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Phase Locking of Auditory Nerve Fibers: The Role of
Lowpass Filtering by Hair Cells
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Phase locking of auditory-nerve-fiber (ANF) responses to the temporal fine structure of acoustic stimuli, a hallmark of the audi-
tory system’s temporal precision, is important for many aspects of hearing. Previous work has shown that phase-locked period his-
tograms are often well described by exponential transfer functions relating instantaneous stimulus pressure to instantaneous
spike rate, with no observed clipping of the histograms. The operating points and slopes of these functions change with stimulus
level. The mechanism underlying this apparent gain control is unclear but is distinct from mechanical compression, is independ-
ent of refractoriness and spike-rate adaptation, and is apparently instantaneous. Here we show that these findings can be
accounted for by a model consisting of a static Boltzmann transducer function yielding a clipped output, followed by a lowpass fil-
ter and a static exponential transfer function. Using responses to tones of ANFs from cats of both sexes, we show that, for a given
ANF, the period histograms obtained at all stimulus levels for a given stimulus frequency can be described using one set of level-
independent model parameters. The model also accounts for changes in the maximum and minimum instantaneous spike rates
with changes in stimulus level. Notably, the estimated cutoff frequency is lower for low- than for high-spontaneous-rate ANFs,
implying a synapse-specific contribution to lowpass filtering. These findings advance our understanding of ANF phase locking by
highlighting the role of peripheral filtering mechanisms in shaping responses of individual ANFs.
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Significance Statement

Phase locking of auditory-nerve-fiber responses to the temporal fine structure of acoustic stimuli is important for many
aspects of hearing. Period histograms typically retain an approximately sinusoidal shape across stimulus levels, with the pe-
ripheral auditory system operating as though its overall transfer function is an exponential function whose slope decreases
with increasing stimulus level. This apparent gain control can be accounted for by a static saturating transducer function fol-
lowed by a lowpass filter. In addition to attenuating the AC component, the filter approximately recovers the sinusoidal wave-
form of the stimulus. The estimated cutoff frequency varies with spontaneous rate, revealing a synaptic contribution to
lowpass filtering. These findings highlight the significant impact of peripheral filtering mechanisms on phase locking.

Introduction
Primary auditory afferents (auditory-nerve fibers [ANFs]) show
phase locking in response to low-frequency tones, low-frequency
components of broadband sounds, and low-frequency fluctuations
of envelopes (for review, see Joris et al., 2004; Heil and Peterson,

2015, 2017). Phase locking to the fine structure of acoustic stimuli
is thought to be important for sound localization (Grothe et al.,
2010), sound detection (Huet et al., 2018), and pitch perception
and speech understanding (Lorenzi et al., 2006; Moore, 2008;
Verschooten et al., 2019) in quiet and in background noise.

Period histograms from phase-locked ANF responses to low-
frequency tones show no sign of peak clipping at high stimulus
levels, even beyond that at which the mean spike rate has satu-
rated. Peak clipping would prevent the instantaneous spike rate
from coding the full range of instantaneous pressures. The lack
of peak clipping is perhaps surprising because apical cochlear
mechanical responses show little, if any, compression (Robles
and Ruggero, 2001), and hair-cell transduction is thought to
obey a static saturating sigmoidal nonlinearity (Meddis, 2006;
Zilany et al., 2009; Altoè et al., 2018; Horst et al., 2018). Many pe-
riod histograms are well described by a sinusoidal stimulus
passed through an exponential transfer function (Colburn, 1973;
Johnson, 1974; Horst et al., 2018; Peterson and Heil, 2019).
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Others require adding distortion components to the stimulus
(Johnson, 1974; Peterson and Heil, 2019). The operating point of
the exponential function (the instantaneous rate at an instanta-
neous pressure of 0 Pa) often increases with increasing stimulus
level (Peterson and Heil, 2019). In contrast, the slope of the expo-
nential function is approximately constant across low stimulus
levels (Horst et al., 2018) and then decreases with increasing level
(Peterson and Heil, 2019). This change in the slope represents an
apparent gain control that prevents peak clipping at high stimu-
lus levels.

The mechanism underlying the change in slope is unknown.
Peterson and Heil (2019) showed that neither ANF refractoriness
nor mechanisms responsible for spike-rate adaptation on time
scales longer than the stimulus period are involved. They also
demonstrated that the mechanism must be fast because the slope
is set already during the first cycles of the response. Two poten-
tial mechanisms for this change in slope have been suggested.
One is a change of the microscopic stiffness of the hypothetical
gating spring in the transduction machinery in the inner-hair-
cell stereocilia, such that a larger displacement of the stereocilia
is required at high stimulus levels than at low stimulus levels to
yield a given open probability of the mechanoelectrical trans-
ducer (MET) channels. Such a mechanism, corresponding to a
transducer function whose slope decreases with increasing level,
has been proposed for basal outer hair cells (Patuzzi and
Moleirinho, 1998; Meenderink and van der Heijden, 2011). The
other potential mechanism, proposed by Laurel Carney (personal
communication), is a static saturating transducer function that
produces clipped MET currents, followed by a lowpass filter that
converts the currents into approximately sinusoidal signals.

Russell et al. (1986a) recorded membrane potentials of iso-
lated inner hair cells during sinusoidal displacements of their
stereocilia bundles. Their data (e.g., their Fig. 5) reveal that
increasing the amplitude of the sinusoidal displacement increases
the instantaneous displacement needed to produce a given recep-
tor potential, which is consistent with either mechanism. Some
published recordings of MET currents from inner hair cells in
the hemicochlea (Jia et al., 2007) or hair cells in vitro (Fettiplace
and Kim, 2014) display responses consistent with a static
Boltzmann transducer function.

Here, we investigate the feasibility of the second proposed
mechanism by fitting period histograms with a model consisting
of a static Boltzmann transducer function followed by a lowpass
filter and a static exponential transfer function. For a given ANF
and stimulus frequency, one set of model parameters is fitted to
the period histograms obtained for all stimulus levels, such that
all model components are level independent. We find that such a
model accounts well for the data.

Materials and Methods
The data for this study consist of responses of 77 ANFs in 5 barbiturate-
anesthetized adult cats (3 females, 2 males; weighing 3–3.5 kg) to low-
frequency tones (typically 100ms, including 4.2-ms-long cosine-squared
rise and fall times). Tones of a selected frequency were presented at a
range of sound pressure levels (SPLs) increasing from low to high (typi-
cally in 4 dB steps from below rate threshold to 80-100dB SPL), referred
to here as a “level series.” A given stimulus level was repeated up to 200
times (typically 50 times) at a fixed rate (typically 4Hz) before advancing
to the next level in the series. The spontaneous activity of the ANF was
recorded last. If the recording conditions were still stable, another stimu-
lus (typically differing in frequency) was selected and the protocol was
repeated. Information about surgical and recording procedures is pro-
vided in Peterson and Heil (2019) and will not be repeated here. All

procedures were approved by the Monash University Department of
Psychology Animal Ethics Committee. The data used here are identical
to those in Peterson and Heil (2019) and consist of period histograms
from which the effects of ANF refractoriness were removed to yield an
estimate of the instantaneous rate of transmitter release events at the
inner-hair-cell ribbon synapse.

Data analysis
Data analysis was performed using MATLAB 2019 (The MathWorks).

Estimating the instantaneous rate of release events. We adapted the
method of Johnson and Swami (1983) to estimate and remove the effects
of refractoriness from period histograms of spikes to obtain the “free fir-
ing rate” (Berry and Meister, 1998; Avissar et al., 2013), the spike rate
expected if the ANF were free from refractory effects. Here, we refer to
this rate as the “event rate” because it also corresponds to the rate of
transmitter release events from the ribbon synapse in the inner hair cell
that drives the ANF, assuming every release event triggers a spike when
the ANF is not refractory. The refractory period following each spike
was modeled as a fixed dead time having duration tD � 0 followed by a
random dead time whose duration was drawn from an exponential dis-
tribution with mean tR . 0. The probability p that the ANF is excitable
(i.e., is not refractory) at time t9 since the previous spike is as follows:

p t9ð Þ ¼ 1� e� t9�tDð Þ=tR for t9 � tD

p t9ð Þ ¼ 0 for t9, tD: (1)

For a given spike train (i.e., one continuous recording of spike times,
including all stimulus repetitions and silent interstimulus intervals), one
continuous excitability function was computed with the excitability
equaling 1 before the first spike and following the time course described
by Equation 1 after each spike. Both tD and tR were set to 0.6ms, consist-
ent with previous estimates (Heil et al., 2007; Peterson and Heil, 2018;
Peterson et al., 2018). The time course of the mean excitability during a
cycle was computed analogously to the period histogram representing
the instantaneous spike rate. Both the period histogram and the mean
excitability used only the portions of the response corresponding to com-
plete cycles of the stimulus, starting from 10ms after stimulus onset to
exclude onset effects. The period histogram representing the estimated
instantaneous event rate was then computed by dividing the period his-
togram of the spikes by the mean excitability function. Because the mean
excitability function can take any value between 0 and 1, the event counts
underlying the estimated event rates are typically noninteger.

Model fitting
We used maximum likelihood estimation to fit a model of phase locking
(see Results) to the instantaneous event rate. For simplicity, we assume
that, during sound stimulation, the event generating process is an inho-
mogeneous Poisson process. Because the instantaneous event rate typically
corresponds to noninteger numbers of events in each bin of a period his-
togram, we computed likelihoods using the continuous approximation of
the discrete Poisson distribution, f n lj Þ ¼ l ne�l =C n11ð Þ�

, where n is
the number of events in a particular bin, l is the expected number of
events in that bin, C is the gamma function, and f is the probability of
observing n given l . Before computing likelihoods, the period histograms
from both the model and the data were shifted to align the phases of their
mean vectors at p to avoid having to include a phase parameter for each
histogram.

The goal of the present study was to account for the level-dependent
changes in the period histograms of a given ANF and stimulus frequency
using a model with only level-independent parameters. We therefore
sought the set of parameter values yielding the maximum joint probabil-
ity (i.e., the maximum likelihood) across all bins of all period histograms
from the level series that met our inclusion criteria. Histograms were
included only if based on�125 spikes and if the vector strength was sig-
nificant (Rayleigh test of uniformity, p, 0.01). For each period histo-
gram, the expected event count per bin, l , was computed from the
model’s rate equation (Eq. 9). For z period histograms, each containing
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m bins, event counts are denoted n1;1; n1;2; ...; nz;m. The negative log like-
lihood, �lnL, of a set of parameter values u l that defines the expected
event counts l 1;1;l 1;2; ...; l z;m is given by the following:

�lnLðu l jn1;1; n1;2; ...; nz;mÞ ¼ �ln
Yz
j¼1

Ym
k¼1

f nj;kjl j;k

� �

¼ �
Xz

j¼1

Xm
k¼1

ln f nj;k l j;kj Þ:ð (2)

The set of model parameters yielding the minimum negative log like-
lihood was estimated using the MATLAB function fmincon. There are
three model parameters for which a change in value requires recomput-
ing the output of the lowpass filter (see Eqs. 6, 7): M0, the normalized
MET current at rest (equal to the resting open probability of the MET
channels); b, the slope factor of the transducer function; and fc, the cutoff
frequency of the lowpass filter. Because filtering is computationally
demanding, we used a grid-search approach to minimize the number of
times the filter output had to be computed during fitting. First, M0 was
fixed to 1 of 19 linearly spaced values over the interval from 0.05 to 0.95.
Next, a grid was defined with 31 values of b logarithmically spaced over
the interval from 1 to 100,000Pa�1 and 61 values of fc logarithmically
spaced values over the interval from f1/10 to f1·10Hz, where f1 is the
stimulus frequency. For the selectedM0 and each of the 31� 61 pairs of
b and fc, the slope factor of the exponential function, parameter D (see
Eq. 9), was then fitted. Because there was sometimes one minimum in
the region fc , f1 and another, distinct, minimum in the region fc . f1, a
“best pair” (i.e., the pair of b and fc yielding the smallest negative log like-
lihood) was identified within each region. Further fits were performed
while iteratively zooming in to the region of the grid near each best pair
until the values of b and fc each changed by ,1% between adjacent
points. The combination of b, fc, and D yielding the smallest negative log
likelihood was chosen as the optimum set of parameter values for the
selected value of M0. The entire process was then repeated for each
remaining value ofM0. The combination ofM0, b, fc, and D yielding the
smallest overall negative log likelihood was taken as the global
minimum.

To verify the reliability of the fitting procedure, period histograms
were simulated using known model parameters and then fitted by the
model using the grid-based procedure. The simulated histograms were
produced by taking the best-fitting model functions, computing the
expected event count per bin, and drawing random counts from Poisson
distributions having these expected values. Such simulations were per-
formed for several real ANF level series, including examples having differ-
ent spontaneous rates (SRs) and different stimulus frequencies. In most
cases examined, the parameter estimates closely agreed with the known
values, implying that the fitting procedure is reliable. In other cases, a
broad range ofM0 values yielded negative log likelihoods near the global
minimum, such that nearly identical model functions were obtained for
different parameter combinations. In these cases, the parameter estimates
obtained from the global minimum sometimes did not match the known
values, despite the model functions closely matching the simulated histo-
grams. A similar finding was made when fitting the real data and is
addressed below (see Population results; see Figs. 6B, 7D–F).

Code accessibility
The code for the model and for the grid-based fitting procedure is acces-
sible online (Peterson, 2020).

Results
Model
Peterson and Heil (2019) found that period histograms of instan-
taneous event rates, R(t) (estimated by removing the effects of
refractoriness from the instantaneous spike rates; see Materials
and Methods), could be well described by a mechanical drive,
P(t), passed through an exponential transfer function. The wave-
form of the mechanical drive is given by the following:

P tð Þ ¼ P1 � sin 2p f1t1 w 1ð Þ1 P2 � sin 2p f2t1 w 2ð Þ
1P3 � sin 2p f3t1 w 3ð Þ (3)

where P1, f1, and w 1 specify the amplitude (in Pa), frequency
(in Hz), and phase (in rad), respectively, of the stimulus, and
P2, P3, f2 = 2·f1, f3 = 3·f1, w 2, and w3 specify the amplitudes,
frequencies, and phases, respectively, of two harmonic dis-
tortion components. The distortions were included to
account for the temporal asymmetry of period histograms,
including peak splitting. The exponential transfer function is
given by the following:

R tð Þ ¼ A � eB�P tð Þ (4)

where A is the scale factor that specifies the rate (in events/s) at
P(t) = 0Pa (i.e., the operating point) and B is the slope factor (in
Pa�1). Peterson and Heil (2019) observed that the slope factor B
and operating point A vary with stimulus level.

Here, we attempt to account for these findings by means of
an extended model that has no level-dependent parameters. This
extended model consists of a static Boltzmann transducer func-
tion followed by a lowpass filter and a static exponential transfer
function. To keep the number of model parameters small, we
omitted the distortion components used by Peterson and Heil
(2019).

Figure 1 shows the input, transfer function, and output of
each stage of the extended model for one stimulus frequency and
several stimulus levels. The instantaneous stimulus pressure is
given by the following:

P tð Þ ¼ P1 � sin 2p f1t1w 1ð Þ: (5)

Figure 1A shows one cycle of the instantaneous pressure, with
w 1 = 0, for 13 stimuli ranging from 30 to 78dB SPL in steps of
4 dB. We chose a first-order Boltzmann function as the static sat-
urating transducer function that relates the instantaneous stimu-
lus pressure to the instantaneous open probability of the MET
channels. The current through the MET channels is assumed to
be proportional to the open probability. A first-order Boltzmann
function describes the open probability of a two-state channel
that transitions between a closed and an open state. It accounts
well for transfer functions relating basilar membrane displace-
ment (which in the apical cochlea is approximately proportional
to the instantaneous stimulus pressure) (Robles and Ruggero,
2001) to MET currents in inner hair cells (e.g., Jia et al., 2007,
their Fig. 1). Although Fettiplace and Kim (2014) note that sev-
eral ex vivo datasets are better described by a second-order
(three-state) Boltzmann function, they express concern that the
need for such a function (and the more gradual curvature at its
upper end) might be an artifact of the mechanical stimulation
technique. They suggest that such an artifact would particularly
affect inner hair cells due to the morphology of their hair bun-
dles. The instantaneous normalized MET current (defined as the
unitless ratio of the current to the maximum possible current
and equal to the instantaneous open probability) is therefore
given by the following:

M tð Þ ¼ 1
11 1=M0 � 1ð Þ � e�b�P tð Þ (6)

where M0 is the normalized current at rest (equal to the resting
open probability) and b (.0) is the slope factor (in Pa�1).
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Because b can also be conceived of as a scale factor for the input
to the Boltzmann function, and because b is constant across lev-
els, the model lacks any level-dependent amplification of the
stimulus, such as might occur from a cochlear amplifier. Figure
1B shows a first-order Boltzmann function with M0 = 0.20 and
b=2743Pa�1. Figure 1C shows the resulting instantaneous nor-
malized MET currents for the stimuli in Figure 1A. As the stimu-
lus level increases, the maximum current initially increases
before saturating, the minimum current initially decreases before
saturating, and the peaks and troughs become increasingly
clipped. These behaviors are consistent with the saturation and
clipping observed in experimental data (e.g., for inner hair cells,
see Jia et al., 2007, their Fig. 1C; for an outer hair cell, see
Fettiplace and Kim, 2014, their Fig. 4D,E).

There are likely several lowpass filtering stages between the
stimulus and transmitter release. Kidd and Weiss (1990) argue
for at least three, because, in addition to the membrane capaci-
tance, the entry and accumulation of calcium required to trigger
release at the synapse might also act as lowpass filters. To keep
the number of model parameters small, we use a single third-
order Butterworth lowpass filter, located after the normalized
MET currents. The gain G of the frequency response of a Butter-
worth lowpass filter is given by the following:

G fð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 f

fc

� �2n
r (7)

where f is the frequency, fc is the cutoff frequency, and n is the fil-
ter order. Figure 1D shows the transfer function of such a filter
with n=3. Filtering was applied in the forward direction only
using the MATLAB function filter. Several cycles of the MET
current were computed and filtered, and one cycle from the
steady-state portion of the filter output was retained. Figure 1E
shows the instantaneous outputs, L(t), resulting from a cutoff fre-
quency of 0.54 � the stimulus frequency. For display purposes,
the phase shifts introduced by the model’s filter were compen-
sated by shifting each output to align the phase of the mean vec-
tor to the maximum stimulus pressure. In this example, the
outputs are approximately sinusoidal for all stimulus levels but
saturate at the higher levels corresponding to the saturation of
the MET current. For a given stimulus level, the mean value of
the normalized MET current (Fig. 1C) and the mean value of the
filter output (Fig. 1E) are identical. For an instantaneous pressure
of 0 Pa, the instantaneous value of the filter output changes
(here, increases) with stimulus level, whereas the normalized
MET current at rest is constant (Fig. 1C). The filter output does
not correspond perfectly to the membrane potential because our

A C E

B D

H

F

G

Figure 1. Input, transfer function, and output of each stage of the model for one stimulus frequency and several stimulus levels. A, One cycle of the instantaneous pressure for each stimulus.
The 13 stimuli range from 30 to 78 dB SPL in steps of 4 dB. B, First-order Boltzmann function relating the instantaneous stimulus pressure to the normalized MET current (or, equivalently, to
the open probability of the MET channels), with M0 = 0.20 and b= 2743 Pa�1. C, Instantaneous normalized MET currents for the stimuli in A. D, Third-order Butterworth lowpass filter with fc/
f1 = 0.54. E, Instantaneous filter outputs for the stimuli in A. These outputs are approximately sinusoidal for all stimulus levels, but saturate at the higher levels corresponding to the saturation
of the MET current. The phase of each output was shifted to align the maximum output to the maximum stimulus pressure. F, Exponential transfer function relating the instantaneous filter
output to the event rate. G, Instantaneous event rates resulting from the stimuli in A. H, Overall transfer functions relating the instantaneous stimulus pressure to the event rate. They are
approximately exponential and have level-dependent slopes and operating points, despite the model having no level-dependent parameters.
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single filter combines the filtering performed by the membrane
capacitance and by the synapse. The filtering performed by the
membrane capacitance likely dominates, such that the filter out-
put should nonetheless be similar to the membrane potential.
Indeed, the approximately sinusoidal shape and the saturation of
L(t) at high levels, as well as the change in the value of L(t) for an
instantaneous pressure of 0 Pa, agree qualitatively with most
published recordings of inner-hair-cell membrane potentials
(e.g., Russell and Sellick, 1983, their Figs. 1, 2, 10B; Russell et al.,
1986a, their Figs. 5A, 9, 10E; Russell et al., 1986b, their Fig. 3A;
Dallos, 1985, his Fig. 5; Dallos, 1986, his Fig. 6; Dallos and
Cheatham, 1989, their Fig. 1; Dallos and Cheatham, 1990, their
Figs. 2, 3). With a cutoff frequency higher than the stimulus fre-
quency, the model is also able to produce filter outputs that are
less sinusoidal and contain distortions. The magnitude of the AC
component of L(t) typically grows linearly with increasing stimu-
lus amplitude before saturating (not shown). This is consistent
with the growth and saturation of the AC component of the re-
ceptor potential of inner hair cells (e.g., Russell and Sellick, 1978;
Dallos, 1985; Patuzzi and Yates, 1987). The magnitude of the DC
component of the change in L(t) (defined as the mean value
minus the resting value) typically grows (but, in cases where
M0 . 0.5, decreases) with the square of the stimulus amplitude
before saturating (not shown). This is consistent with the often
steeper-than-linear growth and saturation of the DC component
of the receptor potential of inner hair cells (Patuzzi and Sellick,
1983; Dallos, 1985). The AC/DC ratio of the change in L(t) there-
fore decreases linearly with increasing stimulus amplitude before
saturating, or, equivalently, decreases with the square root of the
DC component. This is consistent with experimental findings
(see Patuzzi and Sellick, 1983, their Fig. 7). These behaviors of
the AC and DC components in the model result from the
Boltzmann transducer function and are not qualitatively affected
by the filter.

Many period histograms computed from ANF responses to
tones can be well approximated by a sinusoid passed through an
exponential transfer function. Because L(t) in the model pre-
sented here is approximately sinusoidal (Fig. 1E), it is necessary
to include an exponential transfer function, as follows:

R tð Þ ¼ C � eD�L tð Þ (8)

to relate the instantaneous output of the lowpass filter to the in-
stantaneous rate of release events. Here, C (.0) is the scale factor
that specifies the rate (in events/s) for L= 0, and D (.0) is the
slope factor. To keep the number of model parameters small, C
was fixed such that the model necessarily reproduced the sponta-
neous event rate Rspont. During spontaneous activity, R(t) in
Equation 8 is equal to Rspont, and the lowpass filter output L(t) is
equal to the normalized MET current at rest, M0, such that
C ¼ Rspont � e�D�M0 . This allows Equation 8 to be rewritten as
follows:

R tð Þ ¼ Rspont � eD� L tð Þ�M0ð Þ: (9)

Figure 1F shows this exponential transfer function. Fixing C
also ensured that the model would fit period histograms in which
the rate was modulated near the SR (i.e., near threshold), regard-
less of whether such histograms met the quality criteria to be
included in the fits.

For simplicity, we assume that ANF spontaneous activity is
described by a dead-time-modified homogeneous Poisson pro-
cess (although the spiking statistics deviate somewhat from this
assumption; see, e.g., Peterson and Heil, 2018). For such a

process, the mean interspike interval equals the sum of the mean
interevent interval and the mean refractory period (Young and
Barta, 1986). The spontaneous event rate is therefore given by
the inverse of the difference between the mean interspike interval
during spontaneous activity and the mean refractory period.
Here, we assumed a mean refractory period of 1.2ms (Heil et al.,
2007; Peterson et al., 2014, 2018; Peterson and Heil, 2018).
Figure 1G shows the instantaneous event rates obtained by pass-
ing the filter outputs in Figure 1E through the exponential func-
tion in Figure 1F.

Figure 1H shows the model’s overall transfer functions relat-
ing the instantaneous stimulus pressure (Fig. 1A) to the instanta-
neous event rate (Fig. 1G). They are approximately exponential
and have level-dependent slopes and operating points, despite
the model having no level-dependent parameters. If these overall
transfer functions were perfectly exponential, they would exactly
correspond to the single, level-dependent exponential transfer
step (Eq. 4) in the model of Peterson and Heil (2019), which
relates their mechanical drive to the rate of release events.

Model fits to exemplary data
The current model was fitted to the same data as used in
Peterson and Heil (2019), excluding six level series having fewer
than five stimulus levels. The data comprise period histograms
from 178 level series recorded from 77 ANFs. Figures 2–5 com-
pare fit results obtained from the current model with those
obtained by Peterson and Heil (2019) for four example ANFs
having mid and high (relative to the phase-locking range of up to
;5 kHz in cat) characteristic frequencies (CFs) and low and high
SRs. Figure 2 shows data for a level series of a representative
mid-CF (1.3 kHz), high-SR (62 spikes/s) ANF. Figure 2A shows
the period histograms of event rates (colored by stimulus level)
and corresponding fits from the current model (white lines),
whose four independent parameters (M0, b, fc, and D) are con-
stant across all period histograms shown. The maximum instan-
taneous event rate reached for each stimulus level (i.e., the rate at
the peak of the period histogram) increases with increasing stim-
ulus level before saturating, a finding common to all ANFs. In
this example, the minimum instantaneous event rate (i.e., the
rate in the trough of the period histogram) decreases with
increasing stimulus level. This can be seen by comparing the rate
in the troughs with the spontaneous event rate marked by the
horizontal dotted line. Across the population of ANFs, both
increases and decreases in the minimum instantaneous event
rate with increasing stimulus level are observed (addressed below
in The dependence of the minimum rate on level, frequency, and
SR). Figure 2B shows the overall transfer functions (i.e., the func-
tions relating the instantaneous stimulus pressure to the instanta-
neous rate of release events) obtained from these fits. They are
approximately exponential (and therefore form approximately
straight lines in the logarithmic plot used here) and their slopes
decrease with increasing stimulus level. We assume the period
histograms follow the von Mises distribution (i.e., one cycle of a
sinusoid passed through an exponential function) (Ashida et al.,
2010, 2013; van Hemmen, 2013; Peterson and Heil, 2019). In this
case, a slope factor B and scale factor A can be computed for
each overall transfer function (denoted overall B and overall A)
from the model’s vector strength V and mean rate Rmean using
the relationship as follows:

V ¼ I1 BP1ð Þ
I0 BP1ð Þ ¼

I1 BP1ð Þ � A
Rmean

(10)

where I0 and I1 are the zero-order and first-order modified
Bessel functions of the first kind (Ashida et al., 2013; van
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Hemmen, 2013; Peterson and Heil, 2019). Figure 2C shows over-
all B as a function of stimulus level. This slope factor is approxi-
mately constant at low levels and then decreases with increasing
level with a slope of;�1 in this double-logarithmic plot. Figure
2D shows overall A as a function of stimulus level. This scale fac-
tor increases minimally before saturating in this example.

Figure 2E-H shows corresponding results from the Peterson
and Heil (2019) model. This model can reproduce the period his-
tograms in more detail (Fig. 2E), but at the cost of using seven in-
dependent parameters (P2, P3, w 1, w 2, w 3, A, and B) for each
period histogram. Even if it were simplified by omitting the dis-
tortions and by aligning the period histograms and stimulus
waveforms as for the current model, there would still be two in-
dependent parameters (A and B) for each period histogram, cor-
responding to 34 independent parameters across the 17
histograms in this example. The exponential transfer functions
(Fig. 2F) relating the instantaneous mechanical drive (Eq. 3) to
the instantaneous rate of release events (Eq. 4) are similar to the
overall transfer functions obtained with the current model (Fig.
2B), as are the B versus level function (compare Fig. 2G with

Fig. 2C) and the A versus level function (compare Fig. 2H with
Fig. 2D).

Figure 3 shows data for a level series of a mid-CF (1.2 kHz),
low-SR (0.1 spikes/s) ANF. The fit results obtained from the cur-
rent model are also very similar to those obtained with the model
of Peterson and Heil (2019). In this example, in contrast to the
previous one, the minimum instantaneous event rate reached for
each stimulus level increases with increasing level before saturat-
ing (best seen in Fig. 3B,F). The minimum instantaneous event
rate is higher than the spontaneous event rate (Fig. 3B,F, hori-
zontal dotted lines) at all but the lowest stimulus levels. For both
models, the B versus level functions are approximately constant
at low levels before decreasing with increasing level (Fig. 3C,G),
and the A versus level functions increase with increasing level
before saturating (Fig. 3D,H).

Figure 4 shows data for a level series of a high-CF (3.1 kHz),
high-SR (51 spikes/s) ANF, and Figure 5 shows data for a level
series of a high-CF (4.1 kHz), low-SR (0.08 spikes/s) ANF. The
data behave similarly to those of the mid-CF ANF in Figure 3,
but the ratio of the maximum to the minimum instantaneous
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Figure 2. Comparison of fit results obtained from the current model and those obtained by Peterson and Heil (2019) for a representative mid-CF, high-SR ANF (A6-U31-R1; CF = 1.3 kHz;
SR = 62 spikes/s) in response to CF tones from 16 to 80 dB SPL. A, Period histograms of event rates (colored by stimulus level) and corresponding fits from the current model (white lines),
which uses only four independent parameters to fit all period histograms for a given ANF and stimulus frequency. The model reproduces the period histograms well. The best-fitting parameters
for this example are M0 = 0.45, b= 2006.64 Pa�1, fc = 1.07 kHz, and D= 5.48. B, The overall transfer functions relating the instantaneous stimulus pressure to the instantaneous rate of
release events obtained from these fits are approximately exponential and change with level. C, The slope factor (overall B) as a function of the stimulus level. D, The scale factor (overall A) as
a function of the stimulus level. A, B, D, Horizontal dotted lines indicate the spontaneous event rate. C, Dotted negative diagonal indicates where the product of overall B and the stimulus am-
plitude P1 is equal to 1. C, D, Solid lines connecting the model data points also show extrapolations to lower and higher stimulus levels. E–H, Corresponding results from the Peterson and Heil
(2019) model, which uses seven independent parameters to fit each period histogram.
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event rates (and therefore the height of the functions in this loga-
rithmic plot) is smaller for these high-CF ANFs due to the stron-
ger attenuation of the AC component by lowpass filtering. For
both examples, the fit results obtained from the current model
are very similar to those obtained with the model of Peterson
and Heil (2019).

Population results
Figures 6 and 7 show population results for parameter estimates
from the current model.

Parameters of the Boltzmann transducer function
Figure 6A shows the estimates of the normalized MET current at
rest,M0, as functions of stimulus frequency (horizontal axis) and
spontaneous event rate (color code). The estimates vary between
0.05 and 0.70, and their distribution is bimodal (Fig. 6A, inset).
The peak at 0.05 results predominantly from low-SR ANFs and
from a few high-SR ANFs studied with high-frequency tones,
whereas the peak at 0.45 results predominantly from high-SR
ANFs. Estimates of M0 are positively correlated with spontane-
ous event rate (Spearman’s rank correlation coefficient s = 0.64,
p=3.9 � 10�22, n= 178 level series) and negatively correlated
with frequency (s = �0.49, p= 3.3 � 10�12) and with CF (s =

�0.52, p= 1.6 � 10�13). However, for individual ANFs tested
with multiple stimulus frequencies, there is no consistent change
inM0 with stimulus frequency (data not shown). To examine the
robustness of the estimates of M0, we compared the negative log
likelihoods obtained from model fits having different values of
M0. For each level series, a relative measure of the quality of the
fit was computed as the difference between the negative log like-
lihood obtained for each M0 and the negative log likelihood
obtained for the bestM0, such that the smaller the difference, the
better the fit. Figure 6B shows this measure as a function of M0

for each level series (connected by lines, where color represents
stimulus frequency). The three subpanels show results grouped
by SR (Fig. 6Bi–Biii correspond to .10 spikes/s, 1–10 spikes/s,
and ,1 spike/s, respectively). Functions obtained from high-SR
ANFs using low stimulus frequencies are V-shaped and show
clear minima (Fig. 6Bi). Most functions obtained using high
stimulus frequencies or obtained from intermediate- and low-SR
ANFs (Fig. 6Bii,Biii) do not show clear minima. Instead, the
quality of the fits is typically comparable for all values of M0

between 0.05 and 0.45, revealing that a range of values is compat-
ible with these data. This implies that the distribution of the true
values of M0 for a given frequency could be narrower than that
of the estimated values. The fits performed on simulated period
histograms generated with known model parameters (to verify
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Figure 3. Comparison of fit results obtained from the current model and those obtained by Peterson and Heil (2019) for a representative mid-CF, low-SR ANF (A7-U10-R2; CF = 1.2 kHz;
SR = 0.1 spikes/s) in response to CF tones from 42 to 90 dB SPL. A, Period histograms of event rates (colored by stimulus level) and corresponding fits from the current model (white lines).
The best-fitting parameters for the current model are M0 = 0.25, b= 512.72 Pa�1, fc = 0.75 kHz, and D= 20.89. B, The overall transfer functions relating the instantaneous stimulus pressure
to the instantaneous rate of release events. C, The slope factor (overall B) as a function of the stimulus level. D, The scale factor (overall A) as a function of the stimulus level. E–H,
Corresponding results from the Peterson and Heil (2019) model.
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the reliability of the grid-based fitting procedure; see Materials
and Methods) yielded functions very similar to those obtained
for the real period histograms, including those having flat por-
tions forM0 � 0.45.

Figure 6C shows the estimates of the slope factor b of the
Boltzmann transducer function as functions of the lowest
stimulus level included (horizontal axis) and of the spontane-
ous event rate (color code). The lowest stimulus level included
can serve as a proxy for the threshold stimulus level of the
ANF to the stimulus frequency and is therefore a measure of
the inverse of the ANF’s sensitivity to that frequency. Because
b acts as a scale factor for the stimulus pressure, it also reflects
that sensitivity. The two measures should therefore be nega-
tively correlated. Indeed, for a given SR, b decreases as the
lowest stimulus level increases. The slope is ;�1 in this plot,
such that the dimensionless products of b (in Pa�1) and the
lowest stimulus amplitude (in Pa) are approximately the same
across ANFs of similar SR. For a given b, the lowest stimulus
level is 15-30 dB higher for low-SR ANFs than for high-SR
ANFs, which reflects the fact that low-SR ANFs are less sensi-
tive (for review, see Heil and Peterson, 2015). The value of the
product of b and the stimulus amplitude P1 (bP1) determines
the amount of modulation of the output of the Boltzmann

transducer function and is therefore related to the vector
strength. Figure 6D shows the vector strength, obtained from
each period histogram in the data, plotted as functions of bP1
(horizontal axis) and of the stimulus frequency (color code).
For a first-order Boltzmann function, the width of the range
over which the normalized MET current changes from 10% to
90% of the maximum is equal to ;4.4/b. Unless the system at
rest sits far outside this range, stimulus pressures yielding val-
ues of bP1 up to 4 or 5 should therefore approximately cover
the steep portion of the transducer function. Indeed, vector
strength increases rapidly when bP1 exceeds ;0.1 and reaches
its maximum when bP1 is ;5. For low-frequency stimuli, the
vector strength tends to decrease with further increases in bP1
due to an increase in the harmonic distortions (Peterson and
Heil, 2019). As the stimulus frequency increases, the maxi-
mum vector strength reached decreases due to lowpass filter-
ing (e.g., Palmer and Russell, 1986; Weiss and Rose, 1988).

There is a relatively weak negative correlation between esti-
mates ofM0 and b (s = �0.29, p= 1.04 � 10�4). It likely reflects
a compensatory relationship between the two parameters. For a
constant b, an increase or decrease inM0 causes the MET current
to saturate at a lower or higher stimulus level, respectively. To
counter this effect, bmust decrease or increase, respectively. This
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Figure 4. Comparison of fit results obtained from the current model and those obtained by Peterson and Heil (2019) for a representative high-CF, high-SR ANF (A7-U20-R1; CF = 3.1 kHz;
SR = 51 spikes/s) in response to CF tones from 16 to 76 dB SPL. A, Period histograms of event rates (colored by stimulus level) and corresponding fits from the current model (white lines). .
The best-fitting parameters for the current model are M0 = 0.40, b= 2782.56 Pa�1, fc = 1.54 kHz, and D= 8.41. B, The overall transfer functions relating the instantaneous stimulus pressure
to the instantaneous rate of release events. C, The slope factor (overall B) as a function of the stimulus level. D, The scale factor (overall A) as a function of the stimulus level. E–H,
Corresponding results from the Peterson and Heil (2019) model.
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too implies that the distribution of the true values of M0 for a
given frequency could be narrower than that of the estimated
values.

Cutoff of the lowpass filter
Figure 7A shows the estimates of the cutoff frequency of the low-
pass filter, fc, as functions of the stimulus frequency f1 (horizontal
axis) and of the spontaneous event rate (color code). The data
points fall into two distinct groups: one below and one above the
diagonal. For both groups, the estimates of fc increase with
increasing stimulus frequency. This was also observed for esti-
mates from individuals ANFs tested with multiple stimulus fre-
quencies (not shown). The increase has a slope of ;1 in this
double-logarithmic plot up to a stimulus frequency of ;1.5 kHz,
and a slope, 1 for higher stimulus frequencies. The maximum
estimate of fc is 3.8 kHz. For the group below the diagonal, where
fc , f1, the filter strongly attenuates the upper harmonic distor-
tion components introduced by the saturating transducer func-
tion, such that the outputs of the lowpass filter are approximately
sinusoidal. The period histograms of ANFs in this group are
approximately temporally symmetric. All examples from Figures
2–5 belong to this group, which contains both low- and high-SR

ANFs. For a given stimulus frequency, the estimates of fc tend to
be lower for low-SR ANFs than for high-SR ANFs. For the group
above the diagonal, where fc . f1 (typically between 2 � f1 and 3
� f1), the filter does not strongly attenuate the upper harmonic
distortion components introduced by the saturating transducer
function. The period histograms of level series in this group
become temporally asymmetric as the stimulus level increases.
This group contains mostly high-SR ANFs with CFs predomi-
nantly ,1 kHz. Figure 8A, B shows two examples from this
group. In Figure 8A, the period histograms at higher stimulus
levels are characterized by shoulders on their trailing edges and
are well described by the model. In Figure 8B, the period histo-
grams at higher stimulus levels are characterized by peak split-
ting and are not well described by the model. To achieve
satisfactory fits, additional sources of distortion would be
required in the model. The group in Figure 7A for which fc . f1
also contains data from some level series whose period histo-
grams are nearly (but not quite) symmetric and are fitted nearly
as well by a second set of parameter values within the region of
parameter space having fc , f1. Figure 8C, D shows one such
example. Figure 8C shows the best fit with fc . f1, and Figure 8D
shows the best fit with fc , f1. Although the model fits differ in
shape, they hardly differ in quality. Figure 7B shows, for the
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Figure 5. Comparison of fit results obtained from the current model and those obtained by Peterson and Heil (2019) for a representative high-CF, low-SR ANF (A2-U14-R1; CF = 4.1 kHz;
SR = 0.08 spikes/s) in response to CF tones from 22 to 100 dB SPL. A, Period histograms of event rates (colored by stimulus level) and corresponding fits from the current model (white lines).
The best-fitting parameters for the current model are M0 = 0.05, b= 23798.15 Pa�1, fc = 1.42 kHz, and D= 17.93. B, The overall transfer functions relating the instantaneous stimulus pres-
sure to the instantaneous rate of release events. C, The slope factor (overall B) as a function of the stimulus level. D, The scale factor (overall A) as a function of the stimulus level. E–H,
Corresponding results from the Peterson and Heil (2019) model.
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results in Figure 7A, the gain of each filter at the stimulus fre-
quency. The gain was computed using Equation 7. Gains near 1
correspond to the group for which fc . f1. All other gains corre-
spond to the group for which fc , f1. For this group, the gain is
high (although,1) for low stimulus frequencies and then drops
off steeply. The drop-off occurs at a slightly higher frequency
and is slightly steeper for high-SR ANFs than for low-SR ANFs.
Because low- and high-SR ANFs can innervate the same inner
hair cells (Liberman, 1982; Wu et al., 2016), this implies a synap-
tic contribution to lowpass filtering that varies with the SR.

Slope of the exponential transfer function
Figure 7C shows the estimates of the slope factor D of the expo-
nential transfer function plotted as a function of spontaneous
event rate Rspont. Because Rspont is proportional to eD�M0 , a given
Rspont can be reproduced by infinitely many combinations of D
and M0. Nonetheless, estimates of D are negatively correlated
with Rspont (s = �0.65, p= 4.9� 10�23), and estimates ofM0 are
positively correlated with Rspont (see above), implying that the
particular parameter combinations obtained from the fits are
determined by the shapes of the period histograms. Estimates ofD
are also positively correlated with stimulus frequency (s = 0.41,
p=1.1� 10�8) andwithCF (s = 0.41, p=1.4� 10�8). These cor-
relations are likely due to the absence of low-CF, low-SR
ANFs in our sample. Estimates of D are negatively correlated
with estimates of the cutoff frequency fc (s = �0.37, p= 3.9 �

10�7). At least some of this correlation is
likely due to parameter compensation. If the
input to the lowpass filter were a sinusoid,
then D� L tð Þ in Equation 8 would equal
D� G� P tð Þ, where G is the gain of the filter
in Equation 7. Differences in the gain of the
output due to differences in the cutoff fre-
quency could then be perfectly compensated
by changes in the slope factor D. This com-
pensation is given by D2=D1 ¼ G1=G2 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

11 f =fc2
� �2n� �

= 11 f =fc1
� �2n� �r

. In themodel,

the input to the lowpass filter is not a sinu-
soid, but a sinusoid passed through a Boltz-
mann function, such that the compensation is
therefore imperfect.

Effects of constrainingM0

Low- and high-SR ANFs can innervate the same
inner hair cells (Liberman, 1982; Wu et al.,
2016). A single resting open probability of the
MET channels (i.e., a single normalized MET
current at rest, M0) should therefore be able to
account for the data of both low- and high-SR
ANFs of similar CF. Given our observation that
most of the level series best fitted by a value of
M0 � 0.45 were similarly well fitted by all other
values of M0 � 0.45 (Fig. 6B), the minimum
value of M0 can be constrained to any value.
0.05 and� 0.45 without substantially affecting
the quality of the fits. We examined how
constrainingM0 to be� 0.3 affected the param-
eter estimates. This constraint predominantly
affected estimates for low-SR ANFs. Nearly all
values ofM0 originally, 0.3 increased to 0.3 af-
ter imposing the constraint. This brings the esti-
mates of M0 for low- and high-SR ANFs having
similar CF closer together in value, but not close
enough to be entirely consistent with the expec-

tation of very similar estimates for such ANFs. The constraint
resulted in slight reductions in the strengths of the correlations
between M0 and spontaneous event rate (s = 0.56, p= 4.2 �
10�16), stimulus frequency (s = �0.44, p= 1.1 � 10�9), and CF
(s = �0.45, p=1.7 � 10�10). It also affected the estimates of fc
(and therefore the gain) and D, which are shown in Figure 7D–F.
For the low-SR ANFs affected, fc and the gain decreased, leading
to increased separations of fc and gain values by spontaneous
event rate (compare Fig. 7D and Fig. 7A; and compare Fig. 7E
and Fig. 7B). If the imposed constraint is valid, then the synaptic
contribution to lowpass filtering that varies with the SR might be
much stronger than implied by Figure 7A, B. Finally, the strength
of the negative correlation of D with spontaneous event rate
increased (s = �0.78, p=1.8 � 10�37; compare Fig. 7F and Fig.
7C). Parameter D therefore likely reflects a property of the syn-
apse that varies with the SR.

The dependence of the minimum rate on level, frequency,
and SR
The maximum instantaneous event rate always increases with
increasing stimulus level, whereas the minimum instantaneous
event rate Rmin can increase, remain constant, or decrease with
increasing stimulus level (Figs. 2–5). Here, we examine whether
these different behaviors of Rmin depend on stimulus frequency
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Figure 6. Parameter estimates for the Boltzmann transducer function from the current model. A, Estimates of the
normalized MET current at rest, M0, plotted as a function of stimulus frequency and colored by spontaneous event rate.
Inset, Distribution of M0 estimates. B, Difference between the negative log likelihood (NLOGL) for a given M0 and the
negative log likelihood for the best M0, plotted as a function of M0. Lines connect results for a given ANF and stimulus
frequency and are colored by stimulus frequency. The three subpanels show results grouped by SR: Bi–Biii, .10
spikes/s, 1-10 spikes/s, and ,1 spike/s, respectively. C, Estimates of the slope factor b of the Boltzmann transducer
function, plotted as a function of the lowest stimulus level included in each fit and colored by spontaneous event rate.
Stimulus levels were included only if they yielded �125 spikes and significant vector strength. D, Vector strength,
obtained from each period histogram in the data, plotted as a function of the product of b and the stimulus amplitude
P1. Lines connect results for a given ANF and stimulus frequency and are colored by stimulus frequency.

Peterson and Heil · Phase Locking and Lowpass Filtering J. Neurosci., June 10, 2020 • 40(24):4700–4714 • 4709



and SR, and how these behaviors can arise from the model.
Figure 9A–C, E, F, H, I shows the dependence of Rmin on stimu-
lus level for all ANFs. We used Rmin obtained from the fitted
model functions of Peterson and Heil (2019), which were found
to describe the data closely, because Rmin from the raw data itself
would often equal zero due to the narrow histogram bins. Each
panel shows Rmin versus level functions grouped by ANF SR
(where rows from top to bottom correspond to .10 spikes/s, 1-
10 spikes/s, and ,1 spike/s) and by stimulus frequency (where
columns from left to right correspond to,500Hz, 500-2000Hz,
and .2000Hz). Gray lines connect adjacent stimulus levels, and
the color of the symbols represents the vector strength. The Rmin

versus level functions marked by squares in Figure 9B, H, C, and
I, respectively, correspond to the examples in Figures 2, 3, 4, and
5. For high-SR ANFs (Fig. 9A–C), Rmin predominantly decreases
with increasing stimulus level. The decrease is most pronounced
for low-frequency tones (Fig. 9A) and least pronounced for high-
frequency tones (Fig. 9C). Some examples in Figure 9C show lit-
tle change, or even slight increases, in Rmin with stimulus level.
For intermediate-SR (Fig. 9E,F) and low-SR (Fig. 9H,I) ANFs,
Rmin predominantly increases with increasing stimulus level.
These results show that Rmin versus level functions depend on
both stimulus frequency and SR.

We performed simulations to explore the conditions under
which Rmin would increase, remain constant, or decrease with
increasing stimulus level in the model. Because Rmin is equal to
the minimum output of the lowpass filter, Lmin, passed through
the exponential transfer function, the direction of the change of
Rmin and Lmin is the same. To avoid having to arbitrarily specify
a value of the slope parameter of the exponential transfer

function, we present the findings for Lmin instead of for Rmin.
Values of Lmin were calculated using a high stimulus level to
ensure that saturation was reached. We found that whether Lmin

(and therefore Rmin) increases or decreases depends on the cutoff
frequency relative to the stimulus frequency, fc/f1, and on the
normalized MET current at rest,M0. Figure 9D shows the differ-
ence between Lmin and the lowpass filter output at rest, L0 (iden-
tical in value to M0), plotted as a function of fc/f1 and M0. A
positive difference (where Lmin – L0 . 0, marked red) corre-
sponds to an increase in Rmin with increasing stimulus level,
whereas a negative difference (where Lmin – L0 , 0, marked
blue) corresponds to a decrease in Rmin. The value of Lmin can
increase above the resting value only when both fc , f1 and M0

, 0.5 (red portion in lower left quadrant). For a given stimulus
frequency, the observed transition of the Rmin versus level func-
tions from decreasing in high-SR ANFs (e.g., Fig. 9B) to increas-
ing in low-SR ANFs (e.g., Fig. 9H) can only come about by
decreasingM0 or fc. Low- and high-SR ANFs therefore must dif-
fer inM0 or fc or both. Because low- and high-SR ANFs innervat-
ing the same inner hair cells would “see” the same M0, the SR
dependence of the behavior of Rmin is likely due to differences in
fc and therefore provides additional evidence for a synaptic con-
tribution to lowpass filtering that varies with the SR.

Figure 9G shows that the typical behaviors of low- and high-
SR ANFs can be reproduced, even when M0 and b are constant,
as might be expected for a given inner hair cell and stimulus fre-
quency. The period histograms simulated for a low-SR ANF (red
curves) show an increase in Rmin with increasing stimulus level,
whereas those simulated for a high-SR ANF (blue curves) show a
decrease. Although both saturate at similar rates, the high-SR

A B C

D E F

Figure 7. Parameter estimates for the lowpass filter and the exponential transfer function from the current model. A, Estimates of the cutoff frequency fc, plotted as a function of the stimu-
lus frequency f1 and colored by spontaneous event rate. The data points fall into two groups characterized by fc , f1 and fc . f1. For all examples from Figures 2-5, fc , f1. B, Gain of each
filter at the stimulus frequency, shown for the results in A. C, Estimates of the slope factor D, plotted against the spontaneous event rate. D-F, Results corresponding to A-C under the constraint
that M0 � 0.3.
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ANF reaches rate threshold and saturation at lower stimulus lev-
els than does the low-SR ANF. These different behaviors are pro-
duced in the model by a higher fc (resulting in a less attenuated
input to the exponential transfer function) and a lower D (i.e., a
lower slope of the exponential transfer function) for the high-SR
ANF than for the low-SR ANF. These parameter combinations
cause opposite behaviors of Rmin for low- and high-SR ANFs, yet
result in similarly shaped period histograms at high stimulus lev-
els (Fig. 9G).

Discussion
We have shown that the level-dependent exponential transfer func-
tions reported by Peterson and Heil (2019) can be accounted for by
a static Boltzmann transducer function that yields clipped MET cur-
rents at high stimulus levels, followed by a lowpass filter that trans-
forms the currents back into approximately sinusoidal signals,
followed by a static exponential transfer function that transforms the
filter outputs into rates of synaptic release events (Fig. 1). Although
the model is a highly simplified description of auditory peripheral
processing, it is viable. For example, it reproduces the shape of the
inner-hair-cell receptor potential and the changes of the AC and DC
components with stimulus level. It removes the need for alternative
mechanisms, such as level-dependent changes in the transduction
machinery in the inner-hair-cell stereocilia. The model accounts for
the level dependence of the operating point and slope of the expo-
nential transfer function reported by Peterson and Heil (2019), for
the rapidity of this apparent gain control, and for the level depend-
ence of the maximum and minimum instantaneous spike rates
(Figs. 2–9). The model does not reproduce histograms exhibiting
strong distortions and peak splitting (Fig. 8B) or highly non-

monotonic rate-level functions (e.g.,
Nelson’s notch; for review, see Heil and
Peterson, 2019).

The Boltzmann function
A first-order Boltzmann function was
used to describe the instantaneous rela-
tionship between the stimulus pressure
and the MET current. Fettiplace and
Kim (2014) note that the second-order
Boltzmann functions sometimes thought
to describe the relationship between ster-
eocilia displacement and the MET current
in hair cells studied ex vivo might be a
consequence of artificial mechanical stim-
ulation (see also Corey et al., 2017).
Although several models include a sec-
ond-order Boltzmann function (Sumner
et al., 2002; Zeddies and Siegel, 2004;
Lopez-Poveda and Eustaquio-Martín,
2006; Altoè et al., 2018) or a similarly
complicated logarithm-based function
(Zhang et al., 2001; Zilany et al., 2009;
Bruce et al., 2018), a first-order Boltz-
mann function (equivalent to a scaled
and shifted tangent hyperbolic function)
(Carney, 1993; Horst et al., 2018) sufficed
for our purposes.

We found a bimodal distribution of
the normalized MET current at rest, M0

(equal to the model’s resting open prob-
ability of the MET channels) (Fig. 6A).
Notably, the data underlying the peak at
0.05 were fitted nearly equally well by a

range of values of M0 up to ;0.45 (Fig. 6B), meaning that the
true values ofM0 might be higher than the estimates of 0.05. It is
unclear why, in these cases, the model fits tend to slightly favor
M0 = 0.05, but these low estimates are presumably unrealistic
and might reflect compensation for incorrect assumptions about
the filter properties or for some unknown element missing from
the model. Identifying the true values of M0 might require a
more complete biophysical model that includes components
such as voltage-dependent potassium channels, vesicle-pool dy-
namics, and perhaps even postsynaptic mechanisms.

We found a negative correlation between M0 and CF (and
between M0 and the stimulus frequency, which was typically at
or near CF), even when we constrained M0 to� 0.3. Such a cor-
relation is consistent with the findings of Johnson (2015) that
resting MET currents are larger for apical than for basal inner
hair cells and that the MET currents elicited by sinusoidal fluid-
jet stimulation of the hair bundles are more symmetrical about
the resting current for apical than for basal inner hair cells (see
Johnson, 2015, his Fig. 1). A decrease ofM0 from a value near 0.5
(the point of maximal sensitivity) with increasing CF or stimulus
frequency would be useful because, as frequency increases, attenu-
ation of the AC component of the inner-hair-cell membrane
potential by lowpass filtering increases (Russell and Sellick, 1978;
Patuzzi and Sellick, 1983; Palmer and Russell, 1986), and the pres-
ence of a DC component becomes increasingly relevant. Jia et al.
(2007) obtained somewhat lower estimates of the resting open
probability for apical and basal inner hair cells recorded in the
gerbil hemicochlea (respectively, 0.137 and 0.129 in 50 mM

Ca21). Johnson et al. (2011) obtained similarly low estimates
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Figure 8. Period histograms and model fits of examples best fitted with a cutoff frequency higher than the stimulus fre-
quency. A, Example (ANF A3-U8-R1; CF = 0.35 kHz; SR = 86 spikes/s; f1 = 0.35 kHz) characterized by temporally asymmetric
period histograms without peak splitting. The best-fitting parameters are M0 = 0.65, b= 105.85 Pa�1, fc = 0.82 kHz, and
D= 5.46. B, Example (ANF A3-U43-R4; CF = 0.55 kHz; SR= 39 spikes/s; f1 = 0.28 kHz) characterized by period histograms with
peak splitting. The best-fitting parameters are M0 = 0.30, b= 43.23 Pa�1, fc = 0.75 kHz, and D= 3.00. C, D, Example (ANF
A5-U40-R2; CF = 1.8 kHz; SR= 57 spikes/s; f1 = 1.05 kHz) characterized by period histograms that are best fitted by a wave-
form having some distortions (C; M0 = 0.45, b= 774.26 Pa�1, fc = 2.15 kHz, and D= 3.32, with a negative log likelihood of
16,534.9) but which are fitted nearly as well with a cutoff frequency lower than the stimulus frequency (D; M0 = 0.45,
b= 855.26 Pa�1, fc = 0.88 kHz, and D= 5.94, with a negative log likelihood of 16,570.5). Horizontal white dotted lines indi-
cate the spontaneous event rates.
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for gerbil apical inner hair cells in vitro (0.17 in 20 mM Ca21).
Such low values might not represent the in vivo values.

The lowpass filter
A third-order Butterworth lowpass filter was applied to the MET
current. To keep the number of model parameters small, we used a
single filter rather than several filters in series, although such a cas-
cade might better describe the physiological processes in hair cells.
We find that the cutoff frequencies fall into two groups character-
ized by fc, f1 and fc. f1. For period histograms lacking strong har-
monic distortions, the model’s cutoff frequency must be lower than
the stimulus frequency to remove the distortions present in the
clipped MET currents. Such period histograms are well described
by the model (Figs. 2–5). Conversely, for period histograms con-
taining clear harmonic distortions, the model’s cutoff frequency
typically exceeds the stimulus frequency. Histograms with mild dis-
tortions are also well described by the model (Fig. 8A,C), but those
with very strong distortions or peak splitting are not (Fig. 8B), even

when the cutoff frequency is high enough to pass the distortions
present in the clipped MET currents. Such examples might require
adding distortions to the input to reflect distortions already present
in the forces deflecting inner-hair-cell stereocilia (e.g., Cody and
Mountain, 1989; Kiang, 1990; Rhode and Cooper, 1996; Cheatham
and Dallos, 1998; Cooper, 1998; Khanna and Hao, 1999; Mountain
and Cody, 1999; Guinan, 2012).

Assuming that individual hair cells are isopotential, our find-
ing that cutoff frequencies and gains tend to be lower for low-SR
ANFs than for high-SR ANFs having similar CFs, particularly af-
ter constraining M0 to be� 0.3 (Fig. 7D,E), implies that there is
at least one additional filtering stage at the synapse whose cutoff
frequency varies with SR. Such a stage is consistent with the SR-
dependent behavior of Rmin (Fig. 9). Kidd and Weiss (1990)
argue that the entry and accumulation of calcium at the synapse
act as lowpass filters. Differences in the cutoff frequency for low-
and high-SR ANFs might therefore come about by differences in
the time constant of activation of the Ca21 channels at the

A B C

D E F

G H I

Figure 9. A–C, E, F, H, I, Dependence of the minimum instantaneous event rate Rmin, obtained from the fits of the model of Peterson and Heil (2019), on stimulus level, stimulus frequency,
and SR. Rmin versus level functions are grouped by SR (rows) and stimulus frequency (columns). Gray lines connect adjacent stimulus levels. Color of the symbols represents the vector strength
for the stimulus frequency f1. B, H, C, I, Example functions marked by squares represent the examples in Figures 2-5, respectively. D, Differences between the minimum lowpass filter output,
Lmin (calculated for bP1 = 100,000), and the lowpass filter output at rest, L0, plotted as a function of fc/f1 and M0. A positive difference (marked red) corresponds to an increase in Rmin with
increasing stimulus level, whereas a negative difference (marked blue) corresponds to a decrease in Rmin. G, Typical behaviors of high- and low-SR ANFs can be reproduced by the model if the
high-SR ANF has a higher fc and a lower D than the low-SR ANF, as demonstrated here using simulations with 100 and 0.1 events/s. For both SRs, M0 = 0.25 and b= 3000 Pa�1. For the
high-SR ANF, fc/f1 = 0.9 and D= 3.57. For the low-SR ANF, fc/f1 = 0.4 and D= 31.6.
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corresponding synapses. There is evidence that the voltage-gated
Cav1.3 channels that mediate synaptic transmission in inner hair
cells (Platzer et al., 2000) are not all identical (Frank et al., 2009;
Ohn et al., 2016; Vincent et al., 2017). Similarly, the amount of
calcium present as a function of time, x(t), given a rate of cal-
cium clearance b , could equal the calcium current a(t) passed
through a lowpass filter described by the differential equation
x9 tð Þ ¼ a tð Þ � b � x tð Þ (Kidd and Weiss, 1990; Borst and
Abarbanel, 2007). The cutoff frequency of such a filter is
fc ¼ b = 2pð Þ. The lower cutoff frequencies we observed for
low-SR ANFs might therefore come about by lower rates of cal-
cium clearance. Differences in the rate of calcium clearance at
individual synapses of a given inner hair cell might be mediated
by differences in the concentrations or affinities of calcium
buffers.

The lower the cutoff frequency, the smaller the AC/DC ratio
of the filter output for stimulus frequency above the cutoff fre-
quency. One might therefore expect vector strengths to be lower
and to roll off earlier with increasing stimulus frequency for low-
SR ANFs than for high-SR ANFs. However, vector strength tends
to be higher for low-SR ANFs (Johnson, 1980; Joris et al., 1994;
Louage et al., 2004; Dreyer and Delgutte, 2006; Temchin and
Ruggero, 2010), and the rolloff is similar for low- and high-SR
ANFs (Temchin and Ruggero, 2010, their Fig. 7A). The model is
consistent with these findings because vector strength is not
solely determined by the AC/DC ratio of the filter output; a
decrease in the ratio can be compensated by an increase in the
slope of the synaptic exponential transfer function. Very similar
period histograms can therefore be obtained, even when cutoff
frequencies differ (Fig. 9G, highest stimulus level).

The dependence of the cutoff frequency on the stimulus fre-
quency obtained from the model fits (Fig. 7A,D) might be unex-
pected because the dependence of the AC/DC ratio of the
membrane potential on stimulus frequency is typically interpreted
as resulting from lowpass filters with fixed cutoff frequencies (e.g.,
Russell and Sellick, 1983; Palmer and Russell, 1986). If the model’s
cutoff frequency were fixed, however, then presenting sufficiently
low stimulus frequencies would yield clipped period histograms
inconsistent with the data. The dependence might reflect a previ-
ously unrecognized property of inner hair cells. Alternatively, other
mechanisms would be needed to prevent peak clipping (e.g., gain
control in the transduction machinery or perhaps mechanisms
underlying spike-rate adaptation on time scales shorter than the
stimulus period).

The exponential transfer function
An exponential transfer function was used to describe the instan-
taneous relationship between the filter output and the event rate.
Given the tight relationship of the slope factor D to the SR (Fig.
7), D likely reflects properties that vary with SR across synapses,
such as the number of CaV1.3 channels (e.g., Frank et al., 2009;
Meyer et al., 2009; Heil and Neubauer, 2010; Heil et al., 2011;
Wong et al., 2013, 2014; Ohn et al., 2016; Peterson and Heil,
2018) and the voltage dependence of their gating (Ohn et al.,
2016). The exponential function might reflect the lower expo-
nential tail of this voltage dependence. Any power relating the
synaptic Ca21 signal and the rate of release events is contained
within the scale and slope factors of the exponential function.
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