
Supplemental Material

Appendix 1

Here we derive the preferred displacement, ∆ϕ∗, of a Gabor motion energy unit
(Fig. 1A) for the two-flash grating apparent motion stimulus.

This derivation makes use of the fact that each inseparable Gabor filter can be
built from separable filters. We adopt the notation of Adelson and Bergen (1985;
their Figure 18b), which involves the use of two spatial filters, f1(x) and f2(x), and
two temporal filters, h1(t) and h2(t), to create four separable responses, A, A′, B
and B′, which are the result of applying f1 followed by h1, f1 by h2, f2 by h1 and
f2 by h2, respectively. The time-varying output of the ME unit is what Adelson
and Bergen (1985) referred to as “oriented energy” and is as follows,

r(t) = (A−B′)2 + (A′ +B)2. (1)

The stimulus is a sinusoidal grating flashed at phase ϕ and ϕ + ∆ϕ at times
t1 = 0 and t2 = ∆t. The spatial filters are a quadrature pair of Gabor filters and
their temporal response to the flashed grating is,

s1(t) = a[δ(t) sinϕ+ δ(t−∆t) sin(ϕ+∆ϕ)], (2)

s2(t) = δ(t) cosϕ+ δ(t−∆t) cos(ϕ+∆ϕ). (3)

Here, the spatial filters are assumed to be scaled so that the cosine filter has a
maximum response (across the phase of the sinusoidal stimulus) of unity, resulting
in the relative amplitude, a, for the sine filter. The value of a tends to be near 1
for typical ME filters.

Applying the temporal filter h1(t) to the output s1(t) of the first spatial fil-
ter,

A(t) =

∫
dτh1(τ)s1(t− τ)

= a[h1(t) sinϕ+ h1(t−∆t) sin(ϕ+∆ϕ)]. (4)

Similarly, for the other filter combinations,

A′(t) = a[h2(t) sinϕ+ h2(t−∆t) sin(ϕ+∆ϕ)],

B(t) = h1(t) cosϕ+ h1(t−∆t) cos(ϕ+∆ϕ),

B′(t) = h2(t) cosϕ+ h2(t−∆t) cos(ϕ+∆ϕ).
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For convenience, we use the following short-hand notation,

h1 ≡ h1(t),

h1∆ ≡ h1(t−∆t),

ϕ∆ ≡ ϕ+∆ϕ.

Expanding Eqn. 1, the time-varying response of the ME unit is,

r(t) = A2 +B′2 − 2AB′ + A′2 +B2 + 2A′B. (5)

The major components of this expression are,

A2 = a2(h2
1 sin

2 ϕ+ h2
1∆ sin2 ϕ∆ + 2h1h1∆ sinϕ sinϕ∆),

A′2 = a2(h2
2 sin

2 ϕ+ h2
2∆ sin2 ϕ∆ + 2h2h2∆ sinϕ sinϕ∆),

B2 = h2
1 cos

2 ϕ+ h2
1∆ cos2 ϕ∆ + 2h1h1∆ cosϕ cosϕ∆,

B′2 = h2
2 cos

2 ϕ+ h2
2∆ cos2 ϕ∆ + 2h2h2∆ cosϕ cosϕ∆,

AB′ = a(h1h2 sinϕ cosϕ+ h1h2∆ sinϕ cosϕ∆ +

h1∆h2 sinϕ∆ cosϕ+ h1∆h2∆ sinϕ∆ cosϕ∆),

A′B = a(h2h1 sinϕ cosϕ+ h2h1∆ sinϕ cosϕ∆ +

h1h2∆ sinϕ∆ cosϕ+ h1∆h2∆ sinϕ∆ cosϕ∆).

Substituting these expressions into Eqn. 5 and simplifying,

r(t) = h2
1 + h2

2 + h2
1∆ + h2

2∆ +

2[h1h1∆ + h2h2∆] cos(∆ϕ) +

2a[h1h2∆ + h1∆h2] sin(∆ϕ) +

(a2 − 1)(h2
1 + h2

2) sin
2 ϕ+

(a2 − 1)(h2
1∆ + h2

2∆) sin
2 ϕ∆ +

2(a2 − 1)(h1h1∆ + h2h2∆) sinϕ sinϕ∆. (6)

We are seeking the dependence of r(t) on ∆ϕ, independent of the initial grating
phase, ϕ; therefore, we will integrate r(t) over one full cycle of ϕ. Given this, the
final three terms can be ignored, as follows. The term involving sin2 ϕ does not
depend on ∆ϕ. The term involving sin2 ϕ∆ is a periodic function of ϕ +∆ϕ, and
therefore the integral over one cycle of ϕ is independent of ∆ϕ. Finally, the term
involving sinϕ integrates to zero over one cycle of ϕ. Also, we do not need to
consider the first four terms, because they are independent of ∆ϕ.

Thus, it is sufficient to consider the expression,

r∗(t) = (h1h1∆ + h2h2∆)︸ ︷︷ ︸
X

cos(∆ϕ) + a (h1h2∆ + h1∆h2)︸ ︷︷ ︸
Y

sin(∆ϕ). (7)
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Now, consider the specific temporal filters of the ME model, which are a
quadrature pair of Gabor filters,

h1(t) = g(t) sin(2πft),

h2(t) = g(t) cos(2πft),

where g(t) is a Gaussian in time. For convenience, we will use gt ≡ g(t), gt∆ ≡
g(t − ∆t) and ωf ≡ 2πf . With these temporal filters, the expressions X and Y
from Eqn. 7 are,

X = gtgt∆[sin(ωf t) sin(ωf t− ωf∆t) + cos(ωf t) cos(ωf t− ωf∆t)]

= gtgt∆ cos(ωf∆t),

Y = gtgt∆[sin(ωf t) cos(ωf t− ωf∆t)− cos(ωf t) sin(ωf t− ωf∆t)]

= gtgt∆ sin(ωf∆t).

The final expression for r∗(t) becomes,

r∗(t) = gtgt∆ cos(ωf∆t) cos(∆ϕ) + gtgt∆ sin(ωf∆t) sin(∆ϕ) +

(a− 1)gtgt∆ sin(ωf∆t) sin(∆ϕ)

= gtgt∆ cos(ωf∆t−∆ϕ) + (a− 1)gtgt∆ sin(ωf∆t) sin(∆ϕ). (8)

This expression is the sum of two terms that are sinusoidal functions of ∆ϕ; there-
fore, the overall dependence of the response on ∆ϕ also has a sinusoidal modula-
tion. To find the peak of this sinusoidal curve, we take the derivative of r∗(t) with
respect to ∆ϕ, set this to zero, and simplify to get,

tan∆ϕ∗ = a tan(2πf∆t). (9)

Thus, the optimal displacement, ∆ϕ∗, depends on the temporal frequency, f ,
of the linear filters used to build the ME model and on the time between the flashes,
∆t, of the grating stimulus. When a = 1, the optimal displacement is,

∆ϕ∗ = 2πf∆t. (10)

This is a good approximation for most ME models, because a tends to be close to
one.
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Appendix 2

Here we derive the response of a simple L-N (linear-non-linear) system to the
two-step sine stimulus. The non-linearity is the multiplication of the outputs of
two linear filters, L1 and L2, which is relevant for the RD model. When L1=L2,
the non-linearity is squaring, which is relevant for the ME model. The goal is to
express the response as a function of the step size, ∆ϕ. We discuss results for
lower and higher order systems at the end.

The stimulus, s(x, t), is composed of two flashes of a sinusoid, s0 and sdt at
time t = 0 and t = dt, respectively,

s0(x) = cos(ωsx− ϕ+∆ϕ/2) = cos(θx + α),

sdt(x) = cos(ωsx− ϕ−∆ϕ/2) = cos(θx − α),

where ϕ is the reference phase and ∆ϕ is the phase jump, and θx = ωsx− ϕ, and
α = ∆ϕ/2. The time-varying stimulus is,

s(x, t) = c0 + c [s0(x)δ(t) + sdt(x)δ(t− dt)] . (11)

Assuming that c0 = 0 and c = 1, the convolution of the linear filter, f1(x, t),
with the stimulus, s(x,t), evaluated at x = 0 is,

y1(t) =

∫
x

dx s0(x)f1(−x, t) +

∫
x

dx sdt(x)f1(−x, t− dt)

=

∫
x

cos(θx + α)f1(−x, t) +

∫
x

cos(θx − α)f1(−x, t− dt)

=

∫
x

[cos θx cosα− sin θx sinα]f1(−x, t) +∫
x

[cos θx cosα+ sin θx sinα]f1(−x, t− dt)

= cosα

∫
x

cos θx[f1(−x, t) + f1(−x, t− dt)] +

sinα

∫
x

sin θx[f1(−x, t− dt)− f1(−x, t)]

= cosαA1(t) + sinαB1(t),

where,

A1(t) =

∫
x

cos θx[f1(−x, t) + f1(−x, t− dt)],

B1(t) =

∫
x

sin θx[f1(−x, t− dt)− f1(−x, t)].
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Then the product, y(t) = y1(t)y2(t), of responses for two such filters, f1(x, t) and
f2(x, t) is,

y(t) = cos2 αA1(t)A2(t) + sin2 αB1(t)B2(t) +

cosα sinα[A1(t)B2(t) + A2(t)B1(t)],

which, recalling that α = ∆ϕ/2, simplifies to,

y(t) = 1 +
1

2
cos(∆ϕ)[A1A2 −B1B2] +

1

2
sin(∆ϕ)[A1B2 + A2B1],

and further to,

y(t) = 1 +
1

2
R(t) cos[∆ϕ− C(t)], (12)

where,

R(t) =
√

(A2
1 +B2

1)(A
2
2 +B2

2),

tan[C(t)] =
A1B2 + A2B1

A1A2 −B1B2

.

Thus, Eqn. 12 shows that the response amplitude is sinusoidal in the displacement,
∆ϕ, and then the amplitude of the integral of the response over time and initial
phase is also sinusoidal with ∆ϕ.

This result, however, does not hold generally for other orders. Considering
a first order system, the mean response vs. ∆ϕ, averaged over all initial phases,
ϕ, must be zero. This follows because y1(t) computed for any ϕ = ϕ′ must be
the negative of that for ϕ′ + π. In other words, shifting the initial phase of the
stimulus by 1/2 cycle multiplies the stimulus by -1, thus negating the output of
the linear system. The same holds for a third-order non-linearity, e.g., r(t) =
y1(t)y2(t)y3(t), and any odd-order system: these systems have flat displacement
tuning curves and thus, as opponent systems, have no preference for 1/4 cycle
steps. Our numerical simulations agree with this, and further show that higher
even-order non-linearities (e.g., fourth-order) do not, in general, yield sinusoidal
displacement tuning curves.
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