 

Properties of 2- and 3-neuron motifs in associative networks  376 
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We also compared the statistics of 2-neuron motifs in associative and cortical networks. Figure 377 

5A shows that the numbers of bidirectionally connected pairs of excitatory neurons do not 378 

significantly deviate from those observed in shuffled networks, and the overexpression of 379 

bidirectional connections is close to 1 in the entire considered range of rescaled robustness and 380 

relative memory load. The same result was reported in (Brunel, 2016) for associative memories 381 

composed of uncorrelated network states. In agreement with this finding, Lefort et al. (Lefort et 382 

al., 2009) reported no overexpression in barrel cortex (8895 recorded connections in layers 2-6). 383 

However, several other studies reported significantly greater than 1 overexpression ratios. This 384 

ratio was found to be 2 in visual cortex (340 recorded connections) (Wang et al., 2006), 3 in 385 

somatosensory cortex (1380 recorded connections in layer 5) (Markram et al., 1997), 3 in visual 386 

and somatosensory cortex (1084 recorded connections in L2/3) (Holmgren et al., 2003), 4 in 387 

prefrontal cortex (1233 recorded connections) (Wang et al., 2006), and 4 in visual cortex (8050 388 

recorded connections in layer 5) (Song et al., 2005). We show that the observed 1-4 range of 389 

overexpression ratios can result from associative memories formed by correlated pairs of 390 

network states (see Effect of Correlations on Structure and Dynamics of Associative Networks). 391 

In addition to specific properties of neuron-to-neuron connectivity, local cortical circuits are 392 

known to have non-random patterns of connections in subnetworks of three and more neurons 393 

(Song et al., 2005; Perin et al., 2011; Rieubland et al., 2014). To determine whether associative 394 

networks can reproduce some of the known features of higher-order connectivity, we first 395 

examined the statistics of connectivity motifs within subnetworks of three excitatory neurons. 396 

There are 16 distinct types of 3-neuron motifs (inset in Figure 5B). Frequencies of these motifs 397 

in subnetworks of excitatory neurons, ni, were calculated with the Brain Connectivity Toolbox 398 

(Rubinov and Sporns, 2010) and compared with the corresponding frequencies in networks in 399 

which connections were randomly shuffled in a way that preserves the numbers of 2-neuron 400 

motifs, 
shuffled
in . We used normalized z-scores, 

norm
iz , as defined in (Gal et al., 2017), to 401 

characterize the degrees of over- and underexpression of motif types:  402 
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Here, outer angle brackets in the first equation denote averaging over 100 associative networks, 404 

angle brackets in the numerator represent averaging over a set of 50 randomly shuffled versions 405 

of a given associative network, and std denotes standard deviation over the set of shuffled 406 

networks. Normalized z-scores lie in the range of ‒1 to 1 and are negative/positive for motifs that 407 

appear less/more frequently than what is expected by chance.  408 

Figure 5B shows the profiles of normalized z-scores in associative networks configured at the 409 

values of rescaled robustness and relative memory load defined by the red and green asterisks 410 

from Figure 4. Both curves show overexpression of motifs #6, 7, 13, and 14, in agreement with 411 

the data from (Song et al., 2005; Perin et al., 2011). In particular, Perin et al. (2011) have high 412 

enough counts to show that these specific motifs are significantly overexpressed (p < 0.01) and 413 

have the highest z-scores. To check if the same is true in associative networks, we calculated the 414 

average fraction of these motifs in the top-four z-score group. Figure 5C shows that this fraction 415 

is maximal in the parameter region near the green asterisk. Within the region outlined by the 416 

isocontour line, this fraction is greater than 0.8, indicating that in associative networks more than 417 

3.2 motifs on average out of motifs #6, 7, 13, and 14 appear in the top-four z-score group. 418 

One can justify the overexpression of motifs #6, 7, 13, and 14, by following the reasoning 419 

outlined in (Brunel, 2016) for bidirectional connections. According to the perceptron learning 420 

rule, a change in connection weight from neuron j to neuron i is driven by a co-activation of 421 

memory states jX  and iX . As a result, convergent connections onto neuron i (and divergent 422 

connections from neuron i) end up correlated because they are driven by a common memory 423 

state, iX (and iX ). In general, 3-neuron motifs dominated by convergent and divergent 424 

connections are expected to be overexpressed, however, the exact value of the overexpression 425 

ratio is difficult to predict as it depends on rescaled robustness and memory load.  426 

 427 

Higher order structural properties of associative networks 428 

Deviations from random connectivity have also been detected in subnetworks of 3 to 8 excitatory 429 

neurons by comparing distributions of observed connection numbers with those based on 430 
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randomly shuffled connectivity (Perin et al., 2011). This comparison revealed that the 431 

experimental distributions can have heavier tails indicative of clustered connectivity (see e.g. 432 

black line in Figure 6F1). This trend was first reproduced by Brunel (Brunel, 2016) who 433 

considered an associative network of excitatory neurons at capacity. The same trend is present in 434 

our model in the parameter region near the green asterisk (green lines in Figure 6). What is more, 435 

our results show that there is a single region of parameters α and ρ in which the tails of the 436 

experimental distributions are reproduced simultaneously for all subnetworks from 3 to 8 437 

neurons. We note that there are network models that can produce non-random connectivity, 438 

including motifs and clustering, by directly tuning parameters governing network structure 439 

(Vegue et al., 2017). This, however, significantly differs from the approach described in this 440 

study, which relates the structural features of connectivity to the functional requirement of robust 441 

associative memory storage. 442 

 443 

Dynamical properties of spontaneous activity in associative networks 444 

To quantify spontaneous dynamics in an associative network, we initialized the network at a 445 

random state of firing probability f = 0.2 and followed the network activity until it terminated at 446 

an attractor or a limit cycle. We did not explicitly prohibit the initialization of the network at or 447 

close to one of the αN learned memory states since the probability of such a coincidence in large 448 

networks (N = 800) is exponentially small. Similarly, because the number of available network 449 

states is much larger than the number of learned states, spontaneous network activity is not 450 

expected to pass through any of the learned states. Indeed, we did not observe such an event in 451 

any of the 104 numerical simulations (100 networks, 100 starting points for each network). 452 

Spontaneous dynamics of associative networks depends strongly on the values of rescaled 453 

robustness and relative memory load. At small values of ρ, network dynamics quickly terminates 454 

at a fixed point in which all neurons are silent (Figure 7A1, red). When ρ is high, associative 455 

networks can have long-lasting intrinsic activity, often ending up in a limit cycle of non-zero 456 

length. To quantify this behavior, we measured the average number of steps taken by the 457 

network to reach a limit cycle or a fixed point (Figure 7A2). The results show that the duration of 458 

transient dynamics increases exponentially with rescaled robustness and memory load. Even for 459 
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moderate values of these parameters, the average length of transient activity can be of the order 460 

of network size, N (contour in Figure 7A2).  461 

Individual neurons in associative networks can produce irregular spiking activity, the degree of 462 

which can be quantified with a CV of inter-spike-intervals (ISI) (Figure 7B). According to this 463 

measure, neurons exhibit greater irregular activity when rescaled robustness and memory load 464 

are high, with a CV of ISI values saturating at around 0.9. This is consistent with the range of 465 

CV of ISI values reported for different cortical systems, 0.7-1.1 (Softky and Koch, 1993; Holt et 466 

al., 1996; Buracas et al., 1998; Shadlen and Newsome, 1998; Stevens and Zador, 1998). To 467 

examine the extent of synchrony in neuron activity we calculated spike train cross-correlation 468 

coefficients for pairs of neurons (Figure 7C). The results show that increase in ρ leads to a more 469 

asynchronous activity, which can be explained by the reduction in connection probability 470 

(Figures 4D, E) and, consequently, reduction in the amount of common input to the neurons. For 471 

ρ > 2.5, the cross-correlation values are consistent with experimental data, 0.04-0.15 (Cohen and 472 

Kohn, 2011) (interquartile range derived from 26 studies).   473 

An irregular, asynchronous activity can result from a balance of excitation and inhibition (van 474 

Vreeswijk and Sompolinsky, 1996, 1998). In the balanced state, the magnitudes of excitatory and 475 

inhibitory postsynaptic inputs to a neuron are typically much greater than the threshold of firing, 476 

and, due to a high degree of correlation in these inputs, firing is driven by fluctuations. 477 

Consistent with this, the average excitatory and inhibitory postsynaptic inputs in the associative 478 

model are much greater than the firing threshold and are tightly anti-correlated (Figures 7D). The 479 

degree of anti-correlation decreases with rescaled robustness as the network connectivity 480 

becomes sparser. Experimentally, it is difficult to measure anti-correlations of excitatory and 481 

inhibitory postsynaptic inputs within a given cell, but such measurements have been performed 482 

in nearby cells. The resulting anti-correlations, ~0.4 (Okun and Lampl, 2008; Graupner and 483 

Reyes, 2013), are somewhat below the values observed in associative networks. However, this is 484 

expected, as between-cell anti-correlations are likely to be weaker than within-cell anti-485 

correlations. 486 

 487 
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Cortical circuits are loaded with associative memories close to capacity and can tolerate 488 

noise comparable to the baseline variations in postsynaptic input during memory retrieval 489 

Parameter regions described in Figures 4-7, lead to structural and dynamical properties 490 

consistent with the experimental observations (with a possible exception of overexpression of 491 

bidirectional connections) and have a non-empty intersection. In this biologically plausible 492 

region of parameters, associative networks behave qualitatively similar to local cortical circuits. 493 

Figure 8A shows the intersection of parameter regions (green dashed line) for the excitatory and 494 

inhibitory connection probabilities (red), 3-neuron motifs (green), connections in 3-8 neuron 495 

clusters (blue), and duration of transient activity (cyan). The remaining features, i.e. CV of 496 

connection weights, CV of ISI, spike cross-correlation coefficient, and excitatory-inhibitory 497 

balance, are not shown in Figure 8A both to avoid clutter and because they do not impose 498 

additional restrictions on the intersection region. In the biologically plausible region of 499 

parameters, individual neurons are loaded with relatively large numbers of associations (0.2N for 500 

the green asterisk in Figure 8A), yet it is not clear if the associations learned by individual 501 

neurons assemble into memories that can be successfully retrieved at the network level.  502 

This question was analyzed by using memories in the form single associative sequences (Figure 503 

1C), retrieval of which is more challenging compared to other memory formats due to 504 

propagation and accumulation of errors over the duration of memory playout. We first tested the 505 

retrieval of associative sequences in the absence of noise. For this, we initialized the network 506 

state at the beginning of the loaded sequence and monitored playout of the memory. The 507 

sequence is said to be retrieved successfully if the network states during the retrieval do not 508 

deviate substantially from the loaded states (Figure 8B). In practice, there is no need to precisely 509 

define the threshold amount of deviation. This is because for large networks, e.g. N = 800, the 510 

Hamming distance between the loaded and retrieved sequences either remains within ~ N  or 511 

diverges to ~N. Figure 8C shows the probability of successful memory retrieval in the absence of 512 

noise as a function of rescaled robustness and relative memory load. The transition from 513 

successful memory retrieval to inability to retrieve the entire loaded sequence is relatively sharp, 514 

making it possible to define network capacity, analogously to the single neuron capacity, as the 515 

sequence length for which the success rate in memory retrieval equals 0.5 (blue line in Figure 516 
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8C). Network capacity can differ from single neuron capacity, but this difference is expected to 517 

decrease with network size. Interestingly, the biologically plausible region of parameters 518 

overlaps with the single neuron capacity curve, implying that individual neurons in the brain are 519 

loaded with associations close to their capacity. What is more, the biologically plausible region 520 

of parameters lies mostly below the network capacity curve, indicating that loaded memory 521 

sequences can be retrieved with high probability in the absence of noise. 522 

To assess the degree of robustness of the memory retrieval process, we monitored memory 523 

playout in the presence of postsynaptic noise. In this experiment, random Gaussian noise of zero 524 

mean and standard deviation σnoise was added independently to all neurons at every step of the 525 

retrieval process. Network tolerance to noise is defined as σnoise that results in the retrieval 526 

probability of 0.5, normalized by the baseline variations in postsynaptic input, σinput (Figure 8D). 527 

The latter represents the standard deviation of postsynaptic input in the absence of noise (see 528 

Materials and Methods). The map of noise tolerance (Figure 8E) shows that the biologically 529 

plausible region identified on the basis of structural and dynamical properties of cortical 530 

networks (green contour in Figure 8E) has a non-zero overlap with the area in which memory 531 

retrieval is robust to noise. In this domain, the network can tolerate high noise-to-input ratios (up 532 

to 0.5), which serves as an independent validation of the associative model in terms of the 533 

hypothesized network function. 534 

 535 

Effects of correlations on structure and dynamics of associative networks 536 

To assess the effects of correlations in associative memory states on the above described 537 

structural and dynamical network properties, we loaded the network, configured at the green 538 

asterisk of Figures 4, with memories in the form of associative pairs and varied the value of the 539 

correlation coefficient between the associative states, C, in the 0-1 range. At C = 0, the network 540 

is loaded with uncorrelated memory states, which is the case considered above, while at the other 541 

end of the range, C = 1, the network is loaded with memories in the form of point attractors. 542 

Figures 9A-E show that with the exception of overexpression of bidirectional 2-neuron motifs 543 

(Figure 9C), structural network properties are not significantly affected by correlations. The 544 
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overexpression ratio of bidirectionally connected excitatory pairs increases monotonically from 1 545 

at C = 0 to about 4 at C = 1 in agreement with values predicted in (Brunel, 2016) and the range 546 

of experimentally reported measurements. We also find that the overexpression ratio of 547 

bidirectionally connected inhibitory-excitatory pairs monotonically decreases with C, while this 548 

ratio for inhibitory-inhibitory pairs monotonically increases with C. Therefore, we predict that 549 

cortical systems with significant overexpression of bidirectionally connected excitatory-550 

excitatory neuron pairs must have significant underexpression of inhibitory-excitatory 551 

connections. In such systems, inhibitory-inhibitory connections are slightly overexpressed, with 552 

the overexpression ratio not exceeding 1.6. Dynamical properties of associative memory 553 

networks can depend on correlations (Figure 9F-I), but, with the exception of very high C (C > 554 

0.8), they remain consistent with the experimental measurements (see contours in Figure 7).  555 

 556 

DISCUSSION 557 

Our results suggest that local circuits of the mammalian brain operate in a high-weight regime in 558 

which individual neurons are loaded with associative memories close to their capacity (Figure 559 

8C) and the network can tolerate a relatively large amount of postsynaptic noise during memory 560 

retrieval. In this regime, many structural and dynamical properties of associative networks are in 561 

general agreement with the experimental measurements from various species and brain regions. 562 

It is important to point out that, due to large uncertainties in the reported measurements, we did 563 

not attempt to quantitatively fit the associative model to the data. The uncertainties originate 564 

from natural variability of network features across individuals, brain areas, and species, and are 565 

confounded by experimental biases and measurement errors. Instead, we rely on a large body of 566 

qualitative evidence to support our conclusions. This evidence includes (1) sparse connectivity, 567 

with the probability of excitatory connections being lower than that for inhibitory connections, (2) 568 

distributions of non-zero connection weights with the CVs of excitatory and inhibitory weights 569 

being close to 1, (3) overexpression ratios in bidirectionally connected excitatory 2-neuron 570 

motifs, (4) overexpression of specific 3-neuron motifs, (5) distributions of connection numbers in 571 

subnetworks of 3-8 neurons showing clustering behavior, (6) sustained, irregular, and 572 

asynchronous firing activity with close to 1 CV of ISI and small positive cross-correlation in 573 
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neuron activity, and (7) balance of excitatory and inhibitory postsynaptic potentials. Many of 574 

these features have been separately reported in various formulations of the associative model 575 

(Gardner and Derrida, 1988; Brunel et al., 2004; Chapeton et al., 2012; Chapeton et al., 2015; 576 

Brunel, 2016). Here, we show that with a single set of model parameters it is possible to account 577 

for these features collectively. What is more, the identified set of model parameters overlaps with 578 

the region in which loaded memories can be successfully recalled even in the presence of 579 

postsynaptic noise (Figure 8E), providing an independent functional validation of the theory.   580 

We note that in the absence of temporal correlations, C = 0, results of this study are independent 581 

of the format of associative memories (see Figure 1C for examples) which is not known and is 582 

likely to be area dependent. Therefore, this case provides a baseline for structural and dynamical 583 

properties in primary and association areas, which may utilize different memory formats. 584 

Correlations in memory states (C > 0) can, in general, affect the network properties, but as it is 585 

illustrated for one specific memory format in Figure 9, many of the described properties remain 586 

unaffected. A notable exception is that the overexpression of bidirectional connections increases 587 

with C. This effect was previously examined in (Brunel, 2016) for the extreme cases of storing 588 

uncorrelated patterns and point attractors. Here, we extended the analysis on temporal 589 

correlations of arbitrary strength and on multiple connection types. In particular, we predict that 590 

if temporal correlations are responsible for the overexpression of bidirectional excitatory 591 

connections, then bidirectional inhibitory-excitatory connections must be greatly underexpressed 592 

(Figure 9C).  593 

The McCulloch and Pitts neuron model is often used in computational studies because of its 594 

simplicity, but is it biologically realistic enough for modeling associative learning in the brain? 595 

This question was explored in the work of Memmesheimer, et al. (Memmesheimer et al., 2014) 596 

who have shown that Leaky Integrate-and-Fire neurons, which are somewhat more realistic, can 597 

also be used to learn spike sequences, and the results of the two models are in good agreement so 598 

long as the firing probability is sufficiently low (e.g. f = 0.2). In addition, the methods of convex 599 

optimization were used in this study to load memories into networks. These methods are fast and 600 

accurate but are not biologically plausible. Thus, we developed a perceptron-type learning rule, 601 

Eqs. (3, 4), that can match the accuracy of convex optimization (Figure 1D) and can be used to 602 

reproduce the results of this study.    603 
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Though the considered model of an all-to-all potentially connected network of two generic 604 

neuron classes, inhibitory and excitatory, reproduces many experimentally observed network 605 

properties, this is an indisputably simplistic depiction of cortical networks. A more realistic 606 

model could be built by loading associative memories into a potentially connected network (e.g. 607 

a cortical column) constructed by putting together reconstructed morphologies of axonal and 608 

dendritic arbors of multiple neuron classes. Functional connectivity in such a network is 609 

constrained by neuron class-specific densities and morphologies, and it would be interesting to 610 

see if these structural constraints are sufficient to give rise to the cell-type-dependent features of 611 

cortical connectivity and dynamics.  612 

Because local cortical circuits function in the high-weight regime, Nwf h , the average 613 

excitatory and inhibitory postsynaptic inputs are significantly greater than the threshold of firing 614 

(Figure 10). In the identified region of rescaled robustness and memory load, e.g. for the green 615 

asterisk of Figure 4, these potentials in magnitude exceed the threshold of firing by factors of 6.3 616 

and 7.8 respectively (Table 1). In this regime, excitatory and inhibitory potentials are strongly 617 

anti-correlated (Figure 7D2), which is reminiscent of the balanced state described by many 618 

authors (Shu et al., 2003; Wehr and Zador, 2003; Haider et al., 2006; Okun and Lampl, 2008; 619 

Graupner and Reyes, 2013; Xue et al., 2014; Deneve and Machens, 2016). We note, however, 620 

that there is a difference in how the balance of excitatory and inhibitory potentials is realized in 621 

the associative vs. balanced networks. The difference originates from the scaling of synaptic 622 

weight with network size. In associative networks, synaptic weight is inversely proportional to N, 623 

while in balanced networks inverse proportionality to N  is assumed. In the former model, the 624 

average excitatory and inhibitory postsynaptic inputs to a neuron remain unchanged as the 625 

network size increases, and balance is the consequence of the high-weight regime, while in the 626 

latter model balance emerges with increasing N as postsynaptic potentials diverge, which may be 627 

unsettling. On the other hand, Rubin et al. (Rubin et al., 2017) argue that due to the above scaling 628 

difference, synaptic connections in the associative model are weaker, and the network is unstable 629 

to large, O(h), noise arising from processes within neurons (e.g. threshold fluctuations). We 630 

agree that the susceptibility of associative networks to this type of noise is a concern for 631 

infinitely large systems. However, there is no biological data on the scaling of noise with 632 

network size and having O(h) noise may be unrealistic. More importantly, since local brain 633 



 

27 
 

networks are finite, robustness to this type of noise can always be achieved by increasing w, i.e. 634 

in the high-weight regime. For example, an associative network of N = 800 neurons, configured 635 

at the green asterisk of Figure 4, can tolerate CVs in threshold fluctuations up to 1.1 (see Figure 636 

10). Aside from the issue of robustness to O(h) noise, we show that in the high-weight regime 637 

results of the balanced and associative models become independent of scaling details and 638 

converge to the same solution (see Materials and Methods and Figure 2). Therefore, associative 639 

learning in both models will lead to networks with identical structural and dynamical properties. 640 

 641 

  642 
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FIGURE LEGENDS765

Figure 1: Associative memory storage in recurrent networks of excitatory and inhibitory neurons. 766

A. Associative learning in the brain is expected to be constrained by functional and metabolic 767

considerations, such as being able to store large amounts of memories, tolerate noise during 768

memory retrieval, and have a low cost of the underlying connectivity. In the model, these three 769

considerations are represented with memory load, α, robustness parameter, κ, and average 770

absolute connection weight, w. We show that in the biologically plausible regime of high-weight, 771

results of the model depend only on α and κ/w. B. Recurrent network of various classes (color) of 772

all-to-all potentially connected excitatory and inhibitory neurons. Note that the arrows indicate 773

actual (or functional) connections. C. Associative memory in the model is a connected graph of 774

successive network states (directed edges termed associations), X X , in which every 775

node has no more than one daughter node. Each neuron in the network (e.g. neuron i) must learn 776

a set of input-output associations derived from the memory (orange boxes) by modifying the 777

strengths of its input connections, Jij, under the constraints on connection signs and l1-norm. D. 778

A neuron’s ability to learn a presented set of associations decreases with the number of 779

associations in the set, m. The memory storage capacity of the neuron, αc, (e.g. red arrow for N = 780

800) is defined as the fraction of associations, m/N, that can be learned with success probability 781

of 50%. The transition from perfect learning to inability to learn the entire set of associations 782

sharpens with increasing N and approaches the result obtained with the replica theory in the limit 783

of N → ∞ (black arrow). Results shown correspond to associative sequences of uncorrelated 784

network states, C = 0. Numerical results for N = 200, 400 and 800 were obtained with convex 785

optimization (lines) and the modified perceptron learning rule (dots) (see Materials and Methods 786

for details). E. The capacity of a single neuron is a decreasing function of the rescaled robustness, 787

ρ. Error-bars indicate standard deviations calculated based on 100 networks. 788

Figure 2: Replica theoretical solutions for the associative and balanced models converge in the 789

limit of 1wf 1wf . In this limit, model results depend only on / w/ ww , in agreement with Eqs. (13, 790

14). A. Maps of critical capacity as functions of  and ww  for the associative (A1) and balanced 791

(A2) models. Straight isocontours confirm that the results depend only on / w/ ww . The absolute 792

difference of the two maps (A3) shows that critical capacities of the two models converge in the 793
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limit of 1wf 1wf . Same for the probabilities of inhibitory (B) and excitatory (C) connections. D. 794

Maps of mean, non-zero, inhibitory connection weights as a function of and ww  for the 795

associative (D1) and balanced (D2) models, as well as the absolute relative difference of these 796

maps (D3). Same for the mean, non-zero, excitatory connection weights (E), and standard 797

deviations of non-zero inhibitory (F) and excitatory (G) connection weights.  798

Figure 3: Validation of the theoretical results of Eqs. (13, 14) with numerical simulations 799

performed for N = 200, 400, and 800 inputs. A. Capacity as a function of rescaled robustness, ρ. 800

With increasing N, numerical results (error-bars) obtained with convex optimization, Eqs. (3, 4), 801

approach the theoretical solution (black line). Error-bars indicate standard deviations calculated 802

based on 100N simulations. Same for the probabilities of non-zero inhibitory (B1) and excitatory 803

(B2) connections, mean non-zero inhibitory (C1) and excitatory (C2) connection weights, and 804

standard deviations of non-zero inhibitory (D1) and excitatory (D2) connection weights. Panels 805

(E1) and (E2) illustrate the match between theoretical and numerical probability densities of 806

non-zero inhibitory and excitatory connection weights for ρ = 1.  807

Figure 4: Properties of neuron-to-neuron connectivity in associative networks. A. Distributions 808

of weights of inhibitory and excitatory connections for two parameter settings (red and green 809

asterisks in D-G). Note that the distributions contain finite fractions of zero-weight connections. 810

Error-bars indicate standard deviations (based on 100 networks). B, C. Experimentally measured 811

connection probabilities and CVs of connection weights for inhibitory and excitatory 812

connections in mammals (Figure 4-1). Each dot represents the result of a single study averaged 813

(with weights equal to the number of connections tested) over the number of reported projections. 814

Maps of probabilities of inhibitory (D) and excitatory (E) connections as functions of rescaled 815

robustness and relative memory load, i.e. load divided by the theoretical single neuron capacity 816

at N → ∞. Inhibitory connection probability is higher than the probability of excitatory 817

connections in the entire region of considered parameters. F, G. Maps of coefficients of variation 818

(CV) of non-zero inhibitory and excitatory connection weights as functions of rescaled 819

robustness and relative memory load. Isocontour lines in the maps correspond to the interquartile 820

ranges of experimentally observed connection probabilities and CVs shown in (B) and (C). 821

Numerical results in (A, D-G) were obtained with convex optimization based on networks of N = 822

800 neurons.823
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Figure 4-1: Dataset of connection probabilities and strengths in local brain circuits in mammals. 824 

The dataset is a compilation of 87 articles published in peer-reviewed journals from 1990 to 825 

2016, describing a total of 420 projections. 826 

Figure 5: Two- and three-neuron structural motifs in associative networks. A. Map of the 827 

overexpression ratios for bidirectional excitatory 2-neuron motifs shows no significant deviation 828 

from 1 in the entire range of the considered rescaled robustness and relative memory load. B. 829 

Normalized z-scores of 16 three-neuron motifs in excitatory subnetworks indicate over- and 830 

underexpression of these structures in comparison to the chance levels. Red and green curves 831 

show the results for the parameter settings specified by the red and green asterisks in (A). Error-832 

bars indicate standard deviations. C. Average fraction of excitatory 3-neuron motifs #6, 7, 13, 833 

and 14 appearing in associative networks among the top four z-score motifs. The isocontour line 834 

in (C), demarcating the region of reasonably good solutions, is drawn as a guide to the eye. 835 

Results were generated based on 100 networks of N = 800 neurons. 836 

Figure 6: Distributions of non-zero connection numbers in clusters of 3-8 excitatory neurons in 837 

associative networks. A1-F1. Solid red and green lines illustrate distributions obtained in 838 

associative networks for the parameter settings indicated by the red and green asterisks. Solid 839 

black curves indicate the corresponding results for local cortical networks based on 840 

electrophysiological measurements (Perin et al., 2011). Dashed lines show distributions in 841 

randomly shuffled networks. Distributions of non-zero connection numbers in clusters of 3-8 842 

excitatory neurons in associative networks are significantly different from the corresponding 843 

distributions in randomly shuffled networks (20,000 subnetworks, two-sample K-S test, p < 10-7). 844 

A2-F2. Maps of l2 distances between the logarithms of connection number probabilities in 845 

associative and cortical subnetworks of 3-8 neurons. Numerical results were generated based on 846 

100 networks of N = 800 neurons. 847 

Figure 7: Dynamical properties of spontaneous activity in associative networks. A1. Two 848 

examples of spike rasters for associative networks parametrized as indicated by the red and green 849 

asterisks from (A2). Dynamics at low values of rescaled robustness (red) quickly terminates at a 850 

quiescent state. A2. Map of the duration of transient dynamics as a function of rescaled 851 

robustness and relative memory load. Note that at high levels of rescaled robustness and memory 852 
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load, associative networks have long-lasting, transient activity. Isocontour line is drawn as a 853 

guide to the eye. B1. Distributions of CV in inter-spike-intervals (ISI) for the two parameter 854 

settings. Note that the average CV value increases with ρ. B2. Map of the average CV of ISI as a 855 

function of rescaled robustness and relative memory load. Isocontour line demarcates a region of 856 

high CV values that are in general agreement with experimental measurements. C. Same for 857 

cross-correlation coefficients of neuron spike trains. D. Same for the anti-correlation coefficient 858 

of excitatory and inhibitory postsynaptic inputs received by a neuron. Note that the inputs are 859 

normalized by the firing threshold. For the selected parameter configurations, excitatory and 860 

inhibitory inputs are tightly balanced (large negative anti-correlation) despite large fluctuations. 861 

Maps in (A2, B2, C2, and D2) were generated based on networks of N = 800 neurons by 862 

averaging the results over 100 networks and 100 random initial states for each network and 863 

parameter setting.   864 

Figure 8: Values of rescaled robustness and memory load identified based on structural and 865 

dynamical properties of local cortical networks are consistent with the functional requirement of 866 

robust retrieval of stored memories. A. Region of parameters (dashed green line) that leads to a 867 

general agreement with the experimentally observed excitatory and inhibitory connection 868 

probabilities (red), excitatory 3-neuron motifs (green), 3-8 excitatory neuron clusters (blue), and 869 

sustained, irregular, asynchronous spiking activity (cyan). B. Retrieval of memory sequences in 870 

the absence of noise. The network is loaded with a memory sequence that it attempts to learn. 871 

The retrieval process is initialized at the start of the sequence, and deviations of subsequent 872 

network states from the loaded states are quantified with the Hamming distance normalized by 873 

the network size, N. The sequence is said to be successfully retrieved if the deviations are small. 874 

C. The success probability of sequence retrieval in the absence of noise as a function of rescaled 875 

robustness and relative memory load. The blue line, corresponding to the success probability of 876 

0.5, defines the network capacity. Single neuron critical capacity for N → ∞ (black line) and 877 

capacity for N = 800 (red line) are shown for reference. Dashed green contour is the overlap 878 

region from (A). D. Probability of retrieving an entire memory sequence in the presence of 879 

postsynaptic noise. The network was configured at the green asterisk. Noise tolerance level is 880 

defined as the relative noise strength, σnoise/σinput, corresponding to the retrieval probability of 0.5. 881 
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E. Map of noise tolerance level. Note that in the identified parameter region, the network can 882 

tolerate noise that is comparable to the standard deviation in postsynaptic input, σinput. 883 

Figure 9: Effects of correlations in associated network states on the structural and dynamical 884 

properties of model networks. A. Probabilities of inhibitory and excitatory connections in 885 

associative networks loaded with pairs of correlated network states (correlation coefficient C). 886 

The network is configured at the rescaled robustness and memory load defined by the green 887 

asterisk from Figure 4. Same for CVs of inhibitory and excitatory connection weights (B), 888 

overexpression ratios of excitatory-excitatory, inhibitory-excitatory and inhibitory-inhibitory 889 

bidirectional connections (C), z-score rank similarity for excitatory three-neuron motifs #6, 7, 13, 890 

and 14 (D), l2 distances between the logarithms of connection number probabilities in associative 891 

and cortical subnetworks of n = 6 neurons (E), number of steps to limit cycles (F), CV of ISI (G), 892 

cross-correlation coefficients of neuron spike trains (H), and anti-correlation coefficient of 893 

excitatory and inhibitory postsynaptic inputs to a neuron (I). Error-bars in all panels indicate 894 

standard deviations calculated based on 100 networks. 895 

Figure 10: Excitatory and inhibitory inputs in relation to the firing threshold and robustness. 896 

Left and right halves of the figure are based on the data from Table 1 and correspond to the red 897 

and green asterisks from Figure 4. The average excitatory and inhibitory inputs are much larger 898 

than the threshold of firing. However, the total input lies within one standard deviation from the 899 

firing threshold due to a partial cancellation of its excitatory and inhibitory components. 900 
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TABLE 903 

 904 

 Parameter name Red asterisk Green 
asterisk 

In
pu

t p
ar

am
et

er
s 

Number of neurons, N 800 800 
Inhibitory neuron fraction, Ninh/N 0.20 0.20 

Firing probability, f 0.20 0.20 
Threshold of firing, h 20 mV 20 mV 

Scaled average absolute connection weight, 
Nwf /h  14 14 

Relative memory load, α/αc 0.90 0.90 
Rescaled robustness, ρ 1.25 3.25 

O
ut

pu
t p

ar
am

et
er

s 

Memory load, α 0.38 0.20 
Robustness parameter, κ 25 mV 64 mV 

Excitatory connection probability,
con

excP  0.26 0.14 

Inhibitory connection probability,
con

inhP  0.66 0.46 
CV of excitatory connection weights 0.89 0.99 
CV of inhibitory connection weights 0.75 0.86 

Average number of steps to limit cycle 32 2.3×104 
CV of ISI 0.67 0.88 

Spike cross-correlation coefficient 0.24 0.09 
Excitatory postsynaptic potential (mean ± s.d.) 133 ± 14 mV 125 ± 38 mV 

Inhibitory postsynaptic potential (mean ± s.d.) −144 ± 35 
mV 

−155 ± 48 
mV 

Total postsynaptic potential (mean ± s.d.) −11 ± 38 mV −30 ± 60 mV 
Exc.-inh. input correlation coefficient -0.96 -0.79 

Sequence retrieval probability 0.08 1 
Noise tolerance, σnoise/σinput 0 0.35 

Table 1: Input and output model parameters corresponding to the red and green asterisks of 905 
Figure 4. 906 
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